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1 Introduction

Consider a geometric object X with a subset P consisting of n points which
are enumerated Py, ..., P,. Suppose that we have a vector space L over [,
of functions on X with values in F,. Thus f(FP;) € F, for all i and f € L. In
this way one has an evaluation map

evp : L — T}

which is defined by evp(f) = (f(P1),..., f(P,)). This evaluation map is
linear, so its image is a linear code. The image and its dual are the objects
of study of this chapter. The dimension and the minimum distance of these
codes and their duals will be considered. Decoding algorithms for these codes
will be treated.

Defined in this generality, not much can be specifically said about the pa-
rameters of these codes. In the following, X is a subset of the affine or
projective space which is the common set of zeros of some given set of poly-
nomials, called a variety . Py, ..., P, will be rational points of X, i.e. points
that have coordinates in IF,. The functions will be polynomials or rational
functions, that is to say quotients of polynomials. We call the above codes
algebraic geometry (AG) codes if some theory of the variety X gives bounds
on the dimension of the vector space L and the minimum distance of the code.

The classical example of the above situation is given by Reed-Solomon (RS)
codes. Here the geometric object X is the affine line over F,, the points are
n distinct elements of IF, and L is the vector space of polynomials of degree
at most £ — 1 and with coefficients in F,. This vector space has dimension
k. Such polynomials have at most k — 1 zeros, so nonzero codewords have at
least n — k 4+ 1 nonzeros. Hence this code has parameters [n, k,n — k + 1] if
k < n. The length of a RS code is at most q. A way to get longer codes is
by considering subfield subcodes or trace codes of RS codes. In this way one
gets cyclic codes.



If we take as geometric object & the affine space of dimension m over [F,
for the set P all the ¢™ points of this affine space, and as vector space all
polynomials of degree at most r, then we get the Reed-Muller (RM) codes of
order 7 in m variables over [F,.

Every variety has a dimension and a variety of dimension one is called
an algebraic curve. If X is an algebraic curve over F,, P a set of n distinct
points of X that are defined over F,, and L a vector space of rational functions
with prescribed behavior of their poles and zeros, then we get the geometric
Goppa codes. The parameters of these codes are determined by the theorem
of Riemann-Roch , and they satisfy the following bound

k+d>n+1—g, orequivalently d>n+1—%k—g,

where ¢ is an invariant of the curve called its genus . The best codes are
obtained for curves of genus zero. They are in fact extended generalized RS
codes. These codes have length at most ¢ + 1 and are therefore not capable
of giving asymptotically good sequences of codes. The length n of RM codes
is not bounded, but k/n or d/n tends to zero if n — oo. The information
rate R = k/n and the § = d/n of geometric Goppa codes satisfy the following
inequality
g—1

—

R+6>1-

For good geometric Goppa codes, curves of low genus with many rational
points are therefore needed. By studying the number of rational points on
modular curves over finite fields it was shown that there exist asymptotically
good sequences of geometric Goppa codes satisfying the Tsfasman-Viadug-
Zink (TVZ) bound

R+0>1- when ¢ is a square.

1
Vi—1
This bound is better than the Gilbert-Varshamov (GV) bound when g > 49.
It was the first time that the GV bound could be improved.

At the end of the eighties, an active period of research on decoding algo-
rithms for AG codes started, when the decoding algorithm for RS codes was
generalized. RS codes are decoded up to half their minimum distance by first
finding the error positions as zeros of a polynomial known as the error-locator
polynomial. If the error positions are known and their number is strictly
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smaller than the minimum distance, then error values can be obtained by
solving linear equations involving syndromes . This idea was generalized by
error-locator functions on curves. The resulting basic algorithm decodes up
to half the designed minimum distance minus the genus. A technique called
majority voting of unknown syndromes gives an algorithm which decodes up
to half the designed minimum distance. Yet faster decoding algorithms were
devised with an application of linear recurring sequences in several variables.
This is a multivariate generalization of the algorithm of Berlekamp-Massey .

The theory of algebraic geometry codes is rather involved and deep. To treat
algebraic curves (or equivalently algebraic function fields of one variable) in
a self-contained way, is already beyond the scope of this chapter. A large
part of the theory of modular curves is required to understand the result on
the asymptotically good sequences of codes on these curves. The complexity
of the construction of these codes is polynomial but, because the polynomial
degree is high, still not suitable for practical applications.

Several attempts have been made to give an elementary treatment. That
means an easier way both to construct the codes and to understand and
prove their properties. For plane curves, the theorem of Bézout was used to
compute the parameters of the codes, but for the dual codes the theorem of
Riemann-Roch was still needed. The majority voting for unknown syndromes
gave a new bound for the minimum distance. It was the starting point of an
elementary treatment of AG codes and it is the foundation of the main part
of this chapter.

It resulted furthermore in an explicit and easy description of asymptoti-
cally good sequences of curves over F, when ¢ is a square. Thus the theory
has been simplified drastically, but it still needs the theory of Artin-Schreier
extensions. The corresponding codes are not yet known by an explicit de-
scription, but a start has been made.

Our aim with this chapter is not to survey the vast body of literature on AG
codes but to give an account of the construction and decoding of these codes
which can be treated in a self-contained and elementary way.

The key concept in our treatment is the notion of an order function . This
concept is well-known in the context of computational algebra and Grobner
bases where reduction orders on monomials are intensively used. Two more
applications of order functions will be given: bounds on the minimum dis-
tance and decoding.



In Sections 3-7 the theory is developed for the class of evaluation codes
and their duals, giving all the necessary definitions, theorems and proofs
using only linear algebra and some elementary knowledge of the ring of poly-
nomials in several variables as a background.

The class of evaluation codes with their duals contains codes on varieties
of arbitrary dimension and therefore intersects the class of geometric Goppa
codes in the set of so-called one point codes on curves.

The part on asymptotically good sequences of AG codes will only be out-
lined.

Section 2 contains an outline of the standard description of algebraic geom-
etry codes. Section 3 introduces the concepts order and weight functions.
Section 4 defines and proves bounds on the minimum distance of evalua-
tion codes and their duals. Section 5 treats special order functions, which
are called weight functions, and their associated semigroups. Properties on
the minimum distance for the codes are shown. The decoding of AG codes
is treated in Section 6, where the basic algorithm and the majority voting
scheme of unknown syndromes is explained. Section 7 gives a fast decoding
algorithm.

References are not included in the main text but each section ends with a
subsection called Notes, where references and some history are given.

Notation: A field is denoted by F and its algebraic closure by F. The set of
nonzero elements of F is denoted by F*. The field of real numbers is denoted
by R. The finite field with ¢ elements is denoted by F,. The standard inner
product on the vector space F" is defined by x-y = > | z;5;. The integers
are denoted by 7Z, the nonnegative integers by Ny and the positive integers
by N. The greatest common divisor of two integers a and b is denoted by
ged(a, b). An F-algebra will be a commutative ring with a unit that has F
as a unitary subring, and it will be denoted by R. Most of the time the
F-algebra will be F[X7,..., X,,] , the polynomial ring in m variables with
coefficients in FF, or its factor rings F[Xy,...,X,,|/] where [ is an ideal of
F[Xy,...,Xn]. Elements of F[Xy,...,X,,] will be denoted by capitals F,
G and H and the corresponding cosets in F[X;,..., X,,]/I by f, g and h,
respectively.



2 Codes from curves

Reed-Solomon codes can be defined by considering points with coordinates
in F, on the projective line. Codewords are defined by considering rational
functions with a pole of restricted order at a specified point and taking the
values of these functions at the given points as coordinates. The classical
Goppa codes are defined by calculating residues of certain functions at given
points. The set of functions is restricted by requirements on their zeros and
poles. These two ideas are what we shall generalize in this section. We must
study algebraic curves, find a way to describe the restrictions on the set of
functions that we use, and generalize the concept of residue. We describe
two classes of codes that are duals. Finally we consider asymptotically good
codes on curves.

In this section the theory is outlined and most of the proofs are omitted.

2.1 Algebraic curves

In the following, I is an algebraically closed field. In our applications, FF
will be the algebraic closure of F,. A" will denote n-dimensional affine space
with coordinates x1, xo, . .., x,. Similarly, P" will be n-dimensional projective
space with homogeneous coordinates zg, x1,...,z,. First, we discuss the
affine case. The situation for projective spaces is slightly more complicated.

In the space A", the algebraic sets are the sets of zeros of ideals I of
F[X1, Xo, ..., X,], that is to say

B=V(I)={(x1,22,...,2,) € A" | F(xy,29,...,2,) =0foral FFe I}.

We always assume that [ is radical, this means that F' € [ if F™ € [ for some
n € Ny, so I consists of all the polynomials that vanish on B, by Hilbert’s
Nullstellensatz. An algebraic set B is called irreducible if B cannot be written
as the union of two proper algebraic subsets of B. An ideal I is called prime
if F€lorGelforall F,G such that F'G € I. The set V(1) is irreducible
if and only if [ is a prime ideal.

Example 2.1 In the affine plane, consider the principal ideal generated by
X2 — Y2 The corresponding algebraic set is the union of two lines with
equations Y = X, respectively Y = —X. Each of these lines is an irreducible
algebraic set in the plane A2,



All the curves in affine or projective space in this paragraph are required to
be irreducible.

Definition 2.2 Consider a prime ideal I in the ring F[X;, X5, ..., X,,]. The
set X of zeros of [ is called an affine variety.

Example 2.3 In 3-dimensional space, we consider the unit sphere, that is
to say, the set with equation X? + Y? + Z? = 1. In our terminology, this
is the affine variety consisting of the zeros of the ideal I, generated by the
polynomial X2 +Y? + Z2 — 1. We are just using algebraic terminology to
describe geometric objects that are defined by equations.

Two polynomials that differ by an element of I will have the same value in
each point of X'. This is the reason for introducing the following ring.

Definition 2.4 The ring F[X;, Xs, ..., X,]/I is called the coordinate ring
F[X] of the variety X

We adopt the convention to use capital letters X, ..., X,,, Y and Z to denote
variables. Polynomials are denoted by F', G and H and their cosets modulo
the ideal I are denoted by small letters f, g and h, respectively.

The coordinate ring is an integral domain, that is to say, f =0 or g = 0 for
all f, g such that fg = 0, since [ is a prime ideal. Therefore, we can make
the following definition.

Definition 2.5 The quotient field of the ring F[X] is denoted by F(X). Tt
is called the function field of X. The elements of F(X) are called rational
functions. The dimension of the variety X is the transcendence degree of
F(X) over F. If this dimension is 1, X is called an algebraic curve .

Example 2.6 In the affine plane over the field F, we consider the parabola
X with equation Y2 = X. In this example, the coordinate ring F[X] consists
of all the expressions of the form A + By, where A and B are in F[x] and y
satisfies y* = z. So, F(X) is an algebraic extension of F(z) by the element
y, satisfying this equation of degree 2.



In projective space P, the situation is complicated by the fact that we must

use homogeneous coordinates. A point (zg : 3 : -+ : x,) in P" is the line
in A" through the origin and (zg,2y1,...,2,) # 0. So (zg: 2y : - x,) =
(Yo : y1 : -+t yp) if and only if (zg,z1,...,2,) = AMYo, Y1, -.,Yn) for some

A € F*. Hence it makes sense to consider the zero set in P" of homoge-
neous polynomials, but for rational functions to have a meaning one takes
only those quotients for which numerator and denominator are homogeneous
polynomials of the same degree. A projective variety X" is the zero set in P"
of a homogeneous prime ideal I in F[X,, X;,..., X,]. Consider the subring
R(X) of F(Xo, X1,...,X,) consisting of the fractions F'/G, where F and G
are homogeneous polynomials of the same degree and G ¢ I. Then R(X)
has a unique maximal ideal M (X') consisting of all those F'/G with F € I.
The function field F(X) is by definition R(X)/M(X).

Definition 2.7 Let X be an affine or a projective variety. Let P be a point
on X. Then a rational function ¢ is called regular in the point P if one
can find polynomials F' and G, respectively homogeneous polynomials of the
same degree, such that G(P) # 0 and ¢ is the coset of F//G. The functions
that are regular in every point of the set U form a ring, denoted by F[U].

If X is affine, then the coordinate ring of X coincides with the ring of regular
functions on X, so there is no ambiguity in the notation F[X].

If X is projective, then there are no regular functions on X except con-
stant functions.

Definition 2.8 The local ring Op (sometimes denoted by Op(X)) of the
point P on the variety X is the set of rational functions that are regular in

P.

The reader familiar with algebraic terminology will realize that this is indeed
a “local ring” in the algebraic sense, that is to say,it has a unique maximal
ideal, namely the set Mp of functions in Op that are zero in P.

Example 2.9 In P? with coordinates (z : y : z), consider the variety X
defined by XZ — Y2 = 0. This is the parabola of Example 2.6, now with
one point at infinity, namely Q=(1:0:0). The function x/y is equal to y/z
on the curve, hence it is regular in the point P = (0 : 0 : 1). The function
(2zz + 22)/(y* + 2?%) is regular in P. By replacing y? by zz, we see that the
function is equal to (22 + 2)/(x + z) and therefore also regular in Q.
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Now we show how to embed an affine variety in a projective variety. Associate
with F' € F[X3, ..., X,] the homogeneous polynomial F* defined by

Fr = X(Z)F(Xl/Xm s aXn/X0)>

where [ is the degree of F. Let X be an affine variety in A™ defined by
the prime ideal I. Let I* be the ideal generated by {F*|F € I}. Then
I* is a homogeneous prime ideal defining the projective variety X™* in P".

Let Xy = {(xo : @1 : --+ ¢ x,) € X*xg # 0}. Then X is isomorphic
with Ay under the map (xy,...,x,) — (1 : z1 : -+ : x,). The points
(g :xy:-+-:x,) € X* such that zy = 0 are called the points at infinity of

X. Furthermore the function fields F(X) and F(X*) are isomorphic under
the map f/g — f*z{'/g*, where m = deg(g) — deg(f).

Conversely, for any point P of a projective variety X and any hyperplane
H not containing P the complement X'\ H is an affine variety containing P.

From now on, most of the time we will consider plane curves to simplify the
treatment.

Definition 2.10 Let F = > a;X'Y? € F[X,Y]. Then Fx, the partial
derivative of F with respect to X is defined by

Fx =) iagX"'Y?
and Fy is defined similarly.

Definition 2.11 Consider a curve X in A2, defined by the equation F' = 0.
Let P be a point on this curve. If at least one of the derivatives F'y or Fy is
not zero in P, then P is called a simple or nonsingular point of the curve. A
curve is called nonsingular, reqgular or smooth if all the points are nonsingular.

Let P = (a,b) be a nonsingular point on X'. The tangent line Tp at P is
defined by dpF' = 0, where we define

dpF = Fx(a,b)(X — a) + Fy(a,b)(Y —b).

The definitions for a projective plane curve are similar and as follows. Let a
projective plane curve be defined by the homogeneous equation F' = (0. Let
P be a point on this curve. If at least one of the derivatives Fy, Fy or F
is not zero in P, then P is called a simple or nonsingular point of the curve.
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Let P = (a : b : ¢) be a nonsingular point of the curve. Then the tangent
line at P has equation

Fx(a,b,c)X + Fy(a,b,c)Y + Fz(a,b,c)Z = 0.

Example 2.12 The Fermat curve F,, is a projective plane curve with defin-
ing equation
X"+ Y"4+ 7™ =0.

The partial derivatives of X™ 4+ Y™ 4 Z™ are mX™ 1, mY™ ! and mZ™ 1.
So considered as a curve over the finite field F,, it is regular if m is relatively
prime to q.

Example 2.13 Let ¢ = r%. The Hermitian curve H, over F, is defined by
the affine equation
Uttt + vt +1=0.

The corresponding homogeneous equation is
Ur—i—l 4 Vr+l + Wr+l = