77.

(b) Use part (a) to evaluate

j (xzdfl)2 and j

If a # 0 and n is a positive integer, find the partial fraction
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78. If f is a quadratic function such that f(0) = 1 and
dx
f AR

x(x + 1)

is a rational function, find the value of f'(0).

decomposition of f(x) = 1/(x"(x — a)). [Hint: First find the
coefficient of 1/(x — a). Then subtract the resulting term and

simplify what is left.]

7.5

Strategy for Integration

As we have seen, integration is more challenging than differentiation. In finding the
derivative of a function it is obvious which differentiation formula we should apply. But
it may not be obvious which technique we should use to integrate a given function.

B Guidelines for Integration

Until now individual techniques have been applied in each section. For instance, we usu-
ally used substitution in Exercises 5.5, integration by parts in Exercises 7.1, and partial
fractions in Exercises 7.4. But in this section we present a collection of miscellaneous
integrals in random order and the main challenge is to recognize which technique or
formula to use. No hard and fast rules can be given as to which method applies in a given
situation, but we give some general guidelines that you may find useful.

A prerequisite for applying a strategy is a knowledge of the basic integration formu-
las. In the following table we have collected the integrals from our previous list together
with several additional formulas that we have learned in this chapter.

Table of Integration Formulas Constants of integration have been omitted.
n+1 1
1. fx”de nx+ 1 (n#—1) 2. f;dx=ln|x|
) b*
3.fedx—e 4.fbdx—lnb
5. jsinxdx=—cosx 6. fcosxdx=sinx
7. f sec’x dx = tan x 8. f csc’x dx = —cot x
9. jsecxtanxdx=secx 10. fcscxcotxdx= —CSC X
11. jsecxdx =In|secx + tanx| 12 fcscxdx = In|csc x — cot x
13.ftanxdx=ln\secx| 14.fcotxdx=ln|sinx\
15. f sinh x dx = cosh x 16. f cosh x dx = sinh x
dx 1 o x dx .
= = .| ——=—==sin"" = >
17 fx2+a2 atan (a) 18 fm sin <a>’ a>0
*19.fd—x=i1n =2 *20.f¢=ln|x+«/x2ia2|
x? — g? 2a x+a \/m
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Most of these formulas should be memorized. It is useful to know them all, but the
ones marked with an asterisk need not be memorized since they are easily derived. For-
mula 19 can be avoided by using partial fractions, and trigonometric substitutions can be
used in place of Formula 20.

Once you are armed with these basic integration formulas, if you don’t immediately
see how to attack a given integral, you might try the following four-step strategy.

1. Simplify the Integrand If Possible Sometimes the use of algebraic manipulation or
trigonometric identities will simplify the integrand and make the method of
integration obvious. Here are some examples:

f\/;(l—i-\/;)dx:j(\/;%—x)dx

tan 0 in 0
f an2 Jo — f sin
sec”0 cos 6

=fsin0 cosede=§fsin29de

cos’0 do

f (sin x + cos x)*dx = f (sin*x + 2 sin x cos x + cos*x) dx

=I(1 + 2 sin x cos x) dx

2. Look for an Obvious Substitution Try to find some function u = g(x) in the integrand
whose differential du = g'(x) dx also occurs, apart from a constant factor. For
instance, in the integral

Jore

we notice that if u = x> — 1, then du = 2x dx. Therefore we use the substitution
u = x* — 1 instead of the method of partial fractions.

3. (lassify the Integrand According to Its Form  If Steps 1 and 2 have not led to the solution,

then we take a look at the form of the integrand f(x).

(a) Trigonometric functions. If f(x) is a product of powers of sin x and cos x,
of tan x and sec x, or of cot x and csc x, then we use the substitutions recom-
mended in Section 7.2.

(b) Rational functions. If f is a rational function, we use the procedure of
Section 7.4 involving partial fractions.

(¢) Integration by parts. If f(x) is a product of a power of x (or a polynomial) and
a transcendental function (such as a trigonometric, exponential, or logarithmic
function), then we try integration by parts, choosing u and dv according to the
advice given in Section 7.1. If you look at the functions in Exercises 7.1, you
will see that most of them are the type just described.

