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On ‘he design OPO\ Simple proo? @r Morleu's “Theorem
= g 1 — =

The Benerc.\ O\o‘m}on —with w‘n'\c}w T concur— is
thal Frank Mor\ej‘s Theorem cbout the Gnﬁ\e_ }ri sectors
o? o.+r'san3\e 1S o 3eome—\-r‘1cq) Ct,\r'losi"'b -H'\a:\' is op
h'ts)-or'zc.o.l 5n‘\‘ef‘es)r at besth. _Inde]')eno\e.n)r\j OP the
('m)s: n'u—ﬁcance o{) the theorem Provecl \9:9 i*, a
Froo maj deserve our c.'pren')ﬁon, —(gzr ins*ancc,
bfj virtue o{) its 5)r1‘u~c¥~ur“e, its simp\icib, or ks
bre.uib. Tor the T)roof) ‘o be shown bhelow, such o
claim can e mode: requiring nNo auxiliara  lines
or Po'm)rS, & is so s‘]mp\e thot the thearem's lode
c\'\sc.o\zeb (1899) ond the e\a)osecl decede be]%re the
g"‘)rs\- ProoPs were Pu\o\ls}leo\ CMOQ) become '\-\ﬂc—: more
S\T't\f\ns. \n“\en 1 "?Ouno\ -"\n'\s Pr‘oo]p bears O:ﬂo, 1
WGS cm\n {oo w'\“inﬂ lo ascribe Yhet discoverb ‘o
my 9\"@0&‘ ingenuib and all thal. The purpose op
this wnote, however, 1s 1o show how, in the mean
fime, lhe art ond science of I:r-oolp desl&n hawve
advanced Jo a s}age n which  the c\esiﬁn o()
such Proo()s has clmost become a roukrine
€xercise, rEqu'\r'mj Yhe wsual care in arranse-
ment and Y\O‘\"O\hon, but & minimum oP {rvention,

Consider o F]o\ne gaure *C‘OﬂSiS’hh& o? 6
distinct é:vo‘mls and 12 5)rai3h}— Yine segmen}s—
o

of the

\\ow'm:.) , Con?i&uro\\-‘non _
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Mor\ej’s Theorem states that AXNYZ s eo\uila\-ero.\
i?, N «W\is P’ugure, -‘f\r\e onﬁ\es o? ARBC care -\-ﬁ-
—-Sec.}‘eo\.

Note thet Yhere are all sorts Q‘P nonredundaont
wabs o() deg)inins thet o ‘\r'nanﬁle. is eclmi\c\)rera\,
such as
(0) its edﬁes are o() equc.\ \eng)f\—\

() ks angles are o{) equal size

(2) % is isosceles, and its ‘\-OP ang\e equo\ls 60° .
'De?inihon (1) mokes it clear Frot Mof‘\&js Theorem
con he %rmu\a)red in terms o? ang\es On\D, i.e.
dhet in the above {)ijure we can isolate size

g)rom ‘5\'\&13& .

Let us call the cbove configuralion with the
o\nsles o() AABRC 4Arisected o Hor\eb "F_!;jut"e. “The
s.lmF\es} wc:j oAf) 'w’\n‘ﬁ ~H’1?, s}‘lc\.]oe_ o? c Nor\cicj
—ﬂﬁur‘e 'méependen \D OP i):s size 5 —\O e '\‘he
o\ng\ES o() QQ’BC. dﬂ'\e 5]mP\e5}- wc:? ops
the size o? e Morlej T'ifjure inde enclen}\j of
its s}laFe 'S Yo 3ive -nne s12€ o AXNYZ .

vin

This is vecj nice disen¥an3}emen)r. To do
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l')bus\'icc; o i, we Propose ‘o ]orove quf\ej's Theorem
Y = owin3

Yor om\cj *ri}o‘e (Of,@,a-) OP Posi}iue o\ngles
whose sum Equc.\s 60° ond -@)r ar:j equi\cﬁer‘a]
friengle, one con erect on Yhe thréé sides of” the
eoluilc}era] -h"lo.ng\e Ariangles  with —)-QP ang)es
B3, r‘es)oec)r}vel‘b so thal the angles o? the
hiansle 'for‘mEo‘ )o:j 'H'\efr‘ 40*?5 Gfe }risec}-ecl.

