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On notation

We have two main reasons for Wr}{:ina thhis note .

The one reason lies in the —-if you come to Ehink
about it sl:rahge —— coexistence of two circumstances .
The one circumskance is that in a lot of mathematical
work the use of an aPProPria{:e notation makes all the
difference , notwithstanding Gauss even between
feasibility and nonfeasibility.  The other circumstance
is that texts that give guidance in the conscious choice
or design of appropriate notations are extremely rare.
The regrettability of this state of affairs is amp\uj con-
firmed by the mathematical literature, exiskihg or be-
ing produced, of which notational clumsiness is an out-
Skanding feabure .

The al:her reason lies in a PerSona\ circumskance,
viz. that all sorts of formula manipulation are begin-
ning to P\a.vj a more preponaerant rdle in our deriva-
tions of proofs and programs.  Thus we are {requently
 confronted with the 3nadequaij oF exiSJc'mg rnolations and
the need *o design aur awn .

Remark . We are _gu.\hj aware of the price ofand resis-
tance +to change o.F wa‘desPread notations : the char-~
acterization of _F\orian Ca.JOri's enojclopaedia as ‘a
graveyard of notakions” is more than appropriate .
Hence we fully understand that, according to the morals
of the beskseller society, notakional experiments are con-
sidered a waste of time. We also know , however, the
im.Poss'u\oi\il:cj of progress without c‘qanae and have
Pound ourselves compelled to dis!:ingmsl-_a s\narp\b

. ra H . .
between “convenient and Convewfnonalu, even \P
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onij .ror our own work. (Ena of Remark .)

Tn the past we have often missed guiding princi-
ples for the design of notations ; the purpose of this
note is to alleviate this deficiency. We tried to do so
before, but the ef{ort Pel:ereal out before we had suc-
ceeded in raising our kext above the level of mother-
hood stalements. Tn retrospect we can see that at
the Eime we lacked the varied calculational experience
required. We are aware of having this time a broader
overview of the purposes to be served by a good nota-
tion. YWe are also encou.ro.ged la:j recent experiences in
which we suddenly found ourselves able to be much
more specific and explicit than Ee-Fore. in explainmg
the w\mj and how of all sorts of derivations. There-
fore we are this time not without \nope.

* I
]

“The purpose Og this seckion is fo delineate our 'l:oPic.

Our starting point is that the notakion used should
be geared to the manipulative needs at hand. Sound and
Pruitfuwl 'Unou.gln this principle is, it is no good before the
mechanisms available for manipulation have been speci-
Pied. For instance, mechanized formula nﬁanipula}:ion as
performed in computers is most likely %o use notations
= €9, comb’mal-.or_ 3r‘o.p\ns—— most unSu’an.He ‘For man%P-
ulatioh with pen and paper. The latter even distinck-
ly differs from the blackboard operated upon with a

piece of chalk in the one hand and an eraser in the other:

the almost conkinuous evolution of the kexi on the
blackboard is all but impossible 4o caFLure in writing
(as anyone can {zsl:ith who ever tried to make notes
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of a lecture presented in such a _Faslqion.)

The choice has Lo be made, and we have decided ko
con?ine ourseives to khe wmedium o{: pen and paper. This
restriction of the topic creakes specific opportunikies and
obligations. @mong the opportunities we mention t\ﬁak.
paper -- at least our paper ~— has room for more char-
ackers than an overhead sheet disPlajed before a ]arge
spe.c&a.tcrslnlp. Qmong the oblicaal:ions we mention the
introduction of ways for avoiding leng&\«\nj rePeL-'n(:ions.
(In computerized formula manipulation the Prol::le,m is
salved by the combination of pointers and 9arjoa§2 collec-
tion; with eraser and chalk the Prololem is circu.mvenEed.)

This choice \naving been made, we shall allow ourselves
-— if the need arises —— +to take mto account that the
pen is held 55 o hand and the text is to be seen l’fj 6325.
For ins{:ance, I-F 'oFfIcialla” a mathema!:icaj .Formu.la
is nothing but a [inite string of sambo\S, makters of
layout are ‘officially” irrelevant 5 yet we all know
that for somewhat longer formu.fae some visual aids to
parsing make all the diqerence. '

We _mig\'\t add that we consider pen and paper one OF
the serious tools of the working mathematician, a tool
whose proper wsage should be taught. We know that
n many maanemajcica\ circles ‘Forma) me};%ods kave a
bad name, such ds being laborious and error-prone. We
find the judgement little convincing , as in the same
circles often the simple \nand-e_uje coordination thot is
reQu'\red to manipu.lcx{e .(érmu.lae 15 |o.clcin . Similarl_cj
we challenge the beiier that carel?d presentation ol{.\ .For—
mulae matlers 0“‘3 in the {inal stage of print and Pu\o\i-
cation, but that one’s scribbling - paper is above the law
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n the sense that there San{ackic amblgu{kies and all
other sorts of notational abrocities are permissible. We
hold the view that those who habitually make a mess
of their scri\o\olina— paper deny themselves a valuable
tool. Irn &his r‘e.SP€CE our concerns go baﬁond those c{_‘ the
well - known paper L—;‘j Halmos, which is e.xc]usivelg cov -
cerned with preparing manuscripks .For publication. |

For the sake of clarity we shall keep those considler-

akions thal can be considered Purehj Psachological sepa-

rated from clearly technical considerations.

