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An introductory QXQmple
hand = T

The ]':urloose o{) this c\*\cu]a}-er is Yo Sive. the
recder some idea op what he can exPec} Yo ?‘m
in this book. To Yhis end 1 shall derive o }oroap
-{7or- o theorem thot i1s not comP]d-eb Yriviel in
the sense that it s eosy o come wp with a
more com \i ccted c;rgumer\\‘ or ‘o spend wmore
}ime in irial and error to a-?inc\?’ o r)roog (fmck

—?or some eora\e it will even be ecsy +oa ind no

PFOOF ot all.)

When c\eri\r'mj Yhe Frooﬁ 1 shall -()o“om the rules
o() '\-\'\e So.me. For we H\o\} S €S 4 because the So\me-
s 'Po\milio\r o me; Yyou, however, are invited to
-Follouo the derivalion beVore the game has been
Fu.nj exP\ained. T know that ‘his is not ‘F)cdr‘ enel
L apo\oaize -?m- it. bat T hove no choice: Ythe
€XT>]Qﬁc~.)[iOn o{) Yhe gome wiil) occupy & mo'jor
Por]'ion o? the rest oF Yhe bbook and has to
e Posl‘poneo\.

In orcler '\‘o assis+ UOuL im Seein who& is

So'ms on, 1 S}‘-O\H -Fir‘s* eXP\cﬁn in o )’D\“e]u\cle

Yhe bare minimum needed ‘o tinderstanc dhe

theorem , 4o reod ihe froop, ond o {)oHouJ its

——

derivation. T ask uow 1o remember , while recding

His Pr‘e\udE, thot almost each OP its sentences

Mathe marical Metheo do]cﬁfj
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should be -Pcnowe_c\ bj “obhouwt which more later™

Prelude

—

e T assume you 10 he familiar with 4he notion
o? CA]‘DPl:jiﬁﬁ o Fuw:’rimdri {} Yo an ar’gumeh'\' X 3
insteacd o]f) wrihnﬁ P(x) —or Juﬁ* ]?x —_
we denote -?unc\'ion c.F]o]ica}'ior\ exP\fciHD ‘OJ an
‘mﬂx fun s*)-or: C= Per‘:od) and write ?.x

e T assume you %o he familiar with Yhe nohion
OP “subs}i%ulrina equa]s {Er equals 7, e.g. Yhat

{?x = fb f(o\lows {?‘om X=y and '}'\’w.jf .“1-:3-]50
X+3F = 3+? {)onows %om X:D

o | invilre bou. 3ro ]oe wi\\inj 40 View ex]:ressions
such as 3=3 3(4., 2 < %X, R y4 nor ne-
ce%Sari\j as s+a¥em8n)3 OF) fad* bu)r oS “boolecm

?

»

e.X‘Pl"e%S'IOﬂS 7w\'1ich —dePenc\in3 on Yhe values
OP variables occvxr‘rinj in them — +O\\v<e7 on either
Yhe value “irue” or the value “-()o.lse”. The
Firslr Ywo , 3=3 and 3<4 , have the value
‘l-rLA.e_ 2
true i-F * \s \O‘fBe‘ ehOuSH and  Yhe alue
{?o.\se. iP »x 1s swmall enough , aond the last
one, 3>4 —~which as stalrement o? ‘PGC.’" wiou Il

Jhe next one, 3<x . has the value

be ”wrons » . has the wvalue ]Qo.]se.

Ma)rlnemQJrico.l He«l‘hodo\ogj
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e A ‘i"e’a}ion” on ca domain is a boolean {a&ncﬁon
on Yhe ordered Porirs op elements of the domaing
relabions are oﬁer\ denoted b:j an in{’ix nota-
lion. Familiar exo.m]o]es op re\t_;.)ﬁcms on in}gers
are <,€,>»,>, =, and # . (\/\jar‘hinﬁ:
loter we sholl use +the sambo\ € o denote
some relation on an orbitrar o\omaln.) In
View OF “5u\os¥i¥u}in3 equa\s ‘a.)f" equc.\s 9,, eﬁ‘*‘“"‘}b
1S an impor'\-an)r relalion {Jor‘ om\j domoin on

which @r\c)rions are de\@ned-

L 'Re\a}'nons on %e booleo\n domain are Known as
“Noaical connectives 7. The Frec\icoﬁe calclus com-

]or'\ses the rules -For mom':pu\a}inﬁ ‘F)Ormu\ae with
loaical connectives. OP Yhe logical connectives we
neecdl besides =, < (read “4ollows {r)'om" or ‘ff”);
For the soke of comp\elre,nes.s we men%-ion AN
(read “and ). Their Proper‘}ies here relevant

are that -?or any boolean R
(o) A= (9 :‘-’l‘ru-2) A= (g'é:‘ h‘u?) R = (H ~ )rrue)

and Yhat «?or' any boolean A ona B
(Y @eB) e« (A=B) (AeBY>< (AAB)

Moreover iF con e shown Yatl (0) is exhaustive,
e Ahal in G sense = , €, and N are the only
lﬂglco.\ connectives ?c:;r which rue is @ unit

e\em er\}.

Mathe motical Methodol oG Y
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b Mom:j Ca TJI‘G"O? ob\'aja}'lorl can be c;cg]oxured b:j
o boolean @x?ression o’\? Yhe {)orm A< B . The
o):li&or\'ion can e wmet b:j construcktin whot s
called “a 5'\ren3}hen;n3 chain” o? boolean ex-
\oressions, 5‘]‘Qr\'inj with A and Gr\c:\'mﬁ with B .
(This is o .S\iﬁ]'\)‘ abuse o? \Qﬂ&u&&&: W+ wounld
hove Yoeen a liftle bt more honest 1o call the
C)‘\ain “ngnweo\keninj”.) ﬁ c\"nc\in is S’\‘T'EHB’H\er\inﬁ
i? -()or‘ any boolean expressmn C with successor
D in the chain, C=D or C<=D {Do\lows {r?om
the available rwles. TThe available rules Moy

Come ?rom the r.)recl‘:cc..lre c&\cdus or rrom shcted
Proper\-‘ues o‘}c) ctoms op Yhe Pormulae.

e TWelahon < s re@e.x'we ymeans

(2) xsx for ol x

(The clause 6‘\()or ol ....” is short For* ¢4 ‘ﬁ;r all ...

oF the domain on which <€ hos been degnec)..)

Trn view o{) (0) we could also hove written as
d.e?ini\'ion o? re?\exi\n‘\j o? <
(x gx) = ¥rue {)or all %

It gives us rule {for crEO\lrmS o peic oP
SUCCessive boolean ex)oresﬁions C and D in
[N sheng}\nemﬁfj chain since C=D Fo\\ows i?
the one expression con e {)orme.d b:) reP)c.c‘ma
for some X 'H':e Subemess’;m KEX In the oH-\er

b:) }\"LAQ

Mathemalical Methodolo 33
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® There are mony  WoYs op sjra)nnj Yhat  relalion
£ s ’}rc‘nsilrive3 Pr‘eclicc\)re cedeulus shows their

~—

equiva\ence. Tor our pPurposes we rake:

Relabion < 18 ‘\-r‘ansi)rive mecns

-~

(3 <XS'2. & 352) € X< Yy {Er‘ all X5 4,2

This says that por‘ Some X,4,2 ond some
transilive €, ‘the lefb-hand side x5z € ys=
maoy e f?o\\owed in o s)-reng)r\nen‘mj chain bj

X £ Y (with Yhe same X’D as in the Ff‘ecec\inﬁ
ExFressian). he siﬁniﬁcance oF this s}ren5+heninj

‘\‘f‘ar\:g)ormc\hon is that i} eliminctes Yhe twe

QCcurrences o? A

® Tunc}'lon {) 'S mono}on‘.c MH’\ r‘espe.c\‘ )fo <

— or: ‘(unc}ion ? Pr'eserves < — meons

(4) P-x SQS € X5y *?of“o-“ XY

o Tn hints we use the sumbol = (reed
“Lecomes” or “instantiated bvh) 1o deﬁne instan-

Yiations, €.9. were we o conclude -ﬁ*em the

monojronici-}j o? h -for SPECi()ic o.r'ﬁu.men}"s LA

and V
h.t € hv &= wusgv

the hint “C4) with fxg = Moy 7 would iy

descriloe the Subs)-i}whons.
(Ena of Prelude.)

Mothematical ﬁe”nodo\o&b
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Qﬁer the obove we are reaclj ‘o Formu\o.’:e
and prove the —F)onowina theorem.

Theoremm Let < e o f‘e?lexive ‘ransitive relation

on some domain ; let P ond 9 be Pumchons

ﬁ*om —H\cﬂ domain o Jrlﬁo.l' domain sq}isgbina
> (P~ 53) = (xsgy) Hor all x4

} ; ic.
hen ? ' monotonic CEnd op —n')eorem.>

EXO\mE\e With < in its usual 'm}-er‘)or'e}o\lrion as
o relaYion on the real numbers, we could toke
{)or {) ond g Yhe cube and the cube root
reepeclrive\:j since

<x?’ 63) = (Xs\z/‘-ﬂ) -Por- all X’D 5

Yhe cube s, indeed, a monotonic -ﬁmchon. (End
o? @XO\MP]G.)