The existence o? these +three %io\naies woill
e demonstrated bfj 5\'\om'm(9 how 4o erect Yhem.
To %‘.s end we s}'\c\\\ deriVG )ﬁou) 40 erec}
them. We exr.»\oi*} the Ctjc\ic summetrs  (uwhich
we howve Deen cnre@\ net Ao a‘jes-}rob‘j) in order
lo avoid repewﬁon, andc {)ocu-s Owr cgjr}@n)rion

on side D

Wwe have marked with «' and (3‘. the two }or-
Se} S1Z2ES, with = and (5 Yhe Jwo 51\!‘?-'1 Sizes,
and In view o? the man o\\)rer'nc«hve de()ini}*icms
we have \e@ oPen how we are 303n to ‘]‘c\\(e
into account thal AXYZ s e'cimi\ogeral. Tn
the chove ")ic\u.f‘e, we can drow one immediate
conclusion {rom the Aargel sizes: <AZB= 130°-x-p .
PBecouse Yhe remaindesr 0?7 )rhe Pic}uf‘e has ‘o be
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Yok en into C\CCO\M"\}‘, we have lo COhc\ude *Hﬂc.)f its
?u“ Comp\emen]‘ equa\s 180°+0(+(5 . Now it
slands Yo reason +o draw X2 wnd Y2
ond to take into account thetl £ X2 = bo°

Y X

g,

A ‘B

Trom £ X2 = 60° e s conclude

Cot+fd = Yhe sum of e anﬁ\es marked 1) =
C120+°<+(5 = the sum oF) the O‘ng\es marked 2) .

8 \orescr}bed sum o]p bwo velues si\les o
one-c\imens‘nono\l degree op @‘eec\om , \Por which
we now hove Yo Kind -H{:e_: most suitohle pore-
mekrerizclion. For the o\ng\es marked 1 , the

s]mr)\esl' Por‘c\me'\er'x‘z.c\"ic}n s

2

&+ @ B-@
A B ?

since Yhed “}'TQY\S\O\:}ES owur %arﬁe)' into @=0 .
For reasons of Sijmme“r it stands ‘o reason
Jo s]o\i\r JQ0°+°‘+(3 into 600+O(+-(/J and
6o°+(}.-4/ , but which 15 which? Because o]p

ot (b ) =60°, w get Yhe nicest (?i} i? we allocate
f0°+ % + ¢ in Yhe Hiana\e with 4o~[> 3. Thus
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we Qno\ ourselves Ccm)erP\o.)r‘mj Yhe €°\‘Ow5®

pora melerized @3 wre s

Were we Yo Com]a\e“e i+, we wounld Bnd in clock-
wise direchon §0°+ % + L/; , 60°+ (3 - L[' ” 60°+bﬂ + L}d ,
60°+ ~¢, 60°+ S \}’ ) 500*-3' - llb . OQur r‘emair\inj
duls is o show thed L}J con e chosen in
5uc:LJ\ Ca W0~3 -Hn.o\\‘ CP:-.O ?0“&..0‘5.

Looking o our last diaﬁram, we should
realize Yhat |, so Fod‘, we lhave wused G‘om geo-
me)rr\\j no more -Hno-n Yhe ?&c\' -Hm\)' Yhe anﬁ\es
0(7 N x‘rlanﬁ\e add wp Yo 180° . We should he
wi“in3 o use a liHe bl wmore so as o ke
c\b‘e v}o ex‘}o\oi)‘ “\a} ’H\e ‘H‘n"ee- ')-r'\o-nﬁles S)"iaf‘e
two sides. VParameter © (@r which =0 has b
be concluded) occurs ol twice in the chove
F;c’rure, more Preciseb, in ARNZD orPosﬂe o
the shared sides So we are locking for o
-()c\(‘\' -from geome)n:j Yhat links ans\es UFE
¥ricm9\e o Yheir owzosi‘re sides. -Here ‘he Kule
o? Sines s 5ula)oosed Yo come Ao the readers

G
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mind. Tur-)'}\ermore » o-{? )r\ﬁe ?&c\‘ 4—\\0\\' QXY'Z 195 eqwi-
|o\)ret‘o~]' so {)af‘ we WUsecd va\:j ZX2Y = 60° oand thus
con €,><ped~ lo have lo wuse X2 = Y2 .