» *
* |
This seclion is devoked to a survey of the purposes
that in our view a nobtaktion shouwld serve. We ,Foﬂcw |
Whitehead who writes: y [Ssmbo\'usmslha\/e 'm\/ara‘a\o\_cj
been introduced to make L\ﬁings easy . £...1 b3 the aid
of symbolism, we can make transitions in reasoning al-
rmost mechanically by the eye, which otherwise would call
into P\o.nj the e'hig\'\e,r faculbies of the brain. L[..1 Civi-

lizakion advances by extending the number of important
operakions which we can perform withowt {%inkina about
them. " . '

“The purpose OTC SSMEo\isms is to 9w‘de the deve\op-—
ment of arguments and to facilitale their a posteriori
validation. The purpose o? notation is ko contribute to
these 900.\5. At this sl:o.cae it would be a bit PremaEu.re
to ano.\:)ze how design and developmenf can be guided
by sbmbolisms; it is safe, however, to conclude that
vahidation (and deSigh) ore facilitated bb br‘evil:tj of the
text and modesty of the body of rules of manipu-

lation .
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We mention these two, brevil-.tj of the Lext and
modesty of the rules, explicitly because in the past
‘they have been in conflict . Because the formal texts
were more visible , more tangible so to speak, than the
rules of manipulation -- which under the slogan “you
know what 1 meanrn” were laraelj left implicit—- margin-
ol reduckions of text lemgth have Crepl: wn at the expense
of u.nmanageo.lo\e compl]FiCa.Eion of the rules of manipu-
lation. When o litkle further on Whitehead writes : “Makh-
emakicians have chosen to make their Sfjmbo\isrn more
oneise by defining  xy  to stand for xy .°, our
comment is that the mathematicians proba\olfj made a

mistake .

Remark. Half of Whitehead's motivakion for conciseness
of the text is Lo enable formulae to be Vrapidlj writkben .
We consider this a Eening mis\judgemcnf or the er'caonomics
of doing mathematics with pen and paper. In teaching
how to use pen ond paper well | the -Fz‘i'sl: E\ning we would
teach would be to write slow\zj. 1t helps Pr'e.ven{: Wriémg
errors and discourages "formal verbiage®, Furthermore,
with any reasonabltj effective formalism, decidling
what to write down is the main job that takes the time,
not the physical act of wril:ina. If ¢ comp\ico.}.—es "ane
cules , reducing text length by a fackor close ko 1 i3
penny- wise and Fou.nd— -Foo\ish. (End o-F Remark. )

The moral of the above is twafold. F'irst\wj, in
\')u.dcaina a notational convention we shall give due
weight to the consequences of its incarporation for the
rules of manipulation. SCCOhC“lj, we shall be on the
look-out .For' ways o? ac\'l'levina brevi{-.v that are less
complicating and Prefera\:\v an order of macani{;ude mare
effeckive than the inkroduction of invisible operators.
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This is the place to point out that an unforbtunate
notakbtion can harm manipu.lo;bion in & var[e,l:% of waﬂs.

. I{; can make 'ma.n'a!:u.]akion merellj C,lu.mStj. /Roman

numerals are the prime examp\e. Rnother example is
provided by all conventions in which the representation
ol; (o} COMPOnen‘& - suck as a Su.bex.pressicn e oF L St‘:ru.c—

ture depends on the Posilzion the subcompanent. occupies
in that structuwre ; 'l:\qe\j lCVEj a hea.wj tax on the sub-
stituwtion OF e.xpressions .For variables .

o It can inktroduce ambigu‘lkies as a result of which the
rules of manipulation defy {ormulation. TThis is, for in-
stance, the case if iden":lfj of” Scope of dmmmj variables
is Sulo‘jec{ to doubt. PArother example is provided b_‘j
the coexistence of sequence ‘expressions’ such as
(1,..,k)  and (X, .., X)) i With k=2, Xy=1, and
X2=7 , the lakber “expression” can skand [or the se-
quence (1,2,3,4,5‘,6,}) or the sequence (1,?) .

