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“The no}'a\‘-\»iona] Con\/en)rions _I QAO)Q']'CA,Q;')({ w‘-nj

Al o given momen'}, -er cc::nf)cwzz)o-)L of Foli}e
mothemaotics emcrgec], the underbinj idec o{)
w)-.ic]-\ S -nno.}', even i? :?O\A ”;ave onb 60 lr‘e::m:[e.rs“1
i+ FGJS o sPe.nal on hour ip bj clo'mj S0 you
Ccon Save y4your average ‘reader o minute. 'Bj
nventina an idealized ”o.ver‘aje T'eacier,: we
could r‘anslc\}e mos} oF -”we lom- s human

~‘?e'ss {ér‘ma’
criteria we could o.F b Yo our Fexts. This
hO‘\'e 'S Cle.vo')-ecl to 4he l"eSu”"th no}alional
and S}'Jl',slic ccnven%ons '”'wo.‘} were &&OF‘}‘Gd
as +he yeors went 1‘7,)

3oa\ of Po\ilene.ss into more or

We c\On"}' \,Jcanl- -’-o ):ome or ru'zzie our r'eo;d-

ear W]"aov)- ‘nas
© ):Je dome 1lO check our &r:ﬁumen)' and i)"
s"mu]cl be Fossi\o]e Jo do so wi)-]naul- Fenc;]

er, in For}icular i" s)'»o-..a\cl be C

and Ea,:er. This dic']-o}es SMQH, exPlicﬂ- S]'er.as.
On 1he olher homal il— is we” known +hat Brev-
ity s the le&cl'mj characterishc 0? mathematical
é_?ejanc‘e, omd SOme @ar -H’\o.}- -Hnis ‘JCIEG;\ ex -
cluc\es 'H‘le Smc.”, GXP“C?J' S:\"eIDS', IJUJ‘ one OP
the Jo s op my ro@ssiono.] 11']-08 has been
—}Eo} ‘his -()ear s wun ounc]ecl,
ﬂ)r‘ bl’evi}-j can be ac‘\ie\Iecl w}lhou}' cammi}‘-

‘I"mﬁ -H'le sin OP omjssSion,

“\e iscove::j
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T s}’lou‘c\ Poinl- ou"' ‘)'Luo:)' m ic\e<;| OP criS]b
C\o.ril-J is not universall St?orecl. Some consider
'H‘;e Puzz]es 'Hhcj' are Creo.IZc[ ‘DJ ‘H"neir omissions &S
SFICJ clrro\“enjes, walrkod which -’rl’weif‘ }ex\-s wou\c\
L_)e bor"mj;, o-Hwérs 'slﬂun c[orib ?es)' 'Hnefr' wor'ls

1S considered Jrriviql.

> ¥
*

fs -hme went b , we acceP)red oS c\vwgllenge
Yo avoid Fu\linj rebbits out o() +he magician‘s
}m\)-. There is « ma“wemo‘}icc.) s}ry]e n wkic)\
Froof)s are r:resen')'ecl as S*}rihgs o() unmodiveted
tricks dhal miracalously do the \jo]o, bul we
-ﬁ:umcl 8r‘ea-}-er ‘mjre“ec}uuﬂj sg);s-@c)-ion in show.
ing how each next s)-e]: in +he erumen}’, IF)
 not _ac)-ua\\(j -@)rcecl, s ot leas} SOme.'”ninj
Swee.-”j T'@QSOTICLIDIE lo 'Hb. Qno“’ner reason -@r
C\voidiﬂj T‘Q‘D)v'a}s S 'muc\—) as Foss;‘l:]e wos
thatl we did wot want Yo ’I'eack rl"oogs, we
uan-l-ed -]-o "-e_acln roof) clesijn. Evemlua”y, ex-
Fellinj rabbils became anolher J?ﬁ o() my Jar-o-

ess‘uonal liFe,

T should oint out hot also my ideal o
loroors w‘l-‘-)')ou): rebbits is nol‘ uniJ F
sl'mared. ,Some au-l')"tors loelie.ve 'Hrm.l-, TN order
+o keelo the reader auoo.)(e, one has }o Hiclde
him  with sur]oriseS. Others believe that simu-

vers o\)b
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lated QFarks o](’ divine ins)oir‘q'}'ion ore essential

.@,r ec.rﬂinj the resrec)~ o() Yheir r"eo.ders"\'np.

* i
3
ﬂs O, F;nc\] mEluence T Mus}' menho»ﬁ owr

des;re ‘)‘0 \el- ’H’le s Mbo\s do -”»e work — more

};recisela: as much of the work as Froﬁ;-glol
oss}lole—- . 'ﬂne in\-uﬂ—ive, mo.“'iema ician eel.s
'LEO.)- he understands whal he is 4o.|l<inj chout
and wses -@)f‘mu‘o\e rimarib -‘0 Surmrmarize
S.l}'U\OLL'\Ohs oand f'elc.l'JOr\S n “'O }Ii'm @milic‘r‘
universes. \When L;e seems to derive one {3r-
mula from cmo']-lwer, -H'\e Ar‘ans%fh"\ol'ions ]'re
o.uows are ‘”-nose ‘“‘\G]‘ sSeem l-o be }rwe in —n’)e
Lniverse 1'Ie ]nc.s . wnind. "ﬂme. ormalis“, how—
Qever, reﬁers }ro moni ule.)'e his ormulqe,-lrem—
Forori Y ]3norinj anrin]'e-ryre.)‘q)-ions J-lqe\(j miﬁh\-
aclmi]-, the r'u]es {Z;r -nw Fermiss}l’o'a sdm)ao‘
mani]oulw‘-iOns bein ormu\a}'e.d in "l'er‘ms O)P
{hose Smeols: -Hne ﬁrmolis)' Cc:\\cu’a}-e:s with
.unin-\-errre}-ecl -()ormulqe, Wk:le -”ﬂe average
'm}u.i)-ive v’no\)rLemq-l-acian is T:erfeql-b )war]:y with

Semun}ic.:.lb am':!i Uuous ormulae ”]Decc\use Lne

knows whet is mean‘l't the @ero.l‘l-s" <J|ov§c>u.s\:J
ins'lsﬂl-s on an unqmbijuous »{era]'ﬁm.

