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A SimLk ?ixlocin’r argumeni‘ withouwt Fhe restrickion
-]-o con\'inui\\j

Y
E'dSSQr‘ \«J_'-Di)\(sh‘m & ﬁjﬂ van go\s}eren

Abshract

In ngr&mminﬂ ]qnsuase Semam)r‘,cs, -\"he. '|n)rroduc¥ion
o? unbounc\ec\ Y\Onde;er‘m‘mo.c:j, N\\ic‘\ o\mouﬂ}s -\-Q Yhe
inYroduckion o? noncon¥inuous Preo\ic&)re \-roms?ormers,
1 needed g:r de.a\'m with such CcmceP}s (N s?oﬁr
‘m’rer\eo.vins. With e sSemomltics o? Hﬁe re?e\'a)r‘\cm
9‘;ven os +he s)rrcmges¥ so\u)iicm o? Ch ?ixpo‘m‘r equo&ion,
Yhe wenkest recondition ex‘)ressec\ in closed torm
would  then reguire ”tro\ns@n;\‘e ordinals. Hem,%owever,
¥ is Shown H\a}r, even in Yhe cose «)E unboun ded
non delermineac s he QMn&Qmeﬂ\ro.} Feorem Q\oou} Yhe
re.‘oe\ri\-ion con be Proveo\ \otj =y sim?\e and olui)re
e\emeﬂ;&r‘tj Qrsumeﬂ}'.
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Thtro Auction

Nototion TIn Yhis Yext, the ledters B, 7P, Q, W, X

and Y shrand ?or ‘oredice.}es om Yhe shtade spoce o? e
progrom ond o pair o sguare brackeys is wsed as o
no)'o."icn ?or‘ universc.\ quan\'i?icdﬁcn 0? Hne. enc\osed

over -\-\we. ngmm v&rio.\o\eS.

The leMter S  shands Qor o statement onda DO
stends Ezor' Yhe refe}‘s)nve construct do B> 5 od .

Tor ony staterment S ond ?rec\'nccﬁe. R ., Yhe
o\oera)r'mnc.\ in\rer‘:re\-c\\-ion o? Hﬂe Predico}re wp(S,(R)
18 ’“ﬂo&‘ oan vo‘\id '\mP\emen}c\‘-'\on c:? S , w\'\en s}vr)recl
in any shate sahisfyng  wp(SRY L sheuld leod do
e nite Com u&o}'\on '\'\no} ends In o s)-o;\'e

50\‘1%?5'\“3 (See [»3). (End o? No}-o‘)ﬂon.)

/Requirin DO Yo \oe Semom\ic\m“b ecluivo.\e\n} '\'o
'l"s ?ws} un?

'lg B - S5;DO n ‘18-—)5\(1? @

bie\ds H’\a" W?C’DO,’PD s o So\u}'loh OP )-\ne equo}]on
M Prec\ico.)re X

(0 X = (B A~ w‘:(S,X)) v (-\'BA’P)__\

o\dinﬁ

Exx‘v\c\ha\'ion Equasf\on (D) ?o\\ows €r0m Yhe requirec\

‘Semcvm)-i C eq u.iva\ence an c\

() the Semo\n}ic dePini\-iun o? s\ti? , Ve,
[""T’ (skip,'RB = R) ()or all R ;
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(ii) l’»‘le SQMG““]C. de?‘tni\'\oﬁ o? S\‘G"Qmev} COhC&"enG\"cm,vil.

Luwp(“S0;64%,R) = wp(S0, wp (S1,RM)
?ur ol S0, S1, and R

(iii) Yhe seman}lc de?ihi)ﬁon o? e o\\-t’.rno.}we cc:ns\ruc)-,

in quh Cu\ar‘

it

TwpCi@BaSo B »S1f,R) =
(BA (S0,RM v ("B A W(S\,’R))]
OI‘O“ B,SO?S‘\’OT\&(R

Tor ?urnner details, see [3). (End Q? Exwf:\o\no}io-n)

NO‘}'OA"QOY\ and -\"ermino\ogb \/JM\ Hﬁe exce]o}'to:n o? WP 3
?uncho‘no«\ a]aralicc\\-inn is denated bb \)ux\'oy:osi}'icm ond

iterated ?unchona\ COMFosi)nov\ 'b:) exPonevx)ria’\‘ior\.

“X s at least as s}rons as YY" wmeans IX=YY

7 vredicote -’rmns@xmer 15 monoronic " reans
“Tx=Y) D I Y] Rroll X and Y

L

" TJredico.)re Arams ?ormer is or-continuous wmeoms

L P(l:::n: ne N: R, = (Evnine N: ?’Rn)] ?or omy
weokenina Seguence 0? Prec\ica)res, 2. such that
(An:n e%\l: IR, = ’Rm,_l)q.

(End o? Nolotion and -\'ermino\osj.j

Tor wmonoYonic Frec\ico.}"e ‘}T“csns?cnrme:" J‘?, Yhe
€qua\ion [X = PX} in X has a s)rr'onges} So\u\'ioru
(see ES]) 1?, n adc\'u)rion, ? s g;r-Cc)nhnuouS . ':\s
s\ronses} sv\u\'mn s 3’;Ven in c\osed ?orm \:’:j

(1) (En:neN: ?“?a\se>
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’Proo? sketch  To show that (1) is of least as sx'rcmﬁ
as omy soluYion a? X = ?X] , {);:-: Vnono\'onici}a
Su.?{?ices; +the Ffot:? iS most easﬁa carried oul b:j
mothematical induckion on n . To show Fhat (D
'\\SQ\? is o solution o? X = ?X] , we need ?’s
or- con\ihui\j (which 'nm?\ies its mono\onici}j Y. (End

of Proof skekch)

The Predico\'e wPC’DO,’P) is (see 15D de?med
os +the s}ron\cjes} solution o? (0) . PBecause WP(5=X)
IS a monojlonic Fumdion o? X , so s the right-hond
side c«? (0) ; hence Ihe s*rcnses‘r solulion of (0) exiss.
T 5 In o\c\d‘n}ion, WFCS,X3 S O gr~con\inuous ﬁ.mc\'mn
X , so is the r13h¥-\r\o.nd side o? (0) , and an
expression o? Yhe Yorm o? (1) cjves o closed expression
?or WP (Do, P) . In assing  we note Yhak

(DO, "BAPY s de‘éned as +he s)mmses} seludion
ZE-}\ne Same equo.)ﬁoh (0) , 1.e. '

o

[wPC:DO, 1BAP) = prDO,?)]
In progromming terms, g‘r-con\»inui}b o? WP is Hre
some as nondéerminacs being bounded. The assu:mp%iq_n
o? bounded mnondelerminacy is & wsuol one Yo meke:
the closed Porm por w]o(‘DO,’P)  which 15 Yhen
av&\\o\\o\e, is Yradi Yionall considered an c.o\.vo.nf\cf)e
because '\} reoc\i\:j co)rers J{)or \-\ne avoidonce o? %“C:j

— ond n Prc«c)rice cum\oersome (See [1—],‘:2])— ¥ec\r\n‘\c|u\e.s
\i\«e Jn-omsgni}e 'mo\uéf'lon.

Since Mnbounc\eé Y‘lono\e-\ermino\cﬂ cannoY \oe
'1msa\emen3rec\, Yhe vestrichon Yo or- con)r'mu'u\J has Vor
O \on@‘ 3r‘lme: \oeen re\n“jaréed s c\ui*e reo.sc:no.\:s\e. 'ﬂ-

has, Yowever, led Yo Yheorems in which the reshriction
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"‘O Q_F-COﬂ)rinu't}S )’\qs \oeen in*roduceo\ no} \oecause

e Yheorems demanded it buk g::r Yhe soke o? Yheir
)orooFs. The reshrichion also hecame a nuisance in he
ma¥\r1emq}iCQ\ reakment of o _sx'ro}.}]oro rams, ﬂrs}\b,
an abs}rack progrom Moy well conYoin 423 GS 3@\-
unreYined S*’Q“emen\' "es¥a\3\is\\ ’P", where TV .
viewed as ec:lua}'lor\, Vno.:j howve ’mgn'\}e\tj mo\nD So\u}’lms,
an o\oser‘va)riov-\ We owe '\'o Y_O} . Secondl , Yhe
mode“ins o? c0ncurre~ncb G2 o /"?cxirh ‘mhr‘?eav’ms

0? oYomic aclions infroduces unbounded

Ytor‘\de)re.rm'mO\ij (see 161).

We are )r\"nere()ore very \P\QQSQA Yo show {)or the

main  theorem Q\Oou3r H)e e e\'u\'we_ Cc.ns)rruc.\- an

Exemen“(}r& PFC)O? ’H”IO«\‘, ‘)'\’10‘-43]") Y‘lc:)\‘ r?irﬁ on

or- c.onhhu'-\-rj., does neot yequire Yronstinite

?orm&\':sms .

"ﬂne *»\QOt‘em

Nolotion In what s?c:.\\f.:.ws, X ond u stand EC’" elements
0? Cr 56" D . “The ‘m?ix cr]oem)‘csr "e" Por se}- nwém\oerﬁ'}ﬁ]o
has o h‘\S\ner ‘o‘mc\‘mg Power nnom %-\ne \o ‘chx\ O\Oem}rofs.
Tunclion } is o mMapping %)rom Fhe s)rcae spoce (oP
Yhe ?mgram) Yo T, e, in each Po‘mu\' o? Phe shrole
space, Yhe value o? } is on <lemen’ o? D,
Lu\n'\c\r\ can e Summo\ri’zec\ Yo ["6’D] . Le\- C e
o subser o? D , note that then  teC  shtomads

?or- o )orec\icax-e Yot oy e Irue in Some Poin\s

of Yhe shale space, and alse  in others. (Bnd c;?
Notolion.)

Tor *}12 YlO\‘iQT\ ”we\\-?ounc\ed” we re?er )Io }he
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C\PP&V\&%X, in W\/\ic\f\ we S\\ouo 'H'\o} we\\—€0u“d€dness 15
Yhe same as the v&\ic\ﬂb o() o Vﬂm? by mothemati col
'mduc)i"mn. For ’H"-OA‘ reason, the des'ngn 0? <N
we\\-?ounclec\ se} Yhat corries Yhe arcument is o
\"ee}u.\ar\ recurrihﬁ ’r\qeme n Our\(‘jumen?s O‘-\DC)L)A' a\gur'lx'\nms,
The Yes ~known C\ou} Vev‘fj SYDec}oj} We\\—?ounded set
s -\r‘ne seY o() na}ur‘a\ numbers  with < ” \howin ]\*5
lradi¥ional wicaning s in the theorem as g:rmu\o- ed
below, D coudd bbe the seb o? ‘m}resers wirh Yhe
s sef o? norural numbers as  C

Afler the above preliminaries we are ready o
Pormu\cu)fe +he —wel —lﬁnowh—-

Theoremn Let (D,<) ke o Pou-}'zo.\\ ordered se};

ldb € be o subset 0? D such ¥ o CC,<) s
we\\-%undec\; le} shotement & | predica)rﬁs B

ond VP , and ()unc\-'tcm } on the skele space Sa)ns%:

the Predico\)re Aroms?ormer wp(S,(?) 15 monotanic ;

Lt eD) ;

(2) [’P/\B = *reC] ,

) [PAB A d=x = wp(S.Pa )] for ol x
Yhen

4y 1P = wp (Do, “BaAP)])

where wPC".DO, B AP s de@nec\ as Yhe s}rtmses\-
solution oF) Phe equa‘}]oﬁ [8%) X

(0) X = (BAwp(SXD v (B AP

Trn Vhe cbove, Yhe well-inkormed veader wal recognize

P the Hiﬂvario.v-\)r" o? Yhe rePe}i}]Oﬁ and in  t+ its

n
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“variant Funclion “, which carries the Yer minoXion o.r\cgumen\:

The ?mgg)

Our Froo{) o\o\if)o\\'iovﬂ (4) O\mour\\fs '\'o S\f\owins
[P = Qj ?or ony Q) Yhot solwes (0) . We do
30 \o:j S\ﬂowins schu'oJ'e\fj

(i) 1:7)/\ 2 teC @3 onc
GY [PA +eC = Q]

PR - — —_———— .

true

= 1(2) and ?redico.)re cd\cu\usg
[TPA1reC = 1B ATP)

== {EW’BAFP = Q] Since (3 solves (O)S

IPAn-ieC = QY )
CEnd o?/\)roo?o?(i))

Proof of (i)
This Y)o\r\' o‘(\? Yhe Proo? uses the ?ac\- Yhet C s
we“—?ounded, First we maniTzu\c.\e cur demonsirandarm

S0 S )ro mo.\«e. i} amena\o\e~¥o o proo? bfj mo.}-\'\emo}ico.\

“ﬂduc*\‘ion t

I PA teC = @)
= {Prec\ico3re caledlus, in parricular Yhe one- point rule’
[(9_)(: *‘:X: (P/\ xeC % @)]
{romse and Yerm maﬂipu\a)f'lc:hz]
[(Bx: xeC: PA t=x = QD)
= {'m}erc\-‘omge o? wniversa) QMQﬂ}i'ﬁC&}imss

(Ax: xeC: [PA r=x = Q1)

]
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Tn view o? C's lwe\\- g)oundedness . Yhe lotrer is Provecl
bt:) deriving -@;r any x m C -
{’P ™ “‘:X -§> Q] ?r‘cm
(5) (Ehj 3eC N Y<x: LPA +=3 3@])

To Fhis end we abserve ;

(s
= { in}erc\mnga o? universa) quov\}iﬁmj 'ucns‘S
[(E}b bec A Yy<x: YA ‘\':b = Q))
= {rcm ¢ ond Yerm mmni‘au\cAicnS
[(93: Y=y P A yeC A y<x S )]
= {one— ‘Po‘m\' ru\e}
[ PA YeC Ax = Q1)
={IPA1}C A }<x = Q) on account of (i)}
[PAtx 2 Q)
ﬁ{wPCS,?) \s monotonic §
[W"DCS,?/\ ']'<x) = w‘PCS, Q)-l
= {3
[PAD A +t=x = wp (S, @)
= '[T)redicc.\'e Cos\Cu\usg
[P A +=x = (Bn wp(i@)) v 1B
=-i redico.\'e. Co.\CcA\uSS
D~ dox & (B wp(S5,@D v (TBAP)
= { & solves (O)S
[PAt=x 2 Q) :
(End 0? /Proc-€ o?(ii.).)

And -\'\1'\5 Cc:nc\udes Oar” Proo? 0? H\e -nfieorem.

Cone\us‘\on

As Par as we are aware, TFloyd (see T41) has been the
?irs} ong q-o ?or\rnu.\on-\e )rermino.\ion oraumer\}s in Yerms o?
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we\\-?oundec\ sets: he did, however, reslric} himse\? Yo
deYerministic programs, ?or which the narural numbers suffice.

Tn Yhe ?Ix?c:‘m¥ )r\'\em:j H’\o.\- ‘Oeco.me En Vogue dur'ms “’ue
sevenlies, Con)rinu‘-\:e' was shricHgy adhered ‘o, with ¥he
ju

result thalt, again, the neturac) Y\um\?e"s Suﬂ?cee\ (see 7).