¢ It may lock the combinatorial freedom rectu.ired. Since
negation is its own inverse, it pairs propositions. Using
the one-to-one corresPor.dence. between small and  capi-
tal letters, RAugustus de Morgan decided to denole the
hecaal:ion of Q bfj 9 - But the canvention .Fo.ils to

cover the nega’clon of ex pressions ., As a result the 1Cor‘mm.t-—
lation of the rule a(pvg) 3 P A 1g becomes a
pain in the neck. (One has to resort to marnoewvres

such as  “if r= pvg *hen R=zPAQ" . Had
his notabion been more adequaLe, de Morgan would
Probal:\? not have 9o.ined immorkalil:_ij b‘j his Law. )

(End o )

Unfortunate notation can alse be detrimental to

brevi{.tﬁ in a Vo.rid:tj of wax_js.
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¢ A notabional convention may aasi[v introduce para-
meters that are superfluous in the sense thal tlﬁea are
constant all t%rou.g'h the argument’ Cw\nicl’: mean s that
the ¥1exlbiiil-3 ?rovided bfj the Parame.ker mechanism is
not heeded>. If  %4,... X were our o-nhj way o{? dle-
nobing Sequences, wWe would a\wabs have to drag the
sequence lengt}m around. |

¢ Lack of a mechanism for abbreviation may lencj{\ﬂew

a text cons‘sdera\o\j. Tt may, Lor instance, be very heip—
ful to be able to declare only once for the whole argw-
ment that such and such quantifications are over such
and such ranges .

¢ Notational conventions may {orce the introduction of
names, and this in turn may induce otherwise avoidable
case analeses. (We know .from Enahsh the di-FfICu\Eb o.F
referring to a person without men}:l'oning his or her

sex. ) If, in reference to ARABC | we encounter the
ominous “Without loss of generality we can assume edge
AR +o be .. ”‘, the an_gles have Proloaln\_‘j been named pre-
maEMFEllj . The notation “AABC” Preclu.des anony-

mous cmg\es .

« A notational convention may be combinatorially defec-
tive. For some predicate B a set of integers is
defined by Ll B4y . In the convenbion wsed,
has o double rdle viz. it is the dummy and it denctes
the clement. To denote the set obtained [rom the
previous one by squaring cach element, one row has

to go -l:\quuﬁ\') Cohkor-\:ions like {J\ (Ei!:j=‘|2 A ’B.)§

e TTexts can easily be lenathened considcrabhj b&j a
foilure to introduce the proper oPera.kors. Boolean
equiva\ence and Fu.ncl:‘ton cofnf?osil:icm come to mind.
Another example is failure to recognize pair- forming as
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an opet'alsor over which quanki{’icakicns distribute . The
PenaH:tj for this is the '|mPoSS°|b'|\1‘:\j of rewriting the
\on% ?Ormu.la

CCax,Y: TEXYI: X) | (AX,Y: LLEXY1:Y))
as |

(BX,Y: LEXYT: (%,Y))
(End of « .7

Thus we have set the scene for a more detailed ana.l_tj-
sis of specific notational conventions.

* »
¥*

Because of the central rile of formulae, let us stark
with 9rammal-':co.i questions.  Formal grammars are used
to define which s{:rings of sjmbo\s are 55n~‘:ac-l:icalhj
wrrect formulae, bub that is Oh]j a minor part of the

storﬂ .

The major dle of formal grammars . is to Provide a
recursive definition of a class of objec{s that, for lack
of o better name, we might call “ ntactic Erees”
(ie. trees with subtrees labelled as syntackic wnits,
or something like that). Inm passing ’c\qetj Provide.
rules for representing each syntactic tree by a sl:ring
of characters , called a formula. The reason for
stressing the syntactic trees is that the major manip-
wlations such as Subs{:ﬂ:ublon and r‘ep\acemah\‘:, are
more readily defined in terms of syntactic units than
in terms of string manipulation.

The view that we man‘l[:m\a\:e sahkacl-ic trees L’j
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manipulating formulae, gives rise to al sorts of

considerations.

For instance, a grammar is called ambiguous if dif-
ferent syntactic ktrees are represented by the same
Fo;—mula. (Vide sin®x Versus sin“tx.) "l—hou.o_,h
comman in practice, the adoption of ambiauous gram-
mars s Ho.rd\-.j to be recommended. (We can even
s{:rengthen the advice: not onla should a grammar
be u.nam\o‘.cauous, but its nona.mb':g.u'n{-nj should be
simple to establish. The advice is based on the combi-
nation of two circumstances. Firs!:h:), in order to ac-
commodate sPecial notational needs one must be will-
ing to incorporate local extensions of the grammar.  Se-
condly, nonamb'nguihj can easily become ‘Eougk to es-
tablish: do not set your hopes on “tools” , for in its
full generality the problem is undecidable. )