So, let us stort with Yhe expressiom in P
Jrhc} we con hnani]')u\\o}e La.n'“ﬁ lr\’le. /\?u]e oF) Sines

sin (ot @)
sin (3 - ({J)
{fRule o() 5nes in AQZBE
2z
AZ
i Rule oF‘Sines n A’SZX/&HZY so as o
introduce X7Z /YZ% |
sin(60°+y ~¢) = X2 /5in ()
sin (60%+y + )= Y2/ sin(e)
{ X2 = Y2Z%
_sin <5o°+_L— l/z) sin (o)
s'm(bo"-i-r +L}a)-sin((5) ,

)

h

)

n ‘Summat:j

sin(x+@) _ sin(b0®+y-¢)  sin(x)
Sin(?-)—q)) - Sin (150°+bf+l}/) ‘ sm((})
Now the o\_ues)ﬁun has become: can we substlile
n (3) such o value for ¢ that @=0 {ollows’
Su.bs\-'-\'u}inﬂ indo (3) =0 tjielo\s
@ sin (60°+y -¢) 4 7

sin (66° +p + )

O ao\valole ethm (eﬁ. (}:O). ‘Su\os\*ﬂm\'ma (4) inlo CE),

€
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we 52’1‘

sin(®) . sin(o<+~P) = sin(x) e 51"‘(@-‘{’)
= {Qddihon ?ormu.\& {Jof‘ Sin-ﬁ
sin(®)- (sin(x)-cos(@) + cos(o)esin(@)) =
sin () (sin (@) cos(p) ~ cos(Rd«sin(e))
- {&\SGJDFG\‘S
(sm(ﬁ.)-cos(rx) + sin(e)a cos(@))» sin(¢) =0
=< L addifiom {Jorlem —r'por' sin
5in(o<+(5)o S‘ch.{?) =0
= { o< o+ < 6o°7)

s‘qu))=0
- (g r0 - it pgro s el
¢=0

Lohich concludes H\e Proop (’T’o so\ue 'Hne ]as}
coquation with ihe addifion —formu\lo\ For‘ Yhe sine,
rather than via o mono\"onici}‘j arjumen} , WGS
Suﬁﬁes)fe-d Yo me b:j F—\m\oU‘ Huwmar Sinjln.)

* *
#

Yor o '\ro\c\i}iona\ Presen‘]‘a}ior\ o?) G Seomearic.
‘ProoF, see L0) - Coxeler mmozingl contrasts o
%riaono me\'ﬁca\ T:vroop” with  “on e|l€men)ro~r3 Pr‘oo?”— ’
-i:br' oY comPo\c]‘ Preserﬁa‘ion o? Ve chove \-ﬂgono—-
me}ri cc\] roo(), sece [1] ('w%ere %\f\e ]oroo? is recduced
Yo olmost & one-liner). TThis note is o critical
comment on such PrcaF7 Kresen)rahcns which are

?
correc'l' 5 bul- I“o\“ﬁer wnins ruc}iv'e_

Coxeler starks his ]oroo() with  * Much ‘rouble is
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exPer'aer»c.ecl i? we \‘r:j e direch QPPrOGc)\, but the
o\i(){)icun—ies d‘tSQFFear i? we work \oac\(wards.,
bejinninﬁ with an uni\a}er‘o\\ Yriangle and bui‘c\inﬁ
WP O 3enero.| Jrrioms\e which s a?arerwards i den-
lifled with Yhe agiven +rionale ABC. . Coxeter at
least mentions +he "4r‘ou\o?e " _be it as o -Pc\c}- \earned
grqm U\.'V'\O\?'\C-.\JSEC\ experieﬂcc Sc\ined -ﬁ’om )lr:]i?ﬁ Ao
Fro\re Mor\eb‘s Theorem -3 ’.D:’:‘)\cs)rr& does not ewven