Scx in 'H‘tccl- ‘“f'ne re-F)erences oFane ormo;\is}
b
are not junivers:;‘b Pslnared, would be {;\ﬂe wnder-
Sl-c.)‘emer\“ OF -}}13 Jeo.r: in‘ui}'ivc ma'l'Le.moc]‘ic‘mns
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Ccm hate more ormc‘n& inc\ine.cl colleagues woith
‘qu Same VFScer‘o.\ }\c.-}'red as (Re]ou.lbicaﬁs can

hote "Democratic Presiden\'s with.
¥ *
*

-In()ix notation and expressions

\:Ji-”’:ou} Muc\'l }‘)GS}‘J'Q.‘I‘;O'\ 1 ko.ve &ecicleal 'I'O
s'l'ick to -nwe usuc-' in@x OFef&l‘Of‘S- -T}nD ,'\a'ue
—”'le disadvaﬂ}'clcje oP r‘equir‘:nj qu‘enf\-heses -’o
diskrzjm sh ()’)+q)/r- @om P+ Cci/") , which
Fre ix noteation would theve rendered as

/ 4+ Pcla- ancel +l')/c|r- resl;ecl-ivel:j.

Kemark  One of the names af Pre?ix or 1olish
no4-a¥-ion 18 /'Foren')hes'ns— Fee nzﬂ-c.hon, but

that 5 a litHe hbit misleac:l-ing , @)f" 4"10\;(5]-. no
longer neealecl, -l-\'te ‘Fc.ren-”ne.ses ore s]-i“ erwis.
silo(?:: we could hove written /(+ Fq{r and
+ F(/c, ) l‘esFec’l-ive.lj. CEnd c-F Kemark ).

(A ‘i‘”’\e ]’\esi-lance oas inc\qcecl w‘-nen mj ]ql-e

cgﬂeo;?ue \/‘Jou"er‘ /PEF‘GMo.ns vemarked N ?qssinj

-Hno} in¥iX no*alﬁon wo.s cCourse {’c-. na]‘c‘-’-iona}
relic”. T wmode me realine why T like 3} so
mucLo -G)r‘ aSSOcCia ]—':ve ] er‘c&l'ors 1 'r“ QHOUJS s

'['O wrﬂ'e +q+l" uun')' owut ‘Delnj 'F)Of'ce-d ‘-o
ckOOSG \De]-ween (TJ-}-q) +7r  and F-l- Cq#r) 2
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in Pr‘eﬁx no']"o.'hoh‘ the choice be}weer\
++Fc|r‘ and +’P+‘C]f' w‘ou.].d \nave Yeen un.

Qvoiclc\b)e.

The wmain reason Yo stick Yo the ‘mﬁx.
ho'}a)-ion @;r ~W,e u‘Suq\ oFer‘a.)'ors waes o?
course, —H'\a)' we Q” are SO “'err'l)pb wsed )-o
i", bul the associal}vib does \O‘J an honest
role'. T did in*roc{ucc -w'l“'w rec 6&lis?aclion.,—
]ng‘x OPer‘al'ors {ér- whol T used o denote l’,_‘j
max(x,g) and 3ccl(><,3) , and F?nci that T
dont introduce anymore infix Orserc.l-or.s the}

ore wnot c-SSOcio)r'we.

?riori‘a rules, le., rules o() relative binclinj
power, are Yhe standord wa OF) recluc.in3 the
number of T:c.rennvesis Fo«ir‘s —f-‘nq}- would ™ other-
wise be Tleeclecl, ‘ou} we Slrmuld rewemher
thot we are nof o]::»lije.cl to reduce lhem
lo the cbsolute minimum. Ve learned }o
a)or:recic.l-e “ne —(?allowinj c_us}-oms.

 Only use prierily rules lhol are (fe ntl
que

QFPealzd ‘]'O,Fc\no\ J\ﬁe.nc.e. are c-mi].ic.f:‘. 1 J

would nol Hes'ﬂra]-e o write ):-l—c?-r‘ , but

WOU\ld qvo;c[ F/qvf‘ onc\ T) =2 q = T

e Do not jnlroduce riority rules -“'ro}
cles}ro_j Sjmme.)rrj. ']-.F r‘emk;)m]ggr kow muc]-.
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more \easom} ‘H1€ )’)f'e-cxica\“'e Co.,lCulu.S became
o work with c«ﬂ-er we hod decided )rojive
con- and disiunclrion +he same ]oincll'nj
Power‘ and ¥ ws 40 consider }O/\el V'r o oan

i“-ﬁ)rmec\ -(}ormu\a..

. N]nen_ in)rr'oducing new ingx o):)er'c.]-crs,
Fo.renn'uesize SO s -\-o T)os)']':o-ne decisions

abmﬂ' bindinj Powers un)-i] E?f)oerien‘ce \')us-
'ffges o Prefer‘e.nce}

® \'\l)’»en jOu ]n_ave q']"e ﬁeedom, c:\'\oose ~n‘:e

lar er s m\po} {ér‘ -}‘he o erc.-l-or wiﬂ-. -nwe ]ower
9% %Y g

):Enc\'mj power.

