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Q Pif'.S‘)‘ exFlom'}ion oE__g_Efec‘Hve. r‘eQSon‘mj

MJ Joun\ges-\- Concise Oxf:rcl ’LDic']‘icnc.U
(7'\'11 edition, 1982) deﬁnes Pure) mothem atics
as “abskract science C:S? SF‘GCE»: n“"‘be’"a and
Ql\.Acah"'iJ' ! e |or:j Yime cgo , '“’\is cleﬁni'l'ion
Vha.a ‘Zc.ve been Qc)ecluc\‘ha, bu-‘- or fone
#Hewm ot least o cen'}u}rj' this definilion is
wuch too restricdive: there are sim b too
W\omJ Fe_o‘_—;\a considered Vna‘”"\e-ﬂ'lc. Icians
~b 'H'\enﬂselves, \OJ *Hwe.i{" c:»”ea\cjues; and, b‘tj
others — whose Fr‘o?essionq\ minds are
hardl occupied with spoce, number, or
guan . The }c):,ic.s Yodau's mathematicians
fink <Bout are 5 N @c)‘, so Varieg +that i+
is no thSel“ realistic 4o characterize

me themaltics bj ks sulzae_c\- matter.

Yet, desPﬂ-e this varialion o? 4-0)—;};5., the
Wl&'l‘he.mo..hc‘:oﬁ Vetj c’uic]c)’\‘j Fec03n32cs )'w'is
F‘?“ouo methematician as such: there is «
tnit thal 1s not re@ecl-eol in 4he cliversfb
o{’ ﬂe JroPics. The unQJr& Hhat Cons}}}u\}es the
core o? ler]‘\emc\}fics is not so much +he
‘quod” as the ‘quo modo’; # s the precision
o? the concePH, Yhe sl':alae oF) e caraumen\s
and the nalure o? the wse o? S‘jmbo\s and
\an?uaﬁe thal are c.}\or‘a.c’reﬁshc g)or mabhe-

motics. Bnd -Hnod‘ s LQL'LD +oda\j e much beHer‘
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deﬁnihon o() mothematics would Yoe "Yhe ask
and Science o{) eﬁ%c’r?ve \’easoninﬁiindepend-
ent 0{7 w]woJ‘ ”‘\a} r‘c.c-..sc:r;inﬁ is SuFPOSed bo
be about.

PBut in order to reason eﬁ?ec.hve{ 5 Yhe
vere least we should be chle Yo do is
esjrjob]';sk'mﬁ whether }wo S‘l‘Q‘I'e-meh)"S mean
the Same -H'\inj or wheH’\er‘ +Hwo deﬁni‘hons
are E‘quivo\]en", anc here we '|mmeclio.}e\lj
run  into trouble with our so-called
”hc\;—uf'c\l \on‘\ uaﬁes "’ w]’\'uc\f\ Co\morwj Q'H'xer
S‘f)or)‘v:om‘mﬁs are nolt wver well “swited
o Pr‘ec'\sion. ’BJ Hu\fﬁqn }'\371'}, cur lan-
guoges +end Yo become ﬁeafec] Yo 4the
modor Pur‘POseS we want tTo use them
—{%r, and consequen)-b Yhe, are excellent
-?or beinﬁ voague in, —g)or L%‘e“'mﬁ \)o\(es in,
and @r Y‘no\c}nﬁ \ove_ n re.c'.sion, how-
ever, is onl rc«ur’eb needed , and as sSoon
as we Jn-:j LQO be Prec'iSE , &S 'For‘ 'anslc.nce
in  legal docuwments, the lansu.age used
C,uicg:j

beCOMES mDS+ LAﬁHC.]'LAle.

-mei uiL 1S —E:r- ins}once caused b

-H'»e unc ari‘? as 1o L’IO\.O Sen'\'er\ce cor?\-
J

Ponen'l‘s should be rcur:e.cl ‘o en'\er,

-H"-e 5*5\‘00\0!(‘6[ exam qe ben‘nﬁ ’

Pr-e.H- li+He
Sirls S;L\ool ) , w\n;ck aclmi}‘_s Gve di\%}eren}
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pParsings. ( Does ” )ore.-Hy ’ quc.lif “litte ”,
”(jir]s " or “school’? And is i ahout
UHle school or about littHe S;r\s 7)

A Sl.i l‘\}‘\u ™more sub”e QXQMP)Q s I)ro-
vided g\‘j &i)’-e

4WD Sén}‘ences .

" When :)&ck and Ji“ went wp ‘he h}ll,
+hsj j)';c:\ced 5 Y:ound_s o? blueberries

U

"\when Jack and Jc'” Loent l.»)’) the \"U'“,
HweJ olked § miles

T think +hot the Prs]" Sentence Perm‘i-l-s
Yhe in‘l-er])re}al-ion th ot ack \oickec\ 2
FOuncls and Jin 3, bub T am almost
certain Yhat the second sentence does
V\O'l- Cxclmi}‘ ¥\"Ie Qhaloﬁaus '|n¥erpre)‘c.)-ion

-%1-1_;4 chk wolked 2 wmiles and 3-‘” O

Another source o() c\iﬁ?cu”ies, which 1 won'}

Fu\r‘Su.e kef'e nNow, 'S ‘Hﬁa}‘ PQOF)Q some'}-‘lmes
don't  dishinguish
on cistinguis betlween

”IF) -“we Stan Slnimas R T c\on')‘ wiear YV\Iy Co&)’_"'

Cnel

"

"IF—J_- don't wear Y coat, the sun shines.

The above exam}oles o? l'lﬂguisl-ic )orololems
sl\odd sSwifice c\‘}‘ }his sla e; -H":e‘.r‘ onl
EiN

P(Af‘POS@. was 4-0 convince recder )‘G"
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{%r -}rub eﬁoec;l-'we recsoning , Y\ccl'gr'a\ \aﬂﬁb\aﬁﬁ
s an inadequc.+e Uehic]e_, and T hope -\'\13
have done so. The moral oF’ the SEDU is
thet  the development Of mathemoatics s
chrHj -~ and )Derho.}::s '{?or c major FG‘HH— =
\'mﬁu‘.shc eXer‘cise, viz. Jr\'\e. esi<9n o? (an-
guoges Qc|6quc\4‘e {2)!“ o\eﬁni]-ions o? and,
a{.’jumen\'s aboutl the cr\‘e@c}'s we  would
like ‘o deal wilh

A -()c‘mi‘ic\r' exqm)o]e s Frovic\ed k:j Yhe
names and notarions ﬁ:r Numbers as used

in  countin ond o.r’r]*]ﬂme‘l-'nc., Like +he rest

0{7 nc.-}ur‘o\ lan uaﬁe 5 ‘H'\e, names QF) num\oer‘.s
are origino.lb no‘)’ ‘H\e Pf‘oducjr O?) c‘ofeﬁ\\
cdesign : the Trencl-\ noame " wadre ~ vinﬁ)-- dix "

%r 390 N u]n':cl'\ -\-%e ﬁrsJ- k(j-loken S*c»ncls
@r o mun-ip)icc\%orw and the second one

{%r ar chdi'l-fOr\- 1S one of? '”ﬂe WOrs‘}
o??enc\ers 1 know , and T can Onb O.PPl&u.cl

the loder inl’rOcluc;kcm oF) Jr]'le Sim)ol{ﬁc_ahons

,,Sef))raﬂ')'eq, //Oc\‘o\n:“84 anl 'nonan}e . e

Enﬁlisln noemes beco\me more sgs}emc}{c
/

when “ our—c.ncl-'\‘wenl-:j ' -— FEMember‘ 'Hne

blackbirds o? the hw‘.se:j I‘Sonj?.ﬁ was
rerlc\ced lo\j /’+w€nl-3-€our' i

Namir\j 5 one O»‘SPec") manipu\a\ion ('m
Hnis case . Co\cu\o\‘hon) S cmon—rer' onNe .,
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"ﬂqou}q T can recd A%e 'mclivic\.uuzl hum\oef‘s,
T have Prob)e,ms readin o sentence \ike
" Yhree hundred one ¥wer%j~ei£)h} \P\us one
\ﬂur’ldf‘ed ‘\' wenb - ‘Hnree. e.c\u.o\\s 601.4(‘ huﬂdf‘ecl

and ?.P)J —one

Roman numerals ) L hose Senerc.\ c\dop)‘ion
Preven'!‘ed the rise OF) EurOT)ean sScience
@)r‘ 15 C.erﬂ'uries, are O\” rism‘ -(c):f‘ 2ﬂ3rovin3
on « louilclinj the Yyear oF) its comrle}ion,
bt “CCC XXVl + CXXI = <DLV 7 s
ot lecst cs bad as Ythe nalurdl \mnguoge
Version . Tn "Yoman r\umer‘q\S, "'\12 ru.lef, (‘Zﬂ-
cal culabion ore Jus}‘ Yoo COm]'leca+eo\ Cond
‘if You dont believe -H‘lou},d'us" br mul i -
Plir:c.-l-}_on ond ‘023 division in ‘Koman

numerals).

The Srweo} ):)rea\t‘\'\'\rottjh came with the
inven }i on o? the OSh }icmo.‘ number s:j.s]-ems,
“he sentence "398 + 123 = 481" we Con
reacd and check because “PQI"")‘CM‘G}"[J in
Vhe case o? more digits ~ we con worite

.).L\e nu\mloers 5y wiho successive \?T‘nes:

329
12>
4 S 1

Manir;u\c\l-ion S immense}j simP]iﬁe.c{ lo:j -Hne
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POSSiIm"ib of Suclw Ca Co]umrvwiSe arronge-

wrent ancd —Hne Pacl' ’Hno.n}- qu, rLLleS o?
diai}—wise o\ddi}ior\ clon'}- c_\')o.nse u\)\’\}\e_
80'\14'\3 ?rc‘)m riﬁh}__ o leﬁ? (B{j an acc'\den\‘
of history, T om also ?er'fec)r ha with
J J Ty
the b‘may Sﬁtsl‘e.m
1010 o000

e,
1110 00011 ,

N whiclw -Hne ‘ru\es @r‘ 124%°.3a%, u\o\;-iovw are

even ynuch S'l'm])\er, (‘ﬂne binar acld;)rion
J-c;lo]e Con}-o\}vxs Oﬂl\nj ‘21= 4 enf‘ieS:

g+0 = 00 Oo+1= Ol 1+0 = Ol 14+1 =10 ;

the decima) oddition table conkrains

‘100‘ = 100 en )’r"les, ?om O+0 -Hnrouj)w 9 +9 R

and as Vnosl' c\esifjhcrs o o\u}-orna}fc com-

Pu}ers c‘uu'ckl discoverzd, «a -Facbr- o(’
25 is nokf s%meﬂw%rlﬁ ‘o be ‘Bnor‘ec\)

L

most ofuus are -F)ami\u'cur
with is the one of the ichures we use in
F'C«ne 3€Orne}n. , triangles, parclle) lines and

whal have you- OF Lirsh sijlm}, +h et )’Dic}oriql
\anﬁuo:je seems <cCorn 'el"ettj ade.qcao.'l‘e ‘ {%r‘

lane ceomce\'r is obout 'Hf\'més m-ve
ﬁrr}anﬁ\e‘)s 0::ir1c:\:J For‘a“el )ines, isr\'} i“?fBu‘)‘

ﬂho }'\’lef' ”langu.c. e
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at closer inspecjr'uon -”\ere afeé serious Problems.

Take +he {zD”owmj exomr:]e:. Th conneclion
with Jhe Jheorem “In on equi\a‘l"era] \'rionnj]e,
Yhe medians coincide with +the allﬂ-udes,’,
one Could ve:j well encounter the @”owinj
Piduf‘e

but we could equa\b well  have hed

Ei; or &

).€e. 'Hnere s ‘}l‘)e o.lmos* o.l wo:js ‘}'oci“ conven-

-}}on -Hno.]- or'ver\-}*o.‘hon c.nc( s1z2¢ DF -Hne
wf)ic}uf‘e don't molter. 1F is a LitHe hit
6() & Nnuwisance Yhat we have +o draw
the Ficl-ur‘e in Some S5i2e and in Some

, and Yol in that sense our
ich)ria\ 1om woge drces ws 4o be o
WH—H& it ov\?r'si?eci ic, but \Oﬁical )’)r‘ob)ems

or'len}rqxion

can e avoided \:Zj mo.kin3 Yhe conwven tion
ex";\'sci]~ J-L\a}‘ clnosen size ond Orien'}cjriOn

b}
4eSSen !"fa]

are /Od‘b'l’)'f‘ar " ase hoJ‘ Yo be Consic\er‘ed
f;ec}ufes o() the Ficiures.
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SO ‘@tf, So 3006\, but i]‘ is not 8ooc] enolﬁk.’
Pecause an eolui\c}erc.l lriangle is in 3
diﬁ?erem\ Ways \sosceles, +he chove Yheo-
rem s o rtrather direch consequence of
the thecremn “Tn an Isosceles -\'rio\nj\e,

Yhe median FOm the “OP coincides with
Yhe a“"\lude (t)-om -Hne ‘l-op_" -X} is ?ulb
correct +thal this theorem Soys no-H'\'nnj

obowub -H'\E. ¥OF &nale beins 60" because
lhe Yheorem holds -@:r an +o ona\e.

Yowur Seomel'r:) -\-exml WI“ PrObabJ Con‘}ain
the p'nc‘-ure

buk could have contained the rather C\i-ﬁ%mn"

T~

cs well Here s 'Hﬂe Problem: 4\1ere 1S ho

‘v‘:c‘-ure o{) Yhe qene.r'aL '\sosce)es -}ricm_c)\e
I
' Yhe sense ”\c.‘}- we cannot avoid

choosinﬁ -")')e_ —')-oI) acu'}‘e N \‘ishl‘ , ofr ob‘]‘u.se.

In -H'ie sSame Sense H‘xefe is no re.Pre-

5€nq'c‘l"l\fe {c}ure QF) -qu enerql }l‘l‘amﬁle
and dhe following example Tusiabes he
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clo\moje Hhet mo:j do . There exisl_s ‘H’Ie
theorem ~Fhat Yhe 3 an le-hisecrors D? Cn

hiang\e are copunch*a Cie. g° '}'L"‘O“ﬁ}‘
(e S'mgle Foin'})y e.j

U5i03 the c\bove -H\eor‘em, i L‘Ic:us beef‘\ Skowr\
that  dhe Ql‘l'i')-u%\e.s are co?uncxuc\]'.

loﬂ showinj that  the o\\)r'r}uudes o(;q '}riangle
@bC -~ le. Q,-D,%E, and CF — are ‘H'Ie Gnglen
bisecltors o? -Lricmjle DEF (and hence
Copuncl—uc)). ’ﬂoe arﬁumen\', \’\owever‘, brecks
down when -}riomge_ ABC has an obluse
o.ng\e: in Ythot case Yhe altitudes -Hough
skill CoFuncl—u&l— are r_j_o} he c.nﬁ\eJo}sec rs
of \*r-ionje DEF (ot \east not in the Yra-
ditional Sense ), ond o squrq}-e or'gumen]‘
1S Trequired. (T-Brluno}eb, -H'\e case diS)‘ihC_
tion ?Z:rcecl “upon s lo‘_‘j the P;c}oria\ argu -
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ment can be aveoided b\-j -H\e wuse oF?VECl‘OT‘
Cc\\cu.\us, wLx}c]n cllows o one-\'me arﬁuman"
w\ﬂcb i S }f‘\clel'.:venden+ o? H’Ie absence or

Presence o() an ohluse Qnﬁ)e. N -\'rionﬁ)e,

ABC. T+ relies wpon the Q\gebraic ‘\denkb
e (b—-c) -+ b.<c—-o\) + C-Co—b) = 0 )

The main Fr'o]:))em with Yhe role ofpic}ufes
in traditioncl Plc.ne 3eome}r3 s that eadh
V’H'neorem [}=] GPP“CQ\O)Q ‘o wn ‘\nﬁnb}e set o?
?rfjur'es of grea} variation | whereas we can
Onb disP]aj one or +wo o? Mhem b(j way o{)
€><er>\e., \eauirl} 1o -‘r)fle. rec.denr 'Hr]e ConceP}‘-'

u.o.l's‘Zo.}»}on QP he 3eneral case,

Qbove, we have 5iven two gr:s}‘ ermP]es
- one numerical, one 3eOme_¥ric;a.\—- 5%ow'mj
how ecase and eﬁ?dencj cf) f‘easoninﬁ
dePend on +he "lqrwsua e’ used. Laker, when
we have o c.‘eo.rer‘ ]oictjure o? the c‘r‘aumen)'s
we would like Yo render, wWe <an and  whill
be wore ex licit cbout \anjugo‘ae charac-
leristics ‘het ease or \nompe.r rea.soning.
We now Furn in +his 'lh'}‘f‘OCiULc.)’Of‘éj c)\c.\gl-cr
Yo another asr)ec}‘ o-g) eﬂ?ec\-ive r‘easoninj,

viz. +he 50.1:2)'@&* mater 4o whia\m -}—he
r“easonmj 18 QFP\\'&‘_d.
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E?{)ec}'ive reqs0hiﬂj requires \ij"ec.’r
P"EC'ISiOn and 'Mﬂc.}‘ eXP\Q"‘WS ‘udl'\ﬂ 1 won')‘
dec] with, Soy , or umenrs ohoutr the
nature o Yhe in?\uence oF) the ec\r\\‘j
sin inj op folk Junes on the ﬁa}-rio}‘ic :
(eelings of” mos)r\d rural giris: the con-
cep]'s involved _WOu\d he several orders o?
W\aﬁnilude Yoo vague 1o do some)'\"'m\?-e
rijorchs with. Mathematicians Pre(;er
deal with “"simple concepts such as
and triangles | rether  +than with messy
"rec\l-wor]d Conce\o}-s suc)ﬁ G5 Po\}'ﬁo)?c
-Fee\irgs. —ﬂ’\\s ]Ore()e_re.nce S ho}q ma-]"l-cr- DP

cowcrcice or lo.zin‘ess.; on -n\e Cor\]'\‘cuzj,

and the \“J"“"‘"' should respeo]'} Yhis ée\P—

constroint as the mathemalician's analogue
op H\e Profe-s:iono.\ c(ch‘. l'me hw.F )‘)f‘ex)en}s
Hhe comPe)-e,n¥ arck;]~ec'- FEr‘om er‘ec)—'mj .
hiak-ﬂje bui\dinj on c,uickS.omc\.

num bers

The fellowing dwo examples serve o
ilustrate dhoat even in such “sim le ”

contexts , ouwr conce.F}‘s should be chosen
w{)-)'\ Care ajc\in we S}')QH 8‘,ve C. ﬂumericc.l

and o.jeome.'}'r'nco\] exqmF\e.,

We all knows 4he numbers +Hatl we use
1,2,3,4,.... . @At the

in c*coun)-a’nﬁ .
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riSH‘—\ﬁono\ side -~ the conceP}ualb i uld
one! — Hthere s no d)@zrence oPO jinmion,

the Sequence 0(7 whak ‘Yhe ma-)-]ﬁemaHCiOn,s
<al| " Yhe no.;-ural number—s” Soe:s on wi}lwou}
encd , amen. The Froblem s ot 'H')e other
end . where should i} start ? Thould 4he

Sequence S'}ar‘}‘ at z2ero 0,1"2,3,4 e
or S\nou\cl W+ S*ar]- ot  }wo - 2,’5,4,5'....?
For ’H’}E ClGSsica\ reeks , (Jor }ns)‘ance‘

“bwo’ wes the smallest number: "one”

Q-X‘lss'ed, but wos not considered o num-

ber.

Remark We are not +hat much dif{pe.r'en}
?rom the <classical gree\«s, For- Yhe Senkence
”Qmonj . well-established ccg”eaéues, o
number are o? Cn c\{f??er'cn‘]‘ ol')inicm." S¥mnﬁl\7
suggests wmore Jhan one dissenter! Please
note that rumber’ Cncun‘S‘:ncu\or) =
@”owed }zj “ore’ (Vef'b,‘olur'c\l). CEnd o()
@ew\o\rk.)

As the term "mu;,;ncc.),-.on” skl Gidh Ry
reﬂecﬁ's, 1 could not occur as o -Fac’ror
0() c Pr‘oc\uc]‘ _ i} would not Ylﬂu”"iy)b -
nor could b obe «a cli\_fisor - " would
not  divide, would it 7 = . Bt the greek
exclusion o? 1 o Yhe na\-urc\\ numbers
cre_c:..‘-ed Pro’o‘ems or -\—L\emr
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Jor us , c.n:j Pair 0€ Y)O;S‘ilive_ Y‘\Q]‘ur‘o\\

‘ numbers has

o reatesk common cliviScar‘,
e.g. Q::r‘ Hhe pouir (21, 33D ’—l-lﬁe Sr-ec.\-es}
common diviser 15 3 @r‘ ‘he T)our*
(21,34) b s 1

(Rem ar‘k

Sreal'es}‘ covmmon divisor " is Yool
name and deﬁni‘rion. “The divisors o? L1
are 11,3,7,21}, the divisors of 33 are

{1,3)11’335? their common divisors are {1,33’

0? w}’lick 3 IS 'H’\C Srec\‘-esk (EY‘\Cl OPKRQ-
Mark.)

There is5 an € {cient alﬁori”\m ‘Hﬂal‘
c{e)‘ermmes @:r‘ o\n\‘j Pcdr o? ha}ur‘a\)
hers their Sr‘e‘oﬂres}‘ Common dJivisor
(e%cienl- mn the sense tha} i}

require the , in 3@/\6!"‘&1,

itam -

c\oes hol‘

W\uc\q more \C..IDO""
rious .Cac}—oriZGHOn OF the hwo numloers ).
TThe reeks knew iF: the alﬁori“\m i3,
n Cac , known as “Euclid's Pllﬁorin'\m B}
Euelid even roves +the correchness of his
a\\soﬁnwm, bl hes to give ho c\i@?er‘enl-
‘BrOogs, one g:vr* Hﬂ.e case Hﬂa)‘ —--‘SucL\
as with (21,33)_ Hne Siven number‘s do
have oF least one common divisor, and
o) diﬁ?ereﬁ} Froo? Mhat dea\s i th Hhe
case - such as with C21,?>41)- Fatl an

%ree]« Pa(‘lo\nce —Hne numbe(‘s \ncwe NG CoOmmon



EWD 1239 - 13

divisor. Admission oF) 1 as divisor ccmP]e)'e_b
obviates this Froof du]o]icc.*}ion.

Qs;'ale ’Deﬁnihons of) conce\o)‘s and —ﬁ:rmu]o.-

tions o() +heorems oct in the wodern

Po.r-|c.nce < +he comr)ul—in Scieh}-\'s¥ as ‘”'ue

‘m¥er«€o\ces belween +the modules Of ‘he
Grjumen\-, Compu¥cr scien Hsts had ho burn
-quif' ﬁn ers O number‘ Of %‘3"""@5 bc—:?or“e
Yhe PU\NJ understood +4he critical im)aor)mnce
F’j we“-clqosen 'ln-}‘er‘EQCes) and Euc’.id‘s work

clearb Ffedql-es -I-l')c} e.xperience. ( Eﬂd QP
Aside.)

o

Let s now lurn 4o a eome trical

example. Consider -qu ?o“ow‘mﬁ ?(5ure:
3 _

P
4 ' <

T contains 4 “'T"Ic\nﬁles ., 3 smoaller ones
that  together wmeke wp the big one, more
Preciseb, t+he sum oF the orecs oF) ‘he

? sman ones equa\s 'H'\e o Cex. OP Yhe ]Drs
one. ‘Vene *?ﬂj with A Yhe area . we have

APBC + ARAPC + ARBP? = AABC
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Remerk “Plecse note Yhel Hhis is a very
Nice @DI‘W\U\\Q R hqs such o nice ‘5‘}"-'Utc}'uf‘eJr
hot We can remember }3-. The Yree +erms

on -Hwe )eﬁ ore o\o}—ai'hec\ b rer\acinj in

the r':gm‘-}')anc\ lerm AR C in hurn
A, DB, and C ]?_'j P, ( End OF) Wemarl)

We run, however, in Jrouble  when 7Y
does not ":e_ insice brienele ABC .

Conﬁic\ef‘ ,@r ins¥ance ”\e ?ijuf'e

B
)

Q

wheré we wou\d ho\\}e
APBC + AAPC - AABP = AAQDBC,
or Hne @5ure

P

in whiclq case We would }Ioue_

APBC - AQAPC - AADY = AARBC
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The beau}ifu.) S:jmme.')'rj O? owr ori‘?ina\
-@)qu\a \'\QS been des\-robec\ R 'H’)e G'H‘Ef' ONES
\OJ Yhe occurrence o() one or Two minus
Sfﬁns ot -Hne \e@- --\‘!Omc\ S':cle. Can we rer:air
this 7 Yes | Loe can. To  begin wiq')n, we et
the ‘}-rianj]els name detine o directHon o{)
Jraversal O]C) the “Ariangle's sides | 4o be
PreclSe, —F‘or—* O\ XN L Yhis will be ?%gm X

to \l/) me \\/ to 2, and rom o X
Y

A\ XY 2 A

x Z

and simi\arb, nominj the Same 4r'|c'n5}e

c\iﬁ?erenﬂj ~

AZYX: &
2

X

Slu.ddlrﬁ ol Mnre—e ‘@)rmu\ae and ‘H')e el -
responcunj ?igur‘e.s, e See that in ‘H':e
-}'r‘nqnﬁ\es as hamed, the +r’|an3les with «
minus s'\gn in ?ron)r of them are Ythe ones
whese Perime*ers afré +r?w’er5ed coun ter-
clockiwise (or “widdershins ', iF You Pre@r),
And +Hhis observation suﬁﬁe.sl-s '}-]ne. remedD:
we introduce a hew CDnceP}‘, called +he
”f’a‘iﬁned arez’  and denoted L.)j A | which

s the uswal ares. n qu case o c\ockuise
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Jfroverscz], ]ou\' 'S -H've nejo\'}-ive area i? -H'\e

lrramre'r"scﬂ 1S c.nv]-ha\oc.\(wise.

Wemark Whether the droversal s clockuiSe,
'S undevﬁned in 4the case o? the decenerate
Frian le, i.e. gf")'rian \e' with ils ver-¥ﬁ
Co s(‘?rc\,ijh} line, but in Mot case its area

ces on

ectuuals 2erd  and 5}'5 sSign S irr@lEVGﬂ)'. Q)SQ,

P‘).eo..se no}e ‘HTG\‘)‘ —Hna ‘H’)eof‘ems

AXYZ = ~AZYX
AXYZ = AYZX

hold )nciepenclen{-!j o? the Si&n DF) IAXYZ

e, Y 2
Fczr both Q and Q
X 2 x X\

PI jgl-u.re VY\&J be worn\ C. '”\Ouscanc\ wor’c\s,

o Yormula s worth «a H“aous&nd Pic}ur‘es.

C End OP /Remc-.r\()

2

In derens oF) Hhe 5‘5necl areo . all Yhree
f(f:rmu\\ae Gre now exPr’esseol ]OJ

APBLC + ARPC +~ ARADYV

N

A ARBC

“The user OF) ‘H’?e concep*‘ op —Hne Siﬁnecl arec

has -‘-cj PO-J -}-}‘)e ]Qr')c_e QP ﬂO{' liS]‘l’f‘l Qﬁef“
A Yhe vertices in arb’vl-ra:j order, but the
c:mcep)- IS so much c\eaner‘ :l'\'waﬁ -)-Le dradi -
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honal area -H":o.}- he S}"Ou[c\ Pa‘j -Hnis Pﬂ'ce ?jaclb.
The —}raclikona\} uns{gned areo. has the ab-
solute value baill  in , and it is o clums\‘j
ConceP“ ]Dec.o.use the C\bSO\u;‘e velue is such
Gn ujl @nch‘on. “The "-radi'}ional unsgneal
Grec Srees us 4o deal with c\iﬁ?e,ren}' cases
‘ol should nok have been dis¥injuislﬂecl 'n
Yhe gm!‘ P\ace.

The ebove Awo e‘XQmP]ES o? how an
unfor-}una’re choice oF) concepts can COm)oli-
cete 'Hne. \’ea50ﬂ3ﬂ3 S]’IOu‘cl suf«ﬁcc ok this
sq\a e, G8 we now Pa some catten }ion to
G ?asl' asPecJ' OP el¥ec tive Feas::ninﬁ, Iz,

the structure O]C) the at’aumen“. -

The Purpose O]P the c\rﬁume_n'x- IS a]wojs
Yo draw a conc‘usior\, bul we wish ¥
do so in +he wmost Yrustworth manner
conceivahle and we wish o Fresen+ the
rec.soninj that led ws }o the conclusion as
C.orwincinﬁ s Fos.s'n]ple. Mankind  knows
o anl Cne (Wa Yo r‘eczclw -H'!o.‘Se oals:
Cons}-ruci-inj ‘he c-f‘gume,n‘l‘ as < ‘miwte
Sequence oF) Smo”, exP\ici)' s*ef:s G‘OM
o modest r'ePeH*o‘-re.

T+ has to be = ﬁn#—e Sequence So Yhat
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the reader can check -“'\em the one c\ﬁ-er
the other. The s)-e}o_s hove +o be small and
exPlici}- so thet ‘HWQ? can e checked with-
out chu.esswork, 'ﬂno\“:j the r‘ePer}oir‘e og
ermissible steps has 1o be wodest, nr‘s}b
Ee,co.u.:se i"* mMmus be hurnonb Fossi\o]e o
have it in our «(ijn g.—-}-ips Tand Secmdzj’
becouse we have Yo QC‘-CeP"‘ all the s¥ef>s
in  the re/j:erh:'vre_ s —\—rus}wor-\»lmj_
Remark 1+ is +he Gniﬂl-e rePerf}‘oir‘e QF) per-
missible 5\-ePs that olef;ines the <lass o?
valid Qrﬁumen}'s, Yhet deﬁnej what a
"Pr-oof” is. 1€ the repertoire is empb,we
can argue nothing , hence are c\u\]‘Omo\.iCc\!&
]orol-ed-ec\ @om Yhe mortal sin OF Cc;nc\u.dirlj
non sense. “the lc;rjer Yhe rePer—}oare, the
weaker the COTT‘esPonC\iﬂj notrion o
")Dro‘:g)”, an o b:j the +ime the rer)ef-bif‘e
admits any s*-e,P, we can conclude non-
sense in & s}nsle. s%ep -we <an rove
an ‘“’\inj In < sinﬁle. sLePl.—- and Yhe nolion
of\j Fﬂoo? hes become void. ( End o(’
?emark.)

Let me 3iv'e here an mf)ormo.) lustrabon
o()c\ Main  reasoning S}QP, known as

':"Subs)-i)-uhnj equals @f‘ ec:luo.\s . Suﬂoose
Yol we are invited do conclude
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(N a -F?:r}-nigh} is \onaer Yhen a week

Well , we cer%‘ainb connot do that ?F we
cion"l‘ have Yhe ‘@)535&5‘)~ notion o{? wheat

‘@Jf"\'";jl’\l“s and Loeelcs arg -—-C_ominj @om
another counltn,, we could have « very
|'lmil’ed Eﬂj!is’ voc:::‘:ulc\r — s [R-3 some»\n‘nﬁ

abouk ?or]‘highl‘s ancl weeks has Yo be
given . Let these givens be

(i) a c:)r')‘hig}\)' is —gur\'EEn dccéjs
Citi) o week s Seven da(ojs

Thanks Yo (ii) ond (ﬁi) we can EKimir\al'e_
the 4echﬂi€a|/m\«j s-l-er‘:ous/unknown -\’e_r‘ms/c.on~
CeP']"s "-ﬁar'}'ﬂia)ﬂ-v ond “week " 'G‘om o wur
demon stran dum Cl) , which 1 thanks Yo (i)
and (i) s equivc\enl- Yo |

C}v) {c’:url-een olaJ:s 'S I-or:jer' Hno.n Seven daJs .
\!\le won'l‘ Pursue -”\is GXQmPle: if (N) is.

an aXjom , we are done. “The Poin‘)‘ was bo
show Yheat (ii) o_md Cfn'i) Uielcl -”'ne equi~
valen ce ‘:F) (i) and (iv)

/Ple.asg no%ce ‘H‘la.}' -Hwese. mo«ﬂi)')u)C.)’;OﬁS
have Vetj litHe }o do  with Ye }ruth o?
the sralemenlts mani]vu)o\l‘e,cl. T mean,
Gii) ana (i) <can be used as o\loove, o
tjielc\ the equivalence op (v) and (vi) with
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(V) oN week s \OnJer‘ H\an a —@)r}niﬁkﬁ
(vi) seven douys is \OYlﬁef‘ Yhan {?our'l'een daJs

orH:O (xj‘ielcl dhe .equ]valence oF) (vii) and (Viff‘)
Wn

,(\;.'i) G ‘@r}nishs' is c:,near.er* than « week
(\!’ai;‘) '@)uf‘}‘een do;-.js is c:t’?ec.])er -“now\ Seven days .

T does not wmater 1hel (i) and (iv) seem
ﬁﬁ})}‘, that (V) and (vi) seem
(i) and (viii) Seem neither: in Yhe con-
Lext oF the established equ}vc\en ces

\nnﬁer' Yhan " and s cheor)er‘ Yhan | are

unanalysed relatons, and what ’H"fj Seem
s "}‘o)ro"lj irrelevont.

wrong , and

,, L]
'S

As we conkinue our ex]')lora-}ions, the
distinction helween "ca\culc\;—injq and ‘con-
" will 36} more and wmore blurred.
';‘n‘lis 18 J—o 192 ex)oe.c-l-ecl; sted cxlacm\%‘ the
Fr‘Oclu\c‘,‘ of 17 and 323 , we can "caleulate
Yhat +het Frodu.c}' is 549 , We can also
/'COnc\ucle " ')'l'}c'\- H’lc.l‘ Pr‘oduc)' is 5491 we
cannot do the one without +he other. We
shall not Thesitate o refe.r Yo the
-\-rans]c)ormc.J«-ion Of

as(b+c)

C‘u.c“flj

”
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into c+b + asc

as "calculation” , W@ shell ot L‘:esi-}a'}e Yo
I‘ejc\f‘d c:lecimc.i ﬂumber‘s Suc\:\ as 17,

323>  and 5491 as Yormulae ', Yhus in.

cludinj calewlation in the wmore 36f\€r‘0\l
notion cf Aeﬁ:rmu’a mani]ou\c.}"lOﬂ ". This

Wes \Qrﬁeb e remark chouk +ermino)oﬁj,
our next remark , with which we close

'Hn.is cl-;c.]g}»e.r- w]” be reﬁor‘ded b\cj sSOme

s more -ﬁ,mcl amentel.

'The gnc.\ r‘emark is 'Hﬂov]‘ 'H"le reasomnj-
we are discussincj deals with validi}
not  with  truth. We may b ld wp o
-H"leoi:j aboul P\erd}Ons , which we con do
Proviclec\ P.jmdions have heen degﬂecl‘ mn
a U-Se@t\ monner. 1n order~ ‘o be oble }lo
rea son chout rvrodéons, eo.r\ier' e.ne.r'c.]ﬂ'ons
would say thal we would need Yo hnow
how Yo inl-er]or‘e’*l- stalements about Y)Jro-
dions, hut we -as will become clear in
sub sequent chapters —  just need Yo know
the ProPerhes o Fbrodmns, l.e. Nno more
ond no less Yharn  how we ma GNP -

lox-}e. —Q)rmu\}ae Con‘}‘o\ih;rlﬁ e'emen S ‘Hﬂd‘ denote
Fjr‘o diens.

?

%r‘ ‘Hne PurPose OF) our re.asoningl -lhe )o:jr‘o-
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diOns are N"\G-} o os)-ulc\}'es c\e@ne -Hne,m xo
be, and i} s chbout —Hnose that we con de-

%i(jn da )\e.}— us \no]oe beau}iful, /Iheov O‘P
Jro | ONS.

And now sSomeone {)c«m{liaf i th
our TTheor encounters ‘Hﬁin s ver simi)ar
+o wlw.]- he cz\waj.s "“’10u3|n|- ?jroéljxons looked
M(e, and he would like %o OPP\U’ our
Theo bo t‘hem. Tfs::, ik is his v\’e-ch--ﬂsi}Di-
1-']'3 QO establish +thal his things en\')o\v ol
the characteristic ProPer}ies that ‘ﬂaue been
FOS}"A,C\}'QC‘ {iar‘ awr P\Ljrodn'Ons. Qno'\'hef‘ wfj
o Sctjin ‘\‘L\a}' owur f‘easonirlj does no}'
deal with “Fruth s 'an..‘]' nNo -H’\eog can
'us}-i{% its  own GFPUCa)iOn, an obse.f‘vahon
hal can create wonder +thot '@:r cw:j beauh@tl

'H’lem:j Hnere Seem )’O be /Pjroc\?ons Q“
over Hae P}cce. L

Nuenen, 13 Dub 1996

go? dr, Edsger W, fDS\mS\'Fa
!eFQr]—menl- o? Com]ou.*-er Sciences
The Lln‘.vers]b of Texas at (ushin
Austin, TX 3J8F12- W
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