Nonamb‘n_guihj, however, 'S not {ke on’a issue ;3 Sim-
plicity  of the parsing algori}:%m is another one. A
subexpression is always replaced b somel:\n'mg of the
same s(jntac-l,ic. category , which imp:?ies that the work-
ing mathematician is parsing his formulae all the
Lime and that, _Consequenf:ltj, a complica!:ed }:arsing
o.lcaori':]nm increases his burden. (Tn the sixties, the
parsing problem was studied well beyond our needs: ,Cor
a well-designed programming language, the parsing
problem should be trivial, not so much for the benefit
of the compiler writer as for that of the programmer
that is going to use the longu.aae. “The promation of
o grammotical monstrum like Ada is a clear example
of an ill-divected effort ot user-friendliness, for which
the DD  will paY \neavi\xj.)
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This is Probablg the Place to point out that the
introcduckion O'F in{ix oFer‘o_.E:or.s S a Common {:ec%nique
of complicating the parsing problem, the Erouble of |
infix operators being that they invite the inkroduction
of priori\‘:j rules so0 as to reduce the number oP pa -
" rentheses needed. \When im‘:roducing an infix opera.-
tor one {aces the mekhodo\ogica] Prol:]em that a lot
of clairvo'.janca about its fubwre usage is requlrad
ko determine which Priorﬂzy will reduce the number
of parentheses most eﬂfeckive‘cﬂ. ( We warn the
reader that beginn'mg \33 \eaving the Prioriéa un -
decided and ending up with ambiguous formulae is
a common error.) A nwisance of priOriES rules s
that they complicate parsing and, hence, subskitu -
Lion —— substitute in the product x-y the sum
2+73 for X —=3 Perho.p.s this c‘omp\fcahon is too
sight to worry about, but it can never hurt to remem-
ber thab it is there.

Infix notation has a definite charm for all as-
sociative operal:ors) such as addition, multip\fcal:{on,
COn‘)'unc{-ion, dis\ju.rwdion, equ.ivalence, minimwm, Maxi-
mum, concatenation, relalional or functional compo-
sikion, etc. . Tt is so much nicer %to write

a max b max ¢
than
max (a, max (b,c))  or wmax(max(a,b) , ¢)

The ocbvious o\isadvanﬁaae of the latter notakion is that
it forces one to make o totally irrelevant decision .
If one prefers o functional notakion, max. (a,b,c)
~-ie. a funckion on a nonempty list—— is pref -
erable .
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The above example draws aktention to another phe -
nomenon. Besides being associative, max is also
sammel:ric, and r‘eg_re,lzf:a.b\y there is no f‘eal\fj nice
linear representation of the enumerated wnordered
pair.  Whether we like it of not, we are ]fcrced to
mention the elements in some order. The best we
can do is to give the elements positions as similar as
possible. The worst one can do is to hide the sym-
metry , as has L\appened in the notation for the bi-
nomial coefficients. With an alternabive notcation
’P.Ci,J) — P from “Pascal“—— delined on a pair
of natural numbers by

’P(i,j) = iff i=0 v j=0 — 1 o
020 A y20 = RG-1L) + P GL-1)
£i | )
e, with ’E(i,J) for (1T‘5) .and (I}]) , |
we can write
(x+u_5)h = (éi,d: i+j=n: ’R(i,J)'x]~Bj)

Simpl'.?icalzion oF other formu\ae inva\vfng (?ﬁ) s
left as an exercise for the reader,

Tn this connecktion we note that sammekrj consid-
erations apply to operators as well.  The beauwkiful
symmetry of ' | |

(PAQ) v (AAR) v (RaAP)
= (Pv Q) A (AVvR) A (RvP)

is lost when we give conJuncL-ion a carea,l:er binding
power than disJunckion and write :

PrQoev QAARVRAP
=2 (PvQ) A (QVvR) & C?v'P)
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But the question is more serious than that, because
from here it is onl\j a small step to the convention
adopted in electrical engineering , where this _.Formulo.
would be rendered as

PQ + QR + RP

]

P+ Q) (Q+RI(R+P)

ConJunckiOH's distribulkion over di%junc’:ion is then ren-
dered buj

P(@+R) = Pa+ PR |
which looks very .Fo.mijiar; the other distribukion,

however, yields
P+rQR = (P+Q(P+R)

which looks a bit Skrange. As a result, and as is

to be expected, many an electrical engineer, though
’c.\'morou.aH.j familiar with the first distribution, is not
so sure at all about the second one, and that psycho-
\o%Ical consequence of a mere notational convention

could be deemed serious. In shork, one has to decide
whether saving a few parentheses is worth the price

of desl:ro«jincj Stdmmekr(_.j .

The common overloaa\ing of the P\us and minus
signs, which are unary and binary, should be a
point of grammal:ica\ concern as well 3 il is in a way
oka.a in infix nc{:o.{;ion, but daﬁes the Etransition +to
post- or prefix notation. TThe effort of saving the
unary additive operators by the invention of the invisikle
operand 0 makes matters ohltj worse. 1In ALGOLED,
the invisible staktement “skip” was introduced ;5 sub-
sequently, for “if B then S else” the abbreviaton
“if B then S” was allowed, and as a consequence
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if BO then f B1 then SO0 else Si

was syntactically ambiguous. Seven cenburies after
the introduction of Hinduw/Arabic numerals in the
Western world, the ALGOL Committee showld have
known better.

A J'r‘n;r—l:\ner 9ramma.'!;ical concern is whebther ko keep
the parsing aﬁcaorlkhm context - [ree, ie. to keep the -
parsing independent of the types of the operands.

For instance, anyone WOl"L’.ih9 with |oc31_ca\- formulae
in which relations between inkegers occur as boolean
primaries, will be tempted to give those relational
operators 9rea!:er binding power than the |09ica1 op.
erators. He will also be templed to give aquiva\emce
o binding power lower than almost all other \ogica\

operators. Do we need a Special Sl‘.jmbo\ , say =

for equiva\ehce. or will the normal ectuahl-tj sfcan do?

If we choose the equality sign, we either have to be
willing to use more parentheses or have to resort to
a c(ontext-dependent grammar. The latter alterna-
kive should not be adopted without full awareness of
the price to be paid. Besides Cc:mplica\':inca the dem-

onstration that the formalism is unamb'\guous —a
demonstration which is required at each (even Eempo-
ramj) extension of the formalism-- it Places a

burden on the use of the Formalism: -;J;rsl-.hj, a Formu-
lao like

a=baAc

cannot be read without an awareness of the Jujpe..s of
the operands, and, SZCOHGHLj, types that can no lon-
ger be inferred from the formal context have to be
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declared ex Plicil:i_tj ]

The most common way, however, of }nEroduLc:'ng
context - dependent parsing --if not downright ambi-
guity —— s the introduction of invisible operators,
which results in a severe overloading of Ju.xl:a.Pos‘n’:ion.
The most common candidates for omission seem to be
multiplication, concatenakion, Conju.ncl-lon, and f{unc-

tion applica{:ic‘n. The omission has all sorts of con-
seq,uence_s.
» Compare 3x, 3%, and 32 . We are all so

used to these that we hardly notice the anomaly
any more. (In the “real” world , we have secen a
recipe bc_ing m%sihﬁerpr‘el:ed= ”11/2 cups o{’
water “ was read as 5.5 instead of 1.5 . The
result was desastrous. ) But it becomes a differ-
~ent matter when we realize the massive amount op
time spent on these in classrooms all over the world.
For the uncorrupted tjowncas{:er their I:eac)qi'ng is all
the more perplexing as, at Ehe same time, the whale
topic is presented as \ogica|, systematic, reasonable,
and precise. 1t would be nice to know in 9anera|
what percentage of mathematical instruction is in
fact usurped by getting pupils to learn how to live
with notational anomalies; the pcrcenf:aae could very
well be shockingly hiah. Another Possibla hea.v_to
price is the widespread _dis{orl:ion of the 321’167'0.1 Pub-

lic's view o{f mathemakics .

. /Pa,rsing Hmmea\iahehj becomes mhfext—dependeh{:,

e.q.
p(xﬂj)

Is this a producl: or a —Fu.hCl:IOY] aPPlical:ion?
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e Tt has created an awkward position for what are
how known as reserved identifiers: whatb abaeut

sin(s+i+n) ?

e It is undoubtedly resi::onsi'\ole for the 9ene.ral reluc-
tonce to introduce wmulki-characker identifiers, which
after the exhaustion of the Latin alphabel led to using
Greek letbers, Gothic letkers, Hebrew letkers, and large
script capitals. We need not elaborate on the ensu-
ing cost and cumbersomeness of printing mathema-
Lical texts. TThis ’cbpograp%lca\ immadesty, which
makes many a typewrifer all but useless, is the
more amazing because it is of little help compared bo
the use of mulbi-character idenkifiers: <the admission
of two-character identifiers alread‘j gives the power
of 52 wrew a\P\aaba{:s . (To be fair we should add that
multi- characker names have 1found their way into
geometry ko denote lines, line segments, triangles,
elc. . Geome%ra 5, of course, a context in which
on dimensional grouunds products are less common

than qu.o-f:ienlzs . )

e Ikt is s]m‘n\ar\5 responsilo\e {or the presence of;'mang
a subscript. It is not uncommon to see the angles
of a £rian91e denoted by Ay, Rz, and Pz, whereas
A0, P, and A2 would have done ab least as nice-
ly . Like the use of dipferen{‘. o.lplqa\oejcs, Su.‘o.scripf:ion
is an unfortunate convention from a L‘Ljpogra.f:%ica_\

point of view: it creates the need of a smaller-char-
acker set or occaslona“b wider Spacing og the lines.

e  We shall deal with Fu.\nc{:'aon applfcul:ion in a little
move detail, since we might have readers that are
unaware of the operator that has been omitted.
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What is the quinl:essance of p ba‘mg a (’unc'bion,
say of o naktural araumenjc? Well, two {:lhina.s . firsd-
ly, that for nalural variables x and y ,Say, we
may write down PCx) , P(‘-j\‘v PCx“ﬁ)‘ ekc. as \egijc.-
imate expressions, and, secondly, that we can rely for
all natural x  and y on the Vd.lid?(:kj OQ

=

x=y = plx) = p(tj)

Our expressions p(x) ) P(’“"ﬂ) , etc. consist of two

components, viz. the function --p in these cases-——
and o natural expression -- x or Xx+y -— . 1Im
mathematical parlance, in p(x) , “x is supplied

(as argument) to (the Fu.ncjcion> P" or alterna -
{:ivela “(the Fu.nc&iow) p s "-PPhed to (the argu -
ment) x ”. In the notation used, this state of af-
fairs has to be deduced from the succession of a [unc-
tion name and a Parenl:lnesized expression. (RAs
pointed out before, whether this identification is
context-dependent depends on the rest of the gram -
mar, i.e. whether for instance the mul&ip\icq%ion oper—
ator is invisible.) Note that this function notation
extends the use of parentheses: as long as paren -
theses are used on\a as ParE o.r a convention that
represents san\:acLic trees by 51:r1r395, there is no need
to surround a single variable by a pair of paren the-
ses .

Consider next “the infinite sequence of natural
numbers R, By, Ay, .7 Then, for all natural
i and j we may wrile down constructs like A;,
Ay, By In short, in the position of the sub-
script we allow ana natural expression (provided
it is small anou.g\n). Also we can rely for all natural

i and j on the validity of
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'|=J = A, = Q_)

The moral of the story is that we have two different
notations for the same state of affairs: funchion
application tied p to X%, Y and x+yYy in pre-
cisely the same way as subscription tied A to
i,j,and i+] . It now stands to reason %o con-
sider a s‘mg]e operator to denote this connection, eg.
an infix period with the highest bind}ng power OP all .
For our examples, this would give rise to the expres-
sions

P_x , Plﬁ s P (x-#[d) . Q.I 'QJ 2 ﬂ(i‘i"))

In the previous line the period is used as the visible
representation of the operator known as “function
app\icakiovw "

In judging the pros and cons of this notation-
al alternative, there is more to be considered than
typographical simplification and greater notational
ot conceptual homogznei{:a. We should at least inves-
tigate the polential syntacktic pitfalls of the new
rendering of an expression such as £;(x) , in which
the old subscription and function notation are com-
bined. We could encounter such an expression when
deo.\in9 with a whole class oF .[func]:idns consisking op
£o, f1, f2, ... . As we would now denote these [unc-
tions by {0, 01, 1(‘.2 , ... , a suitable candidate

for LX) s
{i.x
But the period is not associative, so we have to set tle

how such a {‘ormula, if admitted, is to be parsed. Its
hon - admittance would imply the use of an obligatory
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parenthesis pair, yielding in this case  (fi).x , as
in the alternakive {(i.x) we would encounter the non-
interpretable subexpression i.X (i not dencting a
.F(,mCEiOh). Tts admittance leaves the choice between
context- dependent parsing or the strict rule that
function application is left- (or right-) assoctative.
In the case of context- dependent parsing, [.ix
would have ko be parsed as ({li).x , but p.A.i
~~for p and A defined earlier-- would have to
be parsed as p. (a3 . Tﬁoucah in ¢ Sufﬁcien{:f‘j
tnjped context this convention does not lead to ambi-
guity, it has not been adopted, and probablj w‘asel‘j
s0. e usual choice, eqg. in functional programming,
1S le.F{:-aSSOCi'a{:ivibj, ie. admi(:l:ing fix , but re-
guiring the parentheses in constructs like p (A.i)
and  A.(B.i) or even A.(A. (ALY . (In passing
we note that traditional subscription is right- asso-
Ciative.) |

It is interes{:ing to note that Pu.r'elj notational
considerations have led us to the discovery of the
device known +o the \ogicians as "Curr::)'mg “, but for
the ju.dgement of notational adequacy there is more
to be considered.. Not only is it possible to distin-
guish between a function of two arguments and a
function of one argument that happens to be a pair
~-vide f£i.x versus g.(x,tj) -- , but we also have
to. In contexts "in which this distinction is deemed
'trr'z:z\evcm{:J the ob\iga{ion to dis[—.inguislﬂ will be recaa.rded
as an awkward burden. On the other hand, it enables
ws to write down —- using po.r’enl:!neses for list no-
tation-- eXpressions like Su.m.(a,b) , Sum. (a) b,c),
and even sum. (@) and sum. () without the in-
troduction of a function with a variable number of
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argumenl:s= they are all of the form sum.x where
x is a list.

This seemed a suitable occasion for some experi-
rental mathematics: in order to find out we carried
out the experiment of adopting the infix period for
function application. TThe initial experience was so
favourable that at least some of our readers joined
the experiment. The aforementioned obligation of dis-
tinckion turned out to be less of a burden than ex-
pected. In a number of cases the possibility of dis- |
kinguishing was essential; when at first sight the
distinction seemed irrelevant, often closer inspection

revealed one o{: the alternatives to be clearhj Pr‘e{:erab!e.

The experimenJc continues, and the reader is invited
to join it (End of « .)

Historical remark. TThe decision to carry out the ex-
periment was in part triggered by a rereading of
the history of the equality sign. For three centuries
after its introduction --lby Robert Recorde in 1507F--
the equality sign bhas not been recognized as a genuine
infix operator, nor a=b as an expression. This
had to wait until the introduction —-by George Boole
in 1854 -— of the proper value domain of such expres-
sions. And even then that recoghi&ion was slow to
spread: to this very day the bulk of the mathema-
tical literature treals the expression a=b as sec-
ond -class citizen. The remarkable slowness of this
process could very well be related to the fact that
prior to Recorde equality, if not expressed verbally,
was sometimes indicated by mere juxtapoesikion.
(End of Historical remark.)

> EL)
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We would like to stress the de{ficiencg of notations
in which identiby or scope- of dummies are unclear,
because such notalions are not uncommon.

For instance, we recall the set {JI CEi = J:i2 A 'B.‘s)}.
Tris 1s o cumsy that occasionally one finds this set
dencted by '{isz.ﬁ . Let us take, for the sake of
the argument, a special choice for B , and consider
the set denoled by diz]ir 2} ; a similarly de-
noted set bei‘ng {13 ‘ \ >-3.5 , We Fmd ourselves_ now

considering .
4 l i >J 3

and by that time we have been nice’\g led down Hne_
garden path. Had we wrikken |

e B 123
to start with w—emploaing a notation that explic—
itlg mentions the dummies n the Posibion Preceding
the first colon-- , we would have ended up with

{i: '17J! I‘J} ,
which definitely differs [rom

Sijj: '|>j: i‘j}.
Remark . The above notation for sets has encoun -
tered the objection that it is unclear “how to read
such a formula in normal En lish” . This is iden —

tical to the objec%’ion to the \ogiCa] connective of equiv-~
alence, viz. that it defies smooth expression in all
Weskern \ahgu.ages (do not forget that  “if and only
" should be regarded as a linguistic artefact of
the mathemalticians). The objection is valid if we
require our formalisms to mimic our verbal thinking,
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If [reeing us {rom the shackles of our native tongucs
is viewed as one of the major Virtues of formalisms,
the above objections are no longer valid. (End of
’r\’emark.) *

So wuch for the consequences of the cbscurity of
the dummy's 3dem‘::‘l:5; let us now kurp ko its scope.
One finds universal gquantification dencted by prefixing
with  (v¥x) . wWithouwt zxp\inHLj stated prioriky
rules, it is then no ]omﬁer clear how to parse

(VxOPx v @ and (Vx) Px ~n Q

A possible reason why the parsing rules are often left
undefined is that the two parsings |

(V)P x) v Q and WO (Px v Q)

of the first formula are semantically equivalent. These

of the second formula ,
((Vx)P X) ~ Q and (dx)(Px Q) ,

are only equivalent if the range of x is nonemply;
for an empty range Hne,b yield B and true ,
respectively. These problems can be avoided by in-
troducing an ob)iga{:ora ”PareHH’\ESiS pa':r’ that de-
clares the dummy and delineates its scope (vide
ALGOL6D s block structure) .

This s Proba'lplv the PlaCe to point out that con-
ju.ncl:'ton and disjunction are not the only S(jmme!:ric
and associative oPero.Eors whose deFlni{:ion can be ex-
tended -- sometimes conditionally -~ to a possikly
infinite bag of operands; the maximum , the minimum,
the sum, the Produc!:, and set Formo.}:ion come Lo mind.
A homogznaous notalion comprising G) an explidt
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declarction of the dummies, Gi) a range expressed as
a boclean expression in kerms of the dummies, and
(iii) a term expressed in terms of the dummies, might
have avoided such anomalies as a traditional notation
?or Summation

[V

5t

1= low

This nokation erroneously ties the notion of summation
to a range of consecutive ‘:n\:eﬂers, and the reader is in-
vited to use it to express the sum O-F all Prime rum -
bers thalt are less than N .

There are kwo ways in which @ homogeneou.s nota-
tion for quantified expressions could be used; in ad-
dition to being a tool for the working mathematician,
it could be used as an educational device in order to
separate the problem of how to use the dummies in
quahki{‘ied expressions from the Prolo]ems caused bg
the irregularity and deficiences of established nota-
tions. '

* »

. »
In addition to the above, we have less cjrammakico.l
concerns of notation. We mention the following ones.

e A notakion should not force us to be explicit about
what is irrelevant. In conbexts in which lengt\qs of
sl:rings are not very relevo.n{J it s overSPecffic to
represent them by the usual X1, %z, ..., % . We have
encounktered cases where regu!ar expressions Provided
the appropriate alternative. 1In other cases a combi-
nation of characker variables X, Y and s{:ring vari-
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ables  X,Y did the J'olor XxY stands {or a non-
empty skring and x for one of its characters, xyX
provides the nomenclature for the two leading ele-
ments of a string with ab least two characters (and
also {or the poss';b@ empl:nj rest). Similarl(ﬂ, without
a summoaltion convention ik is all but impossib]e to do
cmahjéico.l CjQOme.L-r:j without commitking onesell to a
specific dimension of the space in question.  Coordinate-
{ree analzjx‘:ico.l qzome&ra provides many a nice example
of arguments not encumbered by an arbiéro_rilnj cho-

sen coordinate Snjsf:em.