¢ Surround the opercltors with the lower

)oihc\l'nj ?Ower _wi}\ more s'Pace than -Hnose
with o }\ijluer )Dinclinj chef‘- E-3.,

PAO\ = - = F%(q%r)

16 Safcb reac\qblc \nn'n'\ou} ‘\r(ﬂowinj -H-;c.}'
A =5 = S l‘]"le aorder O‘F) cle.cr'eo.siﬂj })inc\.‘ng
Fawer‘. This sPacin is & v}l‘a] visual aid
]-o o.r‘sinj ancl -n'\e »}g&c} ‘H’la)‘ nowac\o;js }1‘ 'S
vio ajreo\ n manj Pub\ico.l—ions means ‘}hal‘
these FublichOns do a disservice 4o the
"OPGjO\"iOn O() -@r‘rnql '\’ec)'\niclues, C'ﬂne \;isua}
Zs’cl 18 U‘i‘}'a\ loeccu-\se ’H‘\e mc\Hne metician does
noi‘ do Sq‘rin YHon;']')u\c.‘l'iOn bul‘ YhomiPu\c.-\-ion
arsed rmulae: when Su)DS')'il"uj-in eGuals
P 9 €9
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{)or equ\qls; ic\en}i%inﬁ subexpressions S essen"'io.\)

e JYor unar oFer‘cx“ror‘s, ive them lhe hi hesk
loinalfnj Po‘acr‘ and S-l-ic\aa 1o )’Jf"e(’;x o]'?era s,

* —For‘ ‘H’le r‘elc\l‘ion/ reclic_o.\‘e Cc\\c_u\us Lloe
Se#\ed on the «F?::”owinj order OP dec.reasir:j
"""""*“”j power

M e (re aJriOn, retcliona] cohver‘se)
: ( relofional comFosﬂ-io:n)
NV ( c_ont)'unc}-ion, cl.'::ju.ﬂ:)-iun)
= & '(‘.mP\iccA-}on, c_onsec,uenc.e>

< e.qu',\/alen ce

As time wenl on, T learned o o\rrprecic\}-e
ex\oressions Eu.’“‘ wi]-)-u oPenx\'ors as o "'"a,_'j o{)
avoidin g..nc.l-iono.l hO"'c.l‘ior\. \;Je can w_ril-c
the diaoe.rence a-b @s dl(.CQ,b) or
exc.(b,a) . where min and exe are Gnetions
of an ordered poir. (T believe +hal the nolion
O o”()unclion o(;“z orgumen}sll is now obsolete.)
But we con also write Jhe curried” versions
(m]n.o.),\o and (Sub.B).& in w"\ic]—\ , .(ér in-
S"ance, sub is a ]nlj)ner-Of*cler‘ @nc}ion such
thol  subb  decreases s argumenk BJ b
(so that sub.(-)) would be the successor an-
tion ). '—_‘Func]-ions dif » €%XC , wmin and Su}o

are di{ferent ()unc)-ions ancl as SOoOn as «H-e
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oPero-}'ion o() ﬁanc‘-ional comT:os'alion en}'er,s -M'we
aome, 'Hne cli.s}in.:\-ions are essen)ia\. Bud [~ ’09
as  We don‘]’ do {anc}-iona] ComPosi‘)'l'on, the
choice bc)rween -”'wc —Fc):aur' ol—:)rFOns iv irrele-
vont and wr'v)-ir\:j the exrression o-b is a
love\ o of avoic\ifzj )pe‘m oversr)ec'-()ic.
(MO m;{‘;n(j SgPe.r wous ;ﬁsl-inc}-ions Shou\d
alwads be e.ncouragec\3 it is bhad enoujl-.
'H'!c\)' we don"’ ]f)a\;e C. ConoﬂicQ\ r‘e.]')r'esen]-q-

Yion ﬁr— Yhe @nordered Pa.fr-,)
x N »*

_In visi):le oPerQ}'ors

A.N. Whitehead macde wonu wise reworks
it is a T:leo-.sure Yo agree with, but T cannot
shore his ‘Jucl ement when he o F]aucls the in-
"l‘roduc.ho'ﬁ the invisila]c Vnu'fi[)]ica}'ion Sign.
The mu”-irjlz'ca“'ion beiﬂj SO Common, lﬂeggr‘o.ises

Hﬂe mc\“\ei'nol'ic«:s} Communib @:r‘ -nﬁe. e icSencj
oF ths convention, bul he ignores the price.

The one rice is COnF)us‘:on: \ook et the

d:]e-Feren}' Seman}rfcs OF the Jux]rcxloos:")ians in
33 3y 32 .

Is i} o wonder +thol ]i-‘-He children (l'nanj oF

wLom \’IC\Ve Ca mosl SJS)‘ema-)'ic \mind) \9e;- con-
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g.«secl by the mothemeatics -HneJ are '1'a.u'3_h}? One
would like +the lidle kids 4o S‘Fencl Yheir time
on \earnin the -]ec]ﬂhiqu.es OP e‘ﬁ%chve -)—ho-.;jh)-’
but reﬂre 'l‘o;}:b -quéj SF&"\d o ok O‘F')' on
omiliarizihj ”ﬂem.selves WInﬁ t:)dc:lJ irre.jular
nol'al'iov‘ic“ C-OY\VEn')l'lo'nS w\nose wide qclor;)-ion

is +heir onb virtue.