To Yhe doest OP our kmowledae . the obove argumeﬂ\- =
Yhe @rs\' ome Yo comnect well-foundedness in its ?u\\
SEnem\i\'D }o o non- c«T:ero}iuno.\ nolr'lovw o? '\ermino}‘:m,
j.e. ’\'0 }—Me S\‘mnaes\' So\u}'lon OF Cn F?X‘Doin\- qu\.&;‘iw.
Trs simplicity should diSpe\ Yhe myth Hhet the

reskrichion Yo Cc-n\-'mu'n}x_,_) ?or Yhe sake 0? comvenience 1S
Jus)rifﬁect.
ﬁmo.\\j we would like ¥he reeder ‘o T“eg)aro\ e

eﬁ?ec}‘:veness onal Oxus}ere risour of our o\rgumen} L3

G \F\e& eor ¥he CQ\CM\&)(:QHC.\ ‘ProoF me}\\oc\ EMP\oaed.

Qc\.mow\edge ments

We are Sreo;\f\b inddoted Yo C.AR Hoore ?or his
For‘mm\@}'l(}h o? Om)recec\en\- (3). w‘hic\r\ e S\nowecl ‘o
lead Yo o shorter \oroo‘(-) Yhon our orig‘mc«\ %rmu\o}icm,
1o Ye Eindhoven 'Tuesc\o»n ﬂ@ernocrn Club ?or‘ s\renﬁ%enirﬁ
Yhe Yheovem bb "ifé'i:.\dc"ihb a e)ormer' omtecedent Yo, the
WE’C\\<€1‘ (‘2), ond ‘o W.H.S.’Fe.sjev\ ovnal C.‘S.Sc\’\oaen,
who \ndeFEnc\eﬁ\-lb Suaaes\ec\ Sim \igco}icms ot Yhe
achual prooy. Tino.uj . we are endeloted Yo one of the
Omon:jmous yeferees whose cemsYruckive cri)ric'\Sm led
1 lﬂd_ O Lew E-)ur}\ﬁer improve ments in }he Tgresen\-o.\-ion_
(‘e olther Omona\mou.s reé;ree, we were Sorrb o o\oserve,

had deme a rather poor :)Q\:")

22
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ﬁ :s\nor-\‘ Q}:)Pendix on wen-—-@)unc_\gc}ness

In Yhe o“owinS ,

(C,<) s a Por\-‘m\\b ordered se},

%54 are elements o? C,
S 15 o subse} o-? C, oand
Q 18 A \orec\‘\co}e on C |

uhere S and Q are COuP\ed \93
(7) QX = "\Xes , or S:{x\q@xg )
as o resull, we haove

€D S=¢ = (Ax:xeC : Qx)
“ X is & minima\ e\emen\ o? SM means

,,,XGS A (ED:3<><.: o tjeS)W”

“C s we\\-@unded " means Yha on non-em}:\:t_-)
Su\\pse} o? C con}n'.ns oy m‘mimo.] c?emen\-.

We ohserve

” C s we\\-@unded"
= {de?inihons o() minimal e\emen)r, well- Foundec\ness ond ¢}f
(9__ S: S # ¢ =
(ExixeC: x €S ~ (E‘D: Y< % c‘.jeS))) o
= {Prec\icn\e caledlus, de \"lorgc.n in For}-iCu\erS
(AS: S=¢ =
(Bx: xeC: a1 xeS v(Egrgox yeSN
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={renomin3 Yhe dumm:j with () and (]
BQ: (Ax:xeC: Qx)=
(Bx: xeC 1 Qx v ([_—;b-. <x:" Qif)»)
={d€gn}\"0"\ O()ma)-\ne.mo.\"lcg\ ‘ahdugions

“morhematical mduction over C. s volid

ﬂmong mathemalicians | we“-@unc\ec\ness 'S not
Qas we\\~\<nou3n as 'A deserves qo \oe; %ere 1S, vror
.ms\fomce, Q@€r \na\?c\ cen\urb not ae\f o Dukch
noame ?0\" -l\‘. One C‘_O\nﬁo} QSCOOPQ 3‘.\,12 .'\mTJrQSS'lon
thol Emm:ﬁ Noether, besides \Deing eusish ond
?Emc.\e, \’\&d 5‘\'\6 Q&A.i\'-lono\l d‘iSc\c\vah e OP
havinoy, been \Precec\eci B:j 920"5 Canar with
\n‘ns ;?ress on Couh\‘u\o'.\‘.\:j_
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