mention tYhe lrouble ancl \ust cnnounces ' We

start in our Froo{) not with the ar‘bﬂrm\-j )rr:'omgle,

biat wﬂk “\e QC‘Mi]a}'er‘o\\ one.ﬁ,

’ﬂn@rj both Fu\“ Yhe same b'@ rabbit ouw} oPH’]éfr‘
mothematical Mok, Above we showed how this
rovobi con be avdided. Tn order not do 'm}er‘rufz}-
the @ow OP‘H'\G Presen)j-a)rion, we men}}onec\ the
calchword “disentanglement” ~see [2)~; here is
qu. P]o«ce '\o Po‘:n* ou)r *Hno\} i} \;?]pers Yo d\ger\er‘a\
Tvrincip\e. “The idea s do write in For\'ic»\'ar Yhe
in{or metion Yo be used wus « C‘onk')l/\nc']"lon o? as
many mdePenden)- ‘erms as }vossib)e beccuse
this is o Pt‘ecor\di}-ior\ -ﬁ)r Subsequen}\\j being oble
o indicate Preoiseb what is appeated to l:)?\ere.
(I'? o datum can be -()cuc}or'ecl di erenﬁb ~ such gs
“AXMNZ s equi\c.}eral ' the advice is la list the
dthms ond )ro Pos}Pone -n’\e c\'woic.e unh] i‘} emel:_cjes
which one is o Pror)ric}e.) The decision rnok Yo
Bx Ihe size og the Morle ’-Fisure by, sy, bhe
\ena}h o() AB rests on the Princi)o\e ~ see [2]-
not Yo deslrro\tj 5Umme}£j \ishntj.
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The second bi F&b\oi}- Hno} Eol and ["] '5)"‘0&'"3
is Yhe choice ol ver specia\ ams\es Yhed new lines
moke with the edges o? the ec,uilc?rercd 3rrio.n3)e.
The above andlysis , based on onﬁ\es aleme, shows
thatl we are essenticll le@ with one degree o?
fn)“éeclom, V2, )r\qe r‘e\oxijve oriem}a}ior\ o() e *WO
'}rianﬁ\es; hen‘ce lzb The mcﬁic:‘aw's F'—OOP !mmre-r
dic..}ela substitules {)or !7/1 its proper value (so
that Y need not bhe menhuned ol all), Fhus Sug -
ges}inﬁ that without such SPo.rk o?genfu.s one
Connot ﬁnd such Froo@_ T s good o know
'}ha\' O w))o\e class o‘f/) such S*PC«')(S are Su]oef"ﬁuous:
in case o? g‘eedom, co\P\ure Yhat Q’eeo\om b& the
introduchon o? as yet undeter mined Far‘o.melrers,
w\ftic\n, tg) not }ru\:j c\f\Di)rl“ar 5 will be \o\\'er‘ con-
strained b:j the needs oP%ﬂ

The third b@ robbit in [03 and 1) is the
absence o? Om.J mokivakion "for‘ the c<hoice o?
‘rnaji)’\emo\hcc.\ {)&c} f}o EXP\oi}. In [03, Ou-‘]' OF) fn‘\e
blue Coxeter reg)ers to o theorem obout the incenler
o? o )triaﬁg\e that T was not aware o?_ In (13,
’_'DB\CS\'m t,Jri}res equ.al-b uﬂmo}i\fc\'}ed "Usir\é -H\e
rule o? sines three dimes (in )fr'\ana\es AXD,
BXZ, and AXY) we deduce [....) ", \ecw‘mj Yhe
reader In awe for the miracle how 5u\>seo!uen’r\:j
all rnasty Yerms concel out. "l? we wish 1o teach
our students how o clesiSn PFOO{:)S we should
leach Yhem how do et their \03ica\ needs ouide

e subseguent Pmo{} T



Ewb1os0 -9
them Mﬁrougk Hheir wmothematical knou.)\Edﬁe.

'Fmo.\\:j T would like }o Po'm} out 4hat the chove
cdlesign has been driven b:j oliﬂ’)c-zren)r concerns, US:‘nj
Yot BZ s o shared edge o? Ywo ']'rio.n\ﬁles wWGS G
logma\ necessihj, our choice op c.rame.'}'efﬁ wWes
O YY‘-oﬁHer o? exPeclience. Ins}ec.d o() ang\es o(+<p
and (B-cp we could have introduced " and

xtp-o'; it would have ug\'a?iec\ the loder deve\o\')-

VY\E'.n)‘.

fo] Coxeler, H.5™M., "Trnlroduchon Yo 9e'°me)'fj q,:)d\m
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