¢« A notakion should provide the combinatorial [ree-
dom we need. This does not only mean that what we
would like to vary n the course of an araumem{: should
occur as an explicit parameter; it means more. We
have menbioned the shortcomings of de Morgan's nota-
tion for negation; we still {ind similar phenomena in
much more recent literature, eq. in R. Courant’s
Differential and Integral Calcuwlus -

" 1f f#)(x) = f(x) + 9C><) ,then ¢(x) 1s differ-

entiokle and
$') = )+ g T,
a roundabout wag of expressing that diﬁferehl-ia{on
distribules over addition. TThe formula ({4-9)[ =
"+ o would have been much more direck, but
Courant’s reluctance to introduce expressions w\nose

values are -FDLHCUOHS ‘Corces him to introduce the name
$ , 50 as to have something to atkach the prime to.

e  Another way of losing combinatorial freedom is
the introduction of a single character [or the combi-
nation of two independent operakions. An often
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observed exawiple is the SijEol @ as 'm n @1,
for the addition reduced modulo some calc\oallnj spec-
ified N . TThis is all right for 2n @& 1t , bwkE the
combined concept of addition module N is un-
(ortuncte : for 2n reduced modulo N it would
lead L6 2n @ 0 o n @ n . The introduction
of ® for multiplication reduced modulo N does
not solve the Prab]em but only PL&.SI’)ES it Forwardr
what about exponentiation ?

We encounter the same loss of [reedom when, in
f=9, the eq’u.o.lit-u_j sign s burdened with a wuni-
versal quankiffcc«.h‘on over the domain so as to ex-
press that { and g are the same funckion. It
then becomes hard to ax.PreSS the boolean function
that is true wherever § and g <coincide and
false elsewhere .

. We would like ko po'mt out that miner natational
accidents can have major cohsequences. We give two
axamples. '

We have all encountered and Proloalolﬁ even used
A=TB = C to dencte that 0, B, and C are all
equal. Tt is usually explained as a shorthand for
A=B ~ B=C, transitivity suPp\51n9 the remain-
ing equality. But shorthands are dangerous : this
one has generally obscured the fact that equality be-
tween boolean operands is not Oh]lj symmetric but
also associative. The truth of a continued bosleaw
equality amounts to the number of {alse arguments
being even, eg. false = false = true | which may
be parsed (false = .ra\se) = true or, a\EernaEivel‘j,
false = (false = true) . We might consider a special
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s‘tﬁmboi \Cor' that associative eq@a\ilcﬂ and write J;or bool -
ean argu.me.hlzs for instance ao=b=c . The
irony of the situation s that indeed a special booslean

equal'.l:a sign s \» use, but it s the wrong one wi&\q_

the wrong connotation: a & b, pronounced "o if
and on}uj if b ", is viewed as _s\norHﬂo.nol for

a=>b A b= a. As a result, C(ae= b) & ¢
and a & (b® c) have Complcn‘:elcj different ex-
pansions, and the a.SSocial.-i\/{éj o1C boolean eq(,LG.IIEj
e hidden once more. Buk this is not the end of the
sad story. General unfamiliarity with the algebraic
properties of boolean equality (e.g. that furthermore
disju.nchom distributes over it) has led ko gane_ra|
underexp]o}ﬁation of H:; as a reswlt, proo]fs are oFéen
much longer Ehan hecessary. (ﬁmong electrical engi-
neers ik i1s not unuswal ko pronounce  “# 7 as ‘ex-
clusive or“ . How unfortunate this name is, surflaced
during a lecture delivered for an American audience.
When, in formalizing a specification, the audience was
invited to supply the appropriate \ogical operator
——which was the equivalehce -- someone sSug ested
after some hesitation  “the exclusive nor”!?

Next we mention the general acceptance of the
symbol = for “implies” , more precisely the gener-
ol absence of the symbol & for “is implied by” or
“follows from”.  We have seen a number of proofs in
which the adherence to the implication sign gave rise
to proofs that were in conflict with the convention
that texts are best read [rom beginning to end:
they were more conveniently read backwards. This ob-
servation invited the use of the [ollows -from symbol
in a reverse presentation of the argumehf. It was a
great improvemenf, as the switch [rom a boltom-up
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to a kop-down argumew’c enabled the enclusion of al-
most all heuristic considerations, which would have
required an appeal to c]airvotjance before. That the
mere transition {rom = Lo &  could have such a
profound effect on mathematical exposition is a fright-
ening observation, which is not to be forgetten. Tt
is not impossible that the restriction to the one-sided
= -~ inspired by the cause/effect dichotomy of the
p%i\osop\ners?—— has 9rea1:lej contributed to the mys -
tification of mathematics. A sobering thought.
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