(d) Radicals. Particular kinds of substitutions are recommended when certain
radicals appear.

(1) If /x> + a? Vx> — a? or y/Ja® — x* occurs, we use a trigonometric
substitution according to the table in Section 7.3.

(ii) If 3/ax + b occurs, we use the rationalizing substitution u = {/ax + b.
More generally, this sometimes works for ¢/ g(x) .

Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



SECTION 7.5 Strategy for Integration 519

4. TryAgain If the first three steps have not produced the answer, remember that there
are basically only two methods of integration: substitution and parts.

(a) Try substitution. Even if no substitution is obvious (Step 2), some inspiration or
ingenuity (or even desperation) may suggest an appropriate substitution.

(b) Try parts. Although integration by parts is used most of the time on products of
the form described in Step 3(c), it is sometimes effective on single functions.
Looking at Section 7.1, we see that it works on tan"'x, sin”'x, and In x, and
these are all inverse functions.

(c) Manipulate the integrand. Algebraic manipulations (perhaps rationalizing the
denominator or using trigonometric identities) may be useful in transforming the
integral into an easier form. These manipulations may be more substantial than in
Step 1 and may involve some ingenuity. Here is an example:

f j 1 + cos x 1 + cos x
= . = | ——" dx
1 — cosx 1 —cosx 1+ cosx 1 — cos’x

1 + cos x ) cos x
—f dx = cscx + dx
sin’x sin’x

(d) Relate the problem to previous problems. When you have built up some
experience in integration, you may be able to use a method on a given integral
that is similar to a method you have already used on a previous integral. Or you
may even be able to express the given integral in terms of a previous one. For
instance, | tan*r sec x dx is a challenging integral, but if we make use of the
identity tan’x = sec*x — 1, we can write

jtanzx sec x dx = f sec’x dx — j sec x dx

and if I sec’x dx has previously been evaluated (see Example 7.2.8), then that
calculation can be used in the present problem.

(e) Use several methods. Sometimes two or three methods are required to evaluate
an integral. The evaluation could involve several successive substitutions of
different types, or it might combine integration by parts with one or more
substitutions.

In the following examples we indicate a method of attack but do not fully work out
the integral.

tan’ x

EXAMPLE 1 j

OS)C

In Step 1 we rewrite the integral:

tan>x
J —dx = f tan>x sec’x dx
co8 x
The integral is now of the form l tan"”x sec”"x dx with m odd, so we can use the advice
in Section 7.2.
Alternatively, if in Step 1 we had written

j tan’x i :f sin’x 1 i ZJ sin’x i

cos’x cos’x cos’x cos’x
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then we could have continued as follows with the substitution u = cos x:

fsin3x x—jl_cosxsmxdx:f]_u (—du)

cos’x cos’x u

—j du—j(u —u%du [ ]

EXAMPLE 2 fsin\/;dx

According to (ii) in Step 3(d), we substitute u = v/x. Then x = u>, so dx = 2u du and

jsin\/;dx=2jusinudu

The integrand is now a product of « and the trigonometric function sin u so it can be
integrated by parts. L
EXAMPLE3 | xrl

X3 —10x

No algebraic simplification or substitution is obvious, so Steps 1 and 2 don’t apply
here. The integrand is a rational function so we apply the procedure of Section 7.4,
remembering that the first step is to divide. |

EXAMPLE 4 j
XA/ nx

Here Step 2 is all that is needed. We substitute # = In x because its differential is

du = dx/x, which occurs in the integral. [ |
1 —x
EXAMPLE 5 j dx
1+x
Although the rationalizing substitution
1 —x
U=
1+ x

works here [(ii) in Step 3(d)], it leads to a very complicated rational function. An easier
method is to do some algebraic manipulation [either as Step 1 or as Step 4(c)].

Multiplying numerator and denominator by 4/1 — x, we have
[1—x 1 —x
dx
j 1+x j\/1 —x?
1 X
——dx — |————dx

f\/l—xz J~\/l—x2
=sin"'x + 1 —x*+C [

B Can We Integrate All Continuous Functions?

The question arises: will our strategy for integration enable us to find the integral of
every continuous function? For example, can we use it to evaluate | ¢*’dx? The answer
is no, at least not in terms of the functions that we are familiar with.
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The functions that we have been dealing with in this book are called elementary
functions. These are the polynomials, rational functions, power functions (x"), exponen-
tial functions (b*), logarithmic functions, trigonometric and inverse trigonometric func-
tions, hyperbolic and inverse hyperbolic functions, and all functions that can be obtained
from these by the five operations of addition, subtraction, multiplication, division, and
composition. For instance, the function

xr—1

3 +2x—1

sin 2x

flx) =

+ In(cosh x) — xe

is an elementary function.

If f is an elementary function, then f” is an elementary function but ‘ f(x) dx need not
be an elementary function. Consider f(x) = ¢*’. Since f is continuous, its integral exists,
and if we define the function F by

F(x) = LX e dt

then we know from Part 1 of the Fundamental Theorem of Calculus that
F'(x) = e*

Thus f(x) = ¢** has an antiderivative F, but it has been proved that F is not an elemen-
tary function. This means that no matter how hard we try, we will never succeed in evalu-
ating j‘ e’ dx in terms of the functions we know. (In Chapter 11, however, we will see
how to express | e*’ dx as an infinite series.) The same can be said of the following
integrals:

j %xdx j sin(x?) dx j cos(e*) dx

1 sin x
f\/)ﬁ + 1dx —dx f dx
In x X
In fact, the majority of elementary functions don’t have elementary antiderivatives. You
may be assured, though, that the integrals in the following exercises are all elementary
functions.

7.5 ‘ Exercises

1-8 Three integrals are given that, although they look similar,

Inx
may require different techniques of integration. Evaluate the 3. @ f X dx ®) f In(2x) dx

int Is.
ttegrals . (c) fxlnxdx
. J
1. (@) | ———dx (b) dx N
f 1+x f 1+ 4. (a) J sinx dx (b) fsirfx dx
1 J
© f - 22 dx (c) fsin2xdx
. 1 1 r 1
2. 2—1d b) | ———d - - - -
@ [xVir = Tax ()fx\/xz_] x 5. @) [y dx b) |

Vxr—1 1
©) f X dx © fx2—4x+5dx
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6. (@) [xcosx’dx (b) [ xcos’ dx 35. | dx 36. [ sinar di

(c) | x*cosxdx
f 37.f1n(x+ ¥~ 1)dx 38 fl|eX—1|dx

7. (2) fxze”dx (b) J‘xzede

1+ 3 e
39.j X dx 40. f ¢ dx

I —x Lo

(©) f e dx

o \/72 x/2 1 + 4 cotx
8. (a) fe"\/ﬁdx (b) f dx 41. J 3 —2x — x%dx 42, L{M md}(
V1 — e
1 . 1 + sinx
©) | ——=dx . [ — g 4, | ———d
f Ve —1 fﬂr/z 1+ cosx ( 1+cosx
/4 /3 sin 6 cot 6
9-93 Evaluate the integral. 45. fo tan’ sec’f do 46. jm sec 0 9
roCcosx 1 5
9. | ——4d 10. | (3x + 1)V*d 6 tan 0 -
J 1 —sinx * jo(x ) . 4.fsez<:7an 48. f sin 6x cos 3x dx
sec’d — sec 6 0
4 — earcsin,x‘
. . ip——— ( 1
" fl vy Inydy 2. | N dx 49. | 6 tan’6 df 50. jidx
xJ/x — 1

¢ In(In y) 1 X —
1. | dy 1. |, FrEE s1. | 1\-ﬁ/-xx3 dx 52. [VI+ e ax
15. f 41 5 dx 16. J~tsint cos tdt 53 J LN 54 f (x — De” dx
X . . 2
1+ \/; X
r4 x+2 cos(1/x) )
17. Jz x>+ 3x— 4 dx 18. j x° dx 55. fx3(x — 1) *dx 56. Jolx 2 —J1 — x% dx
1 2x — 3
19 [ ————ax 20. [ S——ax 57 L 58 L
xyat =1 vt 3 fx\/4x +1 jx2\/4x +1
cos’x 1 dx
21. d 22, | In(1 + x?)d - v
fcscx x [t + 5 ax 59. fx\/mdx 60. | e
V2/2 X
23. | xsec xtan x dx 24, ———dx 2 : 2
( L N 61. fx sinh mx dx 62. j(x + sin x)*dx
Vi ; dx dx
" ¢ cos? ‘e 63. [ ——— 64, | ———
25. ["rcos’rar 26. l\/t,dz jx+x\/; j\/;-i-x\/;

27. J‘exﬁ‘dx 28. j e’ d 6. fxmdx 66. J xInx dx

1+ e* Nea=n
29. [ arctan Vx dx 30. J’N]Tﬁm 67. | xfiixm 6s. | xzéiii_]
31. fol (1 + /x )Pdx 32. j(l + tan x)? sec x dx 69. fﬁ 70. jﬁ
3. | % 3. | P :;Cj I; o 7. [V e ax 72. | —Jxl — dx
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73.

75

77

79

81

83.

85

87.

sin 2x
(2
J 1+ cos™x

r 1
| YV/——————dx
J Vx + 1+ 4/x
fﬁ \/1 + x?
: 1

x2

dx

2x

.fli-e*'dx

f x + arcsin x
V1= x?

J‘ dx

X

xlnx —x

X

xe
. “‘ ﬁdx

f X sin’x cos x dx

74.

76.

78.

80.

82.

84

I,

J
J

-

86.

88.

J

r/a In(tan x) .
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89. [ /1 — sinx dx 90. [—SmrcosX
f

/4 sin x cos x sinx + cos*x

X 3 _
a2 91.j<\/9 X_\/ al >dx
1 X 9 —x
. !

T 92 [ ————d 93. 71+ sin264d6
1+ 2e" — e J (sin x + cos x)? * jo s
In(x + 1) d ‘

) X 94. We know that F(x) = [, e’ dr is a continuous function by

FTC1, though it is not an elementary function. The functions

4* + 10* d .
—dx ~ et

2% —d d —d.

J Py an f me

x dx are not elementary either, but they can be expressed in terms

VX241 of F. Evaluate the following integrals in terms of F.
. * 31
1 + sinx (a) Jzidx (b) Jgidx
————dx X 2 Inx
1 —sinx
95. The functions y = ¢*” and y = x%*’ don’t have elementary

Sec x cos 2x dx antiderivatives, but y = (2x> + 1)e*’ does. Evaluate
sinx + sec x [(2x% + 1e* dx.

7.6 ‘ Integration Using Tables and Technology

In this section we describe how to use tables and mathematical software to integrate
functions that have elementary antiderivatives. You should bear in mind, though,
that even the most powerful computer software can’t find explicit formulas for the
antiderivatives of functions like e¢** or the other functions described at the end of
Section 7.5.

M Tables of Integrals

Tables of indefinite integrals are very useful when we are confronted by an integral
that is difficult to evaluate by hand. In some cases, the results obtained are of a simpler
form than those given by a computer. A relatively brief table of 120 integrals, catego-
rized by form, is provided on Reference Pages 610 at the back of the book. More
extensive tables, containing hundreds or thousands of entries, are available in separate
publications or on the Internet. When using such tables, remember that integrals do
not often occur in exactly the form listed. Usually we need to use the Substitution
Rule or algebraic manipulation to transform a given integral into one of the forms in
the table.

EXAMPLE 1 The region bounded by the curves y = arctan x, y = 0, and x = 1 is
rotated about the y-axis. Find the volume of the resulting solid.

SOLUTION Using the method of cylindrical shells, we see that the volume is

V= jl 27rx arctan x dx
0
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