Qur roo{) ob]iﬁo\hon is Yo show thal (4D
-Fol\ows ﬁom (2),(3), and (5). 1t can be met
bv showing thet —(’or o.rbii-r‘o\rb w,v in the

C\Omo\'\n’
(65 Pu.s ﬁv &  usv

-Po\lows G‘Om (2),03), and (8) . \e '}rD Yo do
50 bj mveshgc.%snj how (), (3), and (B)

enaolle us 1o construct o s’rr‘ena-}]ﬁening

Mathematical Me-]—hodo\o&b
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chain -(?-om pu,::’ (?v Yo wsv . | When o
——S"renﬁ'\henin‘g or weakenina-_ ch ain has to be con-
5'\-ruc’.‘\‘ed, W Vs | —ﬁ:r‘ 300d féasons, standard Pr‘ac-
Yice Yo start ot the most com‘o\}ca'\-ec) side.)
rewecl 4\1;5 WOy, Our +o\sk 1S +o remove fﬁ'om

V
Q.u $ -?v the two {)-o.]ololicalions.

Were we 4o r‘e]D\c-.c.e. in () ihe 'P amo\iecl ‘o
“u b:j an arbi}rarj ‘()umc}'aon, we would cel an
underivable expression, and the same holds if
we reP\aced +he {D aPP]ied o v bj an G-
b':‘"rar\j Cunc)rion. Th other words, %r‘ both
F)-QPPlic.o.'}ions, some’rhinﬁ 3Nen about ? has
to be used. Since o? (2>,03), enda (5), O"\:j
the last one mentions ? , we know that ~at
least -  Fwo O«FPEC\]S to (3) will be needed,

with  instantiations Xz wu and Xz WV r‘espechveb.

Closer inspection c\? (5) Yels ws thal indeed
it coan he used {)or {D-e}iminc\)'ion: it equates
an EXPT‘QSEAOH wi\-h an F) with an ex]oression
without an g) So {)o\r, so good, luf still closer
\nSPEC}ion o? (5) reveals dhat it can onl
e wsed (é:r an @ar:]o\icahon 1o +the leﬁ o?

L . In owi 5"'&?}‘#\3 ormu}a Fb\ £ ?v 5
the term eu meets that condition , bul the

term PV does not. So lhe T)rob\em e comes:
Now do we Sel- on expression o]() the @rm

Mothematical Methodol °9 Yy



EwWD1063 -7

ickure in order Yo P:“ePore ourselves

—Por Yhe use ol (5) w;)r)"- xi=v ? So we F)ncl
our citention drown Yo <‘2) and (3) and
observe that thanks to (2) with  x:= Pv ,

the 'm)rroduc}‘|0n o? Yhe term

e
amounts 1o H’:e introduction o? the +erm
So we consider o ()rs¥ slre[:o o{)

o enler -}%ea)

true

| +the ()or‘m

v
‘ (Q) wwn'\ xiz -Pv

U8
= {§ ‘5 reﬁexwe i.e
LA -‘-E

ROTION

7 »
.. we Can

where (0) Yells ws +that {)or
AN . \f\”’\ic\'\

= &, and

choose between = ,

one do we cgelect?

With rego»rc) to Yhe chove s*eP, the choice
15 irrelevant on cccount og) the reﬁex'wib

0{7 < . This ﬁrsé- step could , however, Ye
€ , in

ol \c\s)r c.])‘oeo. Yo 'ﬂ‘re r‘eﬁex:\‘b O
which cease +the remo“mnj steps should be

ep
VO\\ld no maber what Yhe value of the extra
-\erm ?V'( {)V 1S, Since we are c_ons¥ruxc*'inj
a S’rrena}\nenmj chain, we should select our

Mothemeatbical Melth OdOlojb
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wec.\(es\- of:}ion) and c\cCof‘din\cj '|~o (13 -an.}
is <= . Hence we Pro])ose ‘\“0 ‘5'\-0\1'} our

"Jroo-P with  the Grs—}' s)re,:

Q.u;: ‘CV

{<is r‘eﬁex'uve, te. (2) with xi= (3

= (€u$ {)v) < (F\I( fv)

Since the whole purpeose o() the chove
€xercise WwWGS )ro crea)re 'qu oPloor‘\-un')b ]C)or-

the Ywo O\FPEO\\S Yo (5), that is whet we

do next:

(Fus fV)é (fvsfv)
{(‘S) with X,:):: “, ?v e cl x,t):: \VAR fv?g
<u A3 3 ({)v)) <= <V R 3 (Fv))

]

ObServirB thar now all occurrences o? 9 onel F)

are COncen}rc.-}-ec\ in two occurrence s op the

Samae e:q:i‘ess‘ncw--;t an &PP&OJ Yo the '\'r‘csnsil-ivib
0? § seems indicaled, ie. »@,r Yhe next sire.I:
I su:jﬁes)r

Cun
< {

<
w5 v

S 5.({3\!» <& (vs .(Fv))
’ 'lrrc-.nsﬂ‘ive) .€. ;3) with )(,ga,'z = ALV, 3(FV)§

and, lo and behold, we are donel

CO\\ecHnj —H"ue &]Dove. T WOuld SUumrmoaori ze

Mothematical Ne&-hodolosj
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the ahove Proof) s Fo“ows.

/Proog We observe Por‘ any W,V
.Pu < (.)v

= {5 is reflexive}
(? 3 F-)V & FV(QV

(5) with XY= G, {?v and  X,y:= V, Pv}
u < gq)v) <= v g 9(?\:)

&« { < is ‘ransitive

~

WA = WV .
(End ofp/\jr‘ouf.))

Th the chove rende.rins c:? the chain
® we have avoided the dur;\ic_c.)rion o? }he
inter mediate expressions;
e we have eliminated ‘FOMF Farenl-)wesis poirs
b:'j S'sv‘mj < o higher‘ b'mdin3 Power‘ than < ;
» we hove ﬁurrOunoLed’ as o V)Suc.) aid 4-0
Po\rsing) <= \33 more blonk space thon < >
e in the {irst and last hint we have exploited

the (assumgd) -Familiari% with Yhe nolions
\"e?lexivil:) and "T‘ansihvi}b Yo omit -Hf\e yN-

stantobons .

= 1

These are minor details, buk, as we shall see
lcter, we hove }o pe attention Yo them (dand
Yo many more) ‘FO'_, £3e+ker, a lot o{) rminor
details con moke o bia dif@arence.

“Mathematical Methodol °9Yy
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Remeark The chove is by No means Yhe Onlj
reosonahble chan. Ths c\esiﬁﬂ hes bheen driven
b«:) the desire Yo elimincte ?-OT)]D\‘CC\HUYIS and
o combine the two QFPeo.\s }o (3) . An

alter native chaoin is

Pu « P

= {8 with x4 =, ]
Cea@) 7
& {5 s +r‘o.nsi)-ive3

~ VS%.({?V)

w s Vv

= {0 with x,yi= v, v
LA SV FAS ?Vﬁ??v

- i s is reﬁexiveg
U<V

The grsi‘ s}ep {)u\ﬁls our Oblisa}ion o in-
stantiote (5) with x:zu  and crectYes the
“ug?” o{) o 560.1', the second s¥ep exYends
Yhat Yo “ugv?; the third ste ?u.\ﬁ)s owur
oblication *ro instantiate  (3) wifk Xi= Vo,
and Yhe ?oud"n'\ S'\-ef: rfemowves the \&3\‘

co nd'uwn c}.

Both proots are minimol in the sense thal
whot has to be used is used exachtly once.
Thew are identical in the sense thot they wuse
the same instantiotions of (), (3), and (sd.
The second Proo? olso Provic\es the onswer +o

Mathematical Meth odolo&j
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Yhe ohiection My o\eveloPmeM- o]() the fﬁrs)r FODF
could ave evoked: why didrt T start with
the '\mmeciia}e\j Possib?e elirmination op the
{) Q?F\'neo\ o w 7 The anNswer 15: T could

have 4done so,

The second ]oroop wos  gjiven b:j Edgar K"‘“FP'
hbut he Producec\ it in the ololoosi\'e. order, s*harlrinj
with

us v

= { £ 318 re@exive}

Uugv A\ pvs Qv

This step —0s in our cose— would also have

been valid with A re]o]o\ced hb = or <=
Because here o weakeniﬂg chain s under
constrauction, +he s}mnses\' o’o’rion has to

e se\eded, and thet s AN (%rmu\a (1
could hove been extended with

(A=B) <= (A ABD '
(End o{) Wemark. )

Aushn, 2 October 1989

Pro{?dr. Ed.sjﬁf‘ W. iDBks}ra
’DeFar\‘mew\- of Com\’)u)(e\" Sciences
The Ur\iversﬂ-D GF) Texas of Hushn
Austin, TX #3712~ 1188

ush



