CS 341 Homework 22
Review

1. Given the following language categories:

L isfinite.

L isnot finite but isregular.

L isnot regular but is deterministic context free

L isnot deterministic context free but is context free

L isnot context free but is Turing decidable

L isnot Turing decidable but is Turing acceptable

L isnot Turing acceptable

Assign the appropriate category to each of the following languages. Make sure you can justify your answer.
a___ {dbP":k=1lork=2n=0}

b.  {db":k=0ork=1,n=0}
c.__ {dbc": n=0}

d._ {dbc": n=0,m=0}

e {db":nz=00a

f.__ {d@D™: nisprimeand miseven}
g {db"c™ : n=0,m=0}

h.  {db"¢™ : n=0,m=0}
i
b

K.

l.

m.

n.
o_

S SR
q___

QFWQQWP

{abm :n=0,m=0}

{xy : xOa*,yOb* x| =y}

_ {xy:xDOa,yda, xl=1ly}

_ Ax:x0O{ab,c}*, andx has5 or more a's}

___{"M": M accepts at least 1 string}

____{"M":MisaTuring machinethat halts on input € and ['M"| < 1000}

{"M" : M isaTuring machine with < 50 states}

{"M" : M isaTuring machine such that L (M) = a*}

{x: xO{A,B,C,D,E,F, G}, and x isthe answer you write to this question}

Solutions

a_D {db":k=1lork=2n=0}

We haven't discussed many techniques for proving that a context free language isn’'t deterministic, so we can’t
prove that thisoneisn’'t. But essentially the reason thisoneisn’t is that we don’t know what to do when we see
b's. Clearly, we can build apdaM to accept thislanguage. AsM reads each a, it pushesit onto the stack. When
it starts seeing b's, it needs to start popping &s. But there’ s no way to know, until either it runsout of b's or it
gets to the n+1% b, whether to pop an afor each b or hold back and pop an afor every other b. So M is not
deterministic.

b. C {db":k=0ork=1,n=0}

Thisoneislooks very similar to a, but it's different in one key way. Remember that the definition of
deterministic context freeisthat it is possible to build a deterministic pdato accept L$. So now, we can build a
deterministic pda M asfollows: Push each a onto the stack. When we run out of a's, the next character will
either be $ (in the case where k = 0) or b (in the case where k = 1). So we know right away which case we're
dealing with. If M seesab, it goesto a state where it pops one b for each aand acceptsif it comes out even. If it
sees $, it goes to a state where it clears the stack and accepts.

c. _E {dbc": n=0}

We proved that thisis recursive by showing a grammar for it in Lecture Notes 24. We used the pumping theorem
to provethat it isn't context free in Lecture Notes 19.

Homework 22 Review 1



d._ _C {db'c™: n=0,m=0}
This oneis context free. We need to compare the @ sto the b’s, but the ¢’ s are independent. So a grammar to
generate thisoneis:

S-AC

A - aAb

A-ce

C-cC

C-c¢
It's deterministic because we can build a pda that always knows what to do: push a's, pop an afor each b, then
simply scan thec'’s.
ee_C {db":n=0r0a
Thisoneisequivalent to b, since a* = a'b™.
f. _E _{db™: nisprimeand miseven}
This oneis recursive because we can write an algorithm to determine whether a number is prime and another one
to determine whether anumber is even. The proof that it is essentially the same as the one we did in class that a™:
nisprimeisnot context free.
g_C {db"¢™ :n=0 m=0}
This oneis context free. A grammar for itis:

S - aSc

S-bSc

S- ¢
It’s deterministic because we can build a deterministic pdaM for it: M pushes each aonto its stack. It also
pushes an afor each b. Then, when it startsseeing C's, it pops one afor each c. If it runsout of @ sand ¢’'s at the
sametime, it accepts.
h. E {db"¢™ : n=0,m=0}
Thisoneissimilar to g, but because the number of ¢’'sisequal to the product of n and m, rather than the sum,
there is no way to know how many ¢’ sto generate until we know both how many a s there are and how many b's.
Clearly we can write an algorithm to do it, so it’srecursive. To provethis, we need to use the pumping theorem.
Letw = a"b"c"M. Call thea's, region 1, the b’ sregion 2, and the ¢’sregion 3. Clearly neither v nor y can span
regions since, if they did, we'd get a string with letters out of order. So we need only consider the following
possibilities:

(1, 1) The number of ¢’swill no longer be the product of n and m.

(1, 2) The number of ¢’swill no longer be the product of n and m.