’I’he much lnec.v-'er ]orn'ce s that -H'.e. invisi\o]e
muu-i]o\icc.horw Qn }:ul‘ r'u.\es ou}- the introduc-

-\-‘mn o(’ Vnu”—'n)ole-le.“e.r‘ iden}iﬁers, '”wus creal-inj

‘“’18 neecl o() sg’“\bOIs o-F O‘H'lef‘ o\,—:ko.l:el'-s Cwlm'cL
~ and Wkﬂ-e\wecnd skould have known +het! —
Sign) ico\nl—l c:on}ri\ou}-ec\ ‘l‘o -}‘L:e ain oF) | TR o)
rr(?o. femc.x:ijcs). And when the m)z”-ir:]e—)e);?-lr >
iden )"-ﬁers cou‘d no Eonger‘ be ovoide_d / H’\Qg

were cdmitted ot the Frice op oml:iguib, as
sa'n(s+i+n)

i"u.s*'rc."es.

rl’?elmc.rk I also »‘rk:nk Jrhc.x}' Nl‘ﬂ"e\ﬁead made
onocther error OF) 'uc\jemen-}-. ’.Brevi-]-(j is much
more e»@clivcb S‘Ll-c;inecl b:j macrOSch:ic
measwures such as avoic\inj duplicalicn, Cose
anu\&ﬁis and Super@uous nomancla}-ure, -H\cm
by such microscoric meosures as makin
-\'Ee Vnuni)?)icc\)-ion Siﬁn ‘lnvi‘Si\:)e. (Eno[ Ke -
mark.)
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1 now aveid invisible inﬁx opem‘}ors a,mos}
entirely . 7 do remember o —Fw }exls c‘eohnj
M’t“\ ﬂeorems a\oou}' s)-r'nvs m w)‘lic)-. Concade.
notlion wag clenoted b ‘QV'}‘G‘FOSi*}';On. T could
a-ﬁ\orc\ ‘”'va.-l because o\? the ]:weg'mnln T had
declared +he | pes 0() ™Y one-letter varia bles ;
Xy,2 were o()‘?ape character, XY 2 were o’?
)D e ()70553}:] em )') character stin T In xX,
% would S}cmg -(ér the )e"‘d"":'j character of +he

sl-rmj xX .

The mos}t {ixr— T'euc‘f\'ln conseguence s -Hwe in-
lroduc]’ion o()c\ visible inﬁx oPera)'or‘ gr F«)anc-
‘hon QFP]iCQ}foﬂ- T have <3iwesr\ }}' -Hne 1\{3‘1?5]‘
b‘mclinj ower and 4Here@»re 1 have chosen
the smallest s.jm]:o‘ T could -)'}ﬁn‘k oF)'. ‘”'e
’mﬁx do} .". So, inslead o() the ‘}'T‘cnd;")';()ﬂc.}
{’(x) T now wrike Cx . T hove slarted doin
Hhis ve\ry 4en}‘c«|-iveb n 1984 T have sluc.‘z
to dhe convention and T see Tfrre and wmore

eople adopling k. One s q aclions is the

EJ P Ta wr:c ‘jr" coters {or M- O«bs‘]-ro.c}ion: in
1973 T urote ¢L\.IF <S,’R)” {ér Yhe weokes}t

I'eCor\di}‘iOﬂ such })\o} 5¥ckmen} S es}al—;lis]wes
Fos}'ccmcli)‘ioﬁ R ; but wP.S.'R 15 much more
&J')'rc‘cl-'wei wP. S now "Dein -]-l-,e Fs—ed;co.}—e
JMns(zgrmer OS‘Socia“ec\ wi”x s}cﬁemen} S No]-_e
“m.]' we l’\owe Clnosen -ule. {-?Ancli'on c.r:':.\ico.l-ion
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dol‘ “’0 be ]EQ-—associq)ﬁve; w]’)SfR is 5],10,.1. @r
(wP.S).'R :

’Remgrk The co-nven)-ion '”ncJ- {)unc]—ioﬂ QPFHCQ‘

hon is \e@--ossociq}ive hoas been odoTJ}‘ed al-
hnos}' .Un]veFSO.nj. Mo*e ‘H")o} 4'l'!e Par‘enl—kesas

'Hﬁen ﬁPCeSSGr‘J in

£ (g

can be e\iminq]‘ed }’:j wri}inj Yhe above os
P"s.x

and PDSlu]G“'ihj -“‘.c\} gmc}-ionq] COMFOSI')'!'OH ‘f\c.s

a re;c.i—er \O\hdinj o wer “wm @ncliOnc\l e} L*_
Cbt]'i?an. ’Please no')elo“'hal PP

("’j“]’\ - X

1S Semnnth\nj N C\M‘DII?ULOULS,

uncxiOno.l com-
Fos;lson Eefnj associa

ive, ( End o-F /Remo.rk.)

¥ 4
*

Quanh ico 4—': orn

T had dhree mecjor desires with resFecl
do quan “i{gcahon , (‘3,) unambguous idenl;ﬁca-
Jion 01(7 the dummb, (1) clear delineatlion

OF the ScoFe, and (i) ro.nje cs o um{é,—m
'mjreolien b,
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ad C:) 'ﬂ'\e need {ér unambiﬁuous dumma 1den -
-}i ico«,-ion lpecomes c\ear w\wen e consicler

the list o{) sebs| which starks with }the set of
the g)?rs}- 10 squares:

{? ¢ <40} fe3) £<1o}, {é“\ i<10d {L”I (<nt

¥y

w\-\ere {(: “ﬂ, c'i'n < 3 would be o rossil;'e

?

i“"er]orelml-ion OF the last sel.
od (QJ ..H’ is a‘reaclJ an ambfﬁuib with -“'le

tradi b onql summc.-l-':On_; c.omPGf‘e

3 3 3 3 2
Zn®, 1+Zn® Za%s1 . T 1+n ,
n=! n=l nz) n=1

ossible 'anl'efFfe-"c-‘l'ions bein , m Order, /4) 15,
I$ or 17, 17 or 3a4n" . “Butb even 103icions

write v PG A @

withou} mo.\fina cleer whether '“'ne:)' mean
(VX PCN A Q@ or W (PHIAQ)

which d}g)er i? the range {%r X is emFb.

od (3) Akhough the propecties of the wnderly

m
('5 mmel'ric oand qssocique) operators m::j d':ﬁ»?::?
— addition and mull-;]:ln'ca)—ion are not ;AGMPO}CTJ‘
and Maximum and minimum mg lo.ck = ned’ro)
elemen]‘-— we wOu‘cl l.'ke C uniérm ‘FC’JI"MG{.

There ;s'@r ir\s"-ance, no feason b summo.]-ion
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ShOu‘d che (=N d“mmj ransinj over Conseun}ive
in"eﬁers.

The -(c))rma.‘}' s ’::asecl on our -g:)rma}' @:r set
notalion. The set +hal we -(c':rmerb describecl as

{(_—z) (<10}
Wwe Now dencle b:.)
{i:i<ior ¢

where “¢” is the dummy -i() Yhere are more dum.
mies, Wwe seraor‘c.%e them ]oj commas—~, (<o
is the ronge ond bt is ‘n'!e ‘}erm. The <semi.-
colons around the Fange are onl se[:c.roﬁrors,
4 “ :

the aqgle brackets delinecle er scope OF"
unc dummies. “The exF\ic;) enumerql-ion o() 'H-.e
dummies be}ween < and the Pif's“ B Qc‘l's ]ike
QLCoL 4o's Cleclc.ro.l-ion of) -Hwe loco.} veriables
of an inner \o\oc\m The convertion eno’olcs

s do clis"injuislﬁ \oa*ween
<i-' I<n: in>’ {n: <n: in) and <c',n: |'<n:in>;

'“1e las} one is the sel G{’ all ,'Jouoe_rs -f;r which
e ex):oneﬂ exceeds +the base, the ﬁrsl- two
Gre Subse]‘s ‘Hner'eof,

1n QLSOL 6o , the dEClC.r‘a']'iO"i OP o [ocal
V&ri&’n)e .mcludes ‘H'le l:j]oe of) -H‘lc‘]' Var'ac«blc, and
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1 see no \03ical olz')ec}ion ojainsJ' o.c{o):‘]-inj -”w.)-

conven-lion: we cou\d heve (srithen
(GelN: c<io: (D ,

lou',' I }'\ave never done 50O I "uave &! ways
f’ounc{ il' Pf'e-Fe.f‘o b] e +0 SuFPlb su.ck ;n{%rm a.,‘."l on
in dhe surrOUnd}nj }ext.

Kemark ]1 Jook mony  years Le ore 1 ih}roduced
Ihe omgle brackets 4 5 all thad -]‘-me- T wused

‘H’Ie S]’ondarcl quen“‘:eses () —n'ne '}m"s"‘)‘foﬂ 40
Cmsle brockels ((’:n- Scope delinec\}ion Was c.

8rec.-)- im]')rove'menl-. ( End of?em:;r]r.)

\r\”\eh O Glu.anl‘igecl operalof tS aPP]ied }-o
H‘e set <'|: i "I>

we write b just affer the opening angle bracke:
CXIR IR VD IR (TR XD Y RS ) S e T bi)
Krizri:did  onad Lo i bi) .

For the Grst dwo, he bype of the term ¢

must admit Gc[d'w]'ion and mu”if!n'co;l-ion, 'FZ:H“

.‘-he hex} %wo, univer‘Sc.l and QX'iS‘}'en"';Ql qucm'h-
(Zco.lion respec}ive\y, +he ij)oe of the term £
hod better be boolean i hile -(ér +he supre.
mum omc\ Mwe infimum -H’ie Sur‘i’aundinj Eexl-

had Ee'H-er' SPecf the qu\'ial order with
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res ect jro w]'licl-. ‘H\ese ex‘\-remes haue }oeen
deéned.

Trom a !oaic.c.\ oink oF view, univernsal and
exis ten bl qu\onl'l‘ ‘cction don't meed o veriob le

r‘cmje \s:o.rqme'Hr Since ]}* con be g];,sc,.),ed in +he
‘lerm:

<VJ': r.d: h) = <Vi:')rue: r.i-.b,*.i>

<a¢‘; Co0 "() = <.—3' _],r_ue,. re A -},i>
:B‘-"} ‘H"le ronge

-(z:rmu} ae, such

‘”’xe Su)’)r‘emum

Forome')'er o«“ows M ore e\eaom%

os +he c\e(’i.ninj )aror;e.r\y o{)

<Ti: r.c: kt> Lz = <‘% ri: ki Q2>

The ex‘:\icﬂ- Fange Porcxme*er‘ IS G\So \.Jelcome
(?'om o l’)rc.c)'ico. oin)‘ o view) . '_Dur'inj
mar:j ‘mo‘nil')u\a-h oNsS the range <an remain

COns"-c\n)r, «s 18 {?:r instance f)lu.s‘,'f‘o."ecl Bj
de Hor;aan's L aw

WV s hi) = CHEETIEIY,

anc  we s)"an s\'vow below dhe ﬂo'l‘c;lionc.]

ex")\oi‘}“o.}-ion op Such T‘anje Cons}anc.-j.

* #
*
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The ]')roof -()or'mo}

\v'd)'}enl @)F +r‘omsi+'ive ->, e conclude_
A - C Fom BB and BoC . we wish
(‘)Dr bre\fi‘)'(‘jls scke o write cdown -”’!e }n}-er..
medicte Tesull B onl once, We lhere-
F&;re rr‘esenL -qu Cc\)cu]a‘?ﬂon in ‘”’\e (Z:.\Howifiﬁ

s

R

B

C ,
We shell relurn 4o the role o() He hinks
\o,-)-e,rj we Now on r’ePor‘l‘ ‘\‘]’IC«"' !)' s GJDSO-

ludet essen}ial that o} least one line is
availeble {ér each \'\in)-, so as 1o discourcje
economizifzﬁ on -nwem_

P\no“'ser', Fu.re!j edi'}or—ic.l w;z‘ o() r'eclucinj

durlica—]'ioﬁ is CI]8cJ&rin Some , once and
Far all, +o hold —(:):r all inter medfete vesulls
of o Colcu\\o\l'ion r‘a”-per‘ ‘Hﬂan re,’:‘m'}'i 7‘}

each 4ime. We do Hhis ’@r -”':e e S eca’ﬁcq_
‘)[iﬂns QF Vgrjalg}es Otﬂd ')’Lle rﬁﬂgeb)')lﬁf C){DLAMMI'G.’S_

This 15 & S‘Pec‘-a] case o() ”embec‘cli\r:j the
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coleculation in o contex} ". To illustrate some
of/ dhese modters, le} me show q fe.uo ways
Frovir:j -H'le {é”owinj Simlale

-0

-ﬂneor'em 0. "l—’:)r CLSS‘ocIc.}-ive s , wWe )"gqve ‘(t))f‘
all x,ﬁ,z

X‘j ‘-‘-'j A 5'221 = Xez2 =2

’Proof 0 . This Proo{) ses Le;‘aniz's q.)rmcir»le
m —Hne -(érm

Pran(p > {9
anadd has '”'we S"'ruc)-ure ofc. weo\(eninj
C"‘)Oiﬂ Of boo]ean exl?fessions X

\Aje }')rove 'T"\&Of'em O ‘DJ o]gser‘vi,jj ,{;r

any X, 4,2 and cSsocialive »

Xey = VAN «2 =2
{Fjr‘eaic.cq-e ca]cu{us}

3'2."-:2. AN X‘:j= Fal «Z2 =2
=3 { Leibniz} J J

Yoz =2 A (x-j)-z—_-z
{* associakive]j
+2=2Z A X (3‘2)-“—2
= {Leibniz}
Xe2 =2

]

l}

(End o(”(Proog) 0).

'Here -n"ue Cc.]cu]c;\—ion (R embe&c‘ec\ in -”m con -
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-|'ex\‘ oe b \'Dein CLSSOCiG)’ive} Ca rc>c»§7 s‘wc. e
that s SujjeSPed bj ‘H’\e -G:-rmu o\l'ion OPP
"ﬂneor‘em 0 .

/PFOD 1 /n\is Prc»c:.v-f7 “uses Le.ilaniz‘s /Pri.ncirle

n -H-ze orm
p=a = fp=1{4

We Pro ve /I]qeore.m 0 )::j observir:ﬁ @,-
associative ® and X’D’Z So\}is%inj the
antecedent |

X+2
{5.2 =2 @om ar\-}‘e.ceclen']-}
Xe (:j.z)
{ associajrive}
(x-j)- re
{xe9y=y -F‘Om antecedent }

jc Z
{éj‘z =2 QGM anl-f'_cec\eml}

i

n

|

2
(E’hcl o() /ProoF)‘l)

In (Proop’l, we hove been very —one could

or;ﬁue‘. too !— ex 1fci4 N our l—xirﬂ"s: we could
hove Sl"ar}'eo\ ith
Xe 2

{ antece clen]—}
Xe Cy-ZJ
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because the observed equa\i iS obviousb
J'u-SHFi’e.ol bj 3-2 =2 , W ich ﬁ‘)rl-uno.“eb is
one oF) the COUuncl-s oF the anlecedent. Bu}
)oersona":j T am Tin —Pa-«our OP mo\kinj the }\in}s
as clear and hel ﬁa] 6S )oossi]o]e. And in
the sl(jha oi‘-o Vrool’1  we can o.qyorcl it ()or
we have embec\clea[ our C‘c.\CU c.)r':on n a
more e‘a‘ooro}e COn}-eX'!- ~ Vi, -H'\OJ- o -l—)-.e_
antecedent — -(:om which the hint  selec)s

. cor:)'unc“ onl wl’)en W+ is needed . This
IS Mofe concise -H"uar\ 4-]-1e Sb)e OP /l7roofo.
in W“liC)\ Cor:junc'}s ~e.9. «Z = 2 -
draj ecl qlonj as !on as ';he are neeclecl,
1n ﬂﬂe nex} Ekampf WE'” ':sjl'now ano-“ﬁer‘
way of how context Con be used Yo avoid
re]')e}i;‘io'n 0() ’H’Ie same SuloexPr'eSSion,

are

We recall -qu__ definin )'vro)oer- o)p the
Sul‘:remum 7\ toith r‘esT:ec} o the COM]’J)E}‘G

Farha] order €

Miirickidez = (Vi:ri: kic2) (or all 2.

Part of) the Theorem QF Ynaster- Torski
stales thal with h C\e{)rne.cl b_‘j

h = <1\‘JJE’F5 :j>

Loe ‘na\fe.
h ¢ fk
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]f -F 1S mOno}onic with r‘es)':e.c.} -‘—o c , e,

PEq = f]o c '()CI F)or- all )’),q.
CIn anon')er \on(auoje,_ ,,par’?‘i Co};on 'S E-Pre..
servinj ”>

/Pr-ooé. In this Fro# 35{)‘9 is undershood

o be the range o the dum.-nj :j

To beg,-n with we conelude ‘From the de.

(gm’}ions op T end h that 1‘\'5 deﬁninj
Pmperb is  thal

(0) ]’\E.‘_Z = <VU::3§2> -For' ol = .
Brd now we O}DSEJ‘VS

hc fh

< {(0) w-lr\-\ 2:= f‘ﬂ.}

Vo ye [Th)

& ‘?{ c \?fro.nsis\iveé 14 morto“Oﬂics

vy yefly AL th)
%\;c\is‘?ﬁku}'e\z over /\}

<VD:: E¢> FaN <v ::C EC}])
1 rgn ejis Ep:j, r\?eclica}e Ca)c.u\us}

NV J-1J> P

mcno}o"‘:‘c; VmOnolon:c}
<V¢J:: tj E\'\>
£ () with 2 h}
hch

n

m

M

]
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hech
je re(’\ex‘we}

'h"u.e

(End oF) /Proop)

Kemork As an aside 1 would like Yo r:oinl-
Ou;' -”no.l- 'nle. seconal Sx'eP. wl\ick Sl‘f‘enj'”len.s

9 e{'h
UE‘P':) A {?‘jgfh

s c‘bso]ul‘e}j s*andar‘cl. In *Hne ori&ina] r‘e\a—

{ion the oPerands dig)er in  two fES)‘DEC)'s:
versus h ord the number OF) ()c‘r lice

juns , N 'uﬂa S}rerbn-.enec\ VEersion eEage OF)
the diFFereﬂces o s een lOcal‘Qeol in one

O{) -Hf\e Cor‘:jb\ nc}'s , So "H"lo\l" *H"le;j con \oe
dealf with SeFarq\-cb : We could have
-}n' ed the s epe e on the other wc:j rouncd

jgk A ksfk
but as -Hno.l‘ c]ﬁo'tce T'ETn)-roduces -)-\ne c:r‘i-'

'ma} mof o\o]i cﬁioﬂ il- 'S not lﬂe) u.\.
%End O{) (\?emar\:?> F()

to

* Ly
*

Tl’le role c{) -]-Le }u‘n}'s

\«Ji”‘. Sui‘l"&‘:))e -@rma\iZo-l-]on, -H'we hin]-s would
Fu“j deﬁne_ e mani’:u‘o.lions, and we could omit



EwDi3oco- 214

64" '}Lue \n}ermedia')‘e resu”'s' as 'H\e:j \,\J'Ou\d ﬁ;"ow.
Clearb we }\ave no)f' domne so,;, Wwe consider -]-}-,e
inter mediate results an efse_n)ricd in ridien)- op
the proo since i is Yhe inlermedicfe result

Iho} ' indicotes whether we are done or, ifno},

$u33e.5‘\rs Lu"lc“ l—o do nex".

Our hints were intended lo be }ze]]o?u), and
as time went b , We made vp our mind how
we wanted o Ze]'o the reader. “The most im.
ortant roper} -nne hint became +hal it
);D'esl—ric.}‘ Enc{; dg)inzf}e -Hne Search Space where
Yhe Jusl'igcc.‘\iofw Sl’nOu.‘d be -ﬁound. So, i? the
hint~ is

{PFEC“CO‘}'G Ca]c:.alusg ,

-”':en ’Hﬂis means fH’)cJ’ ‘H\e f‘uleﬁ QF) -]-L,e_ rredic_o}e
CQ\CQ\MS S‘u?ﬁce. \fd\’!en ar:j‘}kinj bejond -”wc}

is ‘neeole.c:\, it s some}-)\inj, ¢ rule or e pro-

erb, F-om the context in which the calcule-
f“’“ i5 embedded, in Yhal case the hink
S\oou\cl ide.nh@ 'H'\ol‘ Con]’&k\' elemen]r Unique-

l . Yor -H\is Furl:oo.se we co«-nmon}j nuwm ber
{;’ormu\ae <\ike "CO" in Yhe last exam)o,e).

fh)emar\c ’For -\'\-\e (éfmv.a]& num]oer-'s ]—:]c..cc —”*:e
|e@~ mergin is Yo be Pre@rrec\ over +the rigm-
MQB';n, because then i} is easier Yo main-
tain o smoll distance belween the number
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and -”)e '()or‘mu‘a il- numbers. (Q Similor r‘emc\r\(

amblics o Foﬁe numbers in +a‘o\es ofconl'en]-s-)
(Encl oF’ (Remo.rk)

In the ]‘\in-}s, in our last eXample, 'H'm" r‘e@rr‘ec\
lo (O), we 3&\’3 -H"ne ‘mS‘]‘Gn"}'lo.)’;ons - n'z:: . )
and "2:=h’ res]oec)r'we\‘j—— > -anmjla n SEMP\e
examr\e like 44\55 i',' 18 eflno.las G (i'“‘)e bik
ovef'c\one. 95 sooOn Gs ‘}e Focn-ern ma)'c)win
might become < Pro]o\em, \noweuer‘, the iﬂsgﬂ-
biabion s real{j }ne\PEﬂ] and Wwe —Hwere@re
don']‘ omi]’ i‘*‘. owur J-ek s S]nould no]- FQSe

)ouzzles 40 ’]—]ne reader.

To save sPace we .Some:l-‘;mes combine bwo
mqnirula\-}or\s W‘ln\in C Sinﬁ)e S}e]'). We do
hot \nesil‘a“'e to do so in the case 0() inde-
Fenclenl‘ Commu}-'m oFef‘o»]-ions on d!'sd'ofn)-
su.]oex])res'sions o -H1e in)*ermeclial-e \’esuu-.
We never combine nested substitulons, {ér

"Hno.)‘ Wuld ]pe C:.S\finj v@)r‘ f}roulale. For such

microscopic_ S']Doce S&vinjs,
is “Tn dubio abskine ” , the Spoce Savings
that con be oblcined guc -

b roper o) ? S
Pe roo
lul'"e —-Suc]n S cg%c)-ive %iSZn¥Qn3\eren¥ and

are jrec\ler and

'lnj.

-)]we Sen era] o\clvice

avoided case O\ncal Ses —

intellecbua it more SQHS%
x *

*
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Overloc.d.inq oand an_unsolved di]emmg
2

'Deri\fc-'-'ron dis—}r-i):u.)res over o.cic\i')'ion, iI.e

4

d = d
S =g e

Usuall we don't consider this an exomple QF)

v, r
over'\oad‘mj ) \Du)' iF X+j S}'ands -F:-r o SPe-e.c‘
and t is 4ime, than the + o} the r‘fSH}'-l')and
side adds oaccelerations . Yet we don't «()ee.\
ob]fgec( to Indroduce "}wo diﬁye.r‘en\' + Sijns
and fo write SOme-”'\irﬁ like

d — dx d
.a_&_.()('l-sj) a.z.-}&a? ?

\’)rimari\j because -l-]—.e c.bsence o()c.. no)‘aJrion-
al dislinction belween ‘”')e, Fwro Ctolcli'}ions did
not  introcduce cmj ambfju‘r)b.

Let now x c\nc\‘j be -}wo unclions w}nicl-.,
when QFP\ied Yo 't Jielcl +wo addable
values . _'ﬂaen it s cus}'omar;j 1o de(zme.

-“ﬂe @nchom -ch.,l is denol'eol ‘oj >(+j )Dj

(X-l-j).i* = X.} -\-(tj.f {f_,,- ol b

Note +het , %rmg’fj, “t7 now distribules

Clo the le@) over + (In our {Z:rmer‘

ermP)e —Hwe dislri‘oujn‘on o? d was "~)~o -H-»e
de
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ria)-,.[-", SO We€ are Slin oM l"eQSOnQB‘l} —(é.m:liar

3round.)

But now 'Hfle. c'ues-lion arises w)m} meanirB
40 ascri \De ‘]‘O x:b . TThe *\'rao[iliono] in)‘errre-
tation is thel x=4y is o boolean expression

- - -

S)-o\}-iﬂj 'Hno} P oncl j ore 'H-ne Same F..mc-

Yion , le.,

ij = <VE Xf=jt>

(Here we haove wsed = {::;r equq\ib b eheen
boo lean cFercma\s_) But in o.no.lo:) to our

Pr‘evious eXamr)ie X = Cou]d clso  be inter.
Pre-\—ec\ as o boolean g

(1) (X:j).i‘ = x.{-:g.é Cc:m all ¢ ,
ie., +the boolean —[&nchon +hot 3ie\c\s Jrue

w herever x ond j coincicdle , and olse
euevwhere -e.\se.

unc\-ion aiven bj

—— e e -

Tﬂ man OP 241 wri-l"m S T L‘;ave c}-osen
iy J
m]-errsr‘e‘l-o)von (1) ) _In c\c(cli)‘ion T ]"ta.ve
c'nosen -\-0 LLSE o ]'Jodr‘_ OF) Squcre ]orackeH

.}0 cle.nol-e fér Gy boo'eo.n -Fxnc-lion U\ht'ver‘So.)
quon\-if-ci'cc\}ion over i}.s domaoin .

(2) []o] E <Vé:: ):)f-'>
The 3rea+ odvantoge o{) lhe square brackeks

s 4"1&" one does ‘no}: need 40 inlroduce O
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dummj o\fgumen‘)'. And mow one ]:roceecls

(x and are 'H’Te Same @ne)‘i::n)
{de inition oF ﬁancliono\ C-.".quo\li—}jg
Ve xd = y.b)
{ (1}
<\7[LL‘.: (X:_ij). i‘>
£(2) with b:= xv}
[x=j] ;

i

1)

L

the ano‘jinj moral o-() —-”we S)ro{j is +that +o exPress
w)'\o.‘}' we \«now and o.]vr)f‘ecioc}e as }olo.rn o»nc;
lr\ones)r—'}'o-gocl equo.]':'i' MGJ yeguire an ex}ra.
Gir 3F) square brackets. Al Yhis is not very
_Sa]-i‘s(ac)-ory, bul T don't know enotjh o? }yre
-n'xeon:j to b 1o imrrove ‘H\e Scene,

Nuenen, 25 Jub 2000

Proe dr Edsger w.".DBks]'rQ
"-De,]—;c:.r}meml o() Computer Sciences
The Un5versib "F Jexas ot Bushin
Rustin, TX 39712 - 1188
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