(1, 3) Ruled out by [vxy| < M.

(2, 2) The number of ¢’swill no longer be the product of n and m.

(2, 3) The number of ¢’swill no longer be the product of n and m.

(3, 3) The number of ¢’swill no longer be the product of n and m.
i. B {db":n=0,m=0}
Thisoneisregular. Itisdefined by the regular expression a*b*. It isn’t finite, which we know from the presence
of Kleene star in the regular expression.
J._C  {xy:xOa,ydb*, x =}
Thisoneis equivalent to a'b", which we' ve already shown is context free and not regular. W showed a
deterministic pdato accept it in Lecture Notes 14.
k. B {xy:xOa",yUOar, Xl =}
Thisoneis{w =& : |w|iseven}. We ve shown asimple two state FSM for this one.
I._ B {x:x0O{ab,c}*, andxhas5 or moreads}
This one also hasasimple FSM F that acceptsit. F has six states. It simply countsa’s, up to five. If it ever gets
to 5, it accepts.
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m.__F  {"M":M acceptsat least 1 string}
Thisoneisn’t recursive. We know from Rice’'s Theorem that it can’t be, since another way to say thisis

{"M" : L(M) contains at least 1 string}
We can also show that this oneisn't recursive by reduction, which is done in the Supplementary Materials.
n._ A {"M":MisaTuring machinethat halts oninput € and ['M"| < 1000}
Thisoneisfinite because of the limit on the length of the strings that can be used to describe M. Soit’sfinite
(and thus regular) completely independently of the requirement that M must halt on €. 'Y ou may wonder whether
we can actually build afinite state machine F to accept this language. What we know for sureisthat F exists. It
must for any finite language. Whether we can build it or not is a separate question. The undecidability of the
halting problem tells us that we can’t build an algorithm to determine whether an arbitrary TM M haltson €. But
that doesn’t mean that we can’t look at most Turing Machines and tell. So, here, it islikely that we could write
out al the TMs of length less than 1000 and figure out which ones accept . We could then build adeciding
FSM F. But evenif we can't, that doesn’t mean that no such FSM exists. It just means that we don’t know what
itis. Thisisno different from the problem of building an FSM to accept al strings of the form mm/dd/yy, such
that mm/dd/yy is your birthday. A simple machine F to do this exists. Y ou know how to writeit. | don’t
because | don’t know when your birthday is. But that fact that | don’t know how to build F says nothing about its
existence.
o_ E {"M":M isaTuring machine with < 50 states}
This one looks somewhat similar to n. But it's different in akey way. Thisset isn't finite because thereisno
[imit on the number of tape symbols that M can use. So we can't do the same trick we can do in n, where we
could simply list all the machines that met the length restriction. With even asingle state, | can build aTM
whose description is arbitrarily long. | simply tell it what to do in state one if it’ s reading character 1. Then what
todoif it’sreading character 2. Then character 3, and so forth. There' s no limit to the number of characters, so
there' s no limit to the length of the string | must write to consider all of them. Given that the language is not
finite, we need a TM to decide it. Why? What we need to do isto check to make sure that the string isa
syntactically valid encoding of a Turing Machine. Recall the syntax of an encoding. When we see the first a???
symbol that encodes a tape symbol, we know how many digitsit has. All the others must have the same number
of digits. So we have to remember that number. Since there's no limit to it, we can't remember it in afinite
number of states. Since we need to keep referring to it, we can't remember it on astack. Soweneed aTM. But
the TM is astraightforward program that will always halt. Thusthe languageis recursive.
p_ G {"M":M isaTuring machinesuch that L(M) = a*}
Thisoneisn't recursive. Again, we know that from Rice's Theorem. And we can proveit by reduction, which
we did in the supplementary materials for the more general case of any aphabet >. But thislanguage is even
harder than many we have considered, such asH. Itisn't even recursively enumerable. Why? Informally, the
TM languages that are re are the ones where we can discover positive instances by simulation (like, H, where we
ask whether M halts on a particular w?). But how can we try all stringsin a*? Proving thisformally is beyond
the scope of this class.
g._ A  {x: xO{A,B,C,D,E,F G}, and x isthe answer you write to this question}
Thisoneisfinite. Infact, itisalanguage of cardinality 1. Thusit’sregular and there exists an FSM F that
acceptsit. You may feel that there’'s some sort of circularity here. Thereredlly isn't, but even if there were, we
can use the same argument here that we used in n. Even if we didn’t know how to build F, we still know that it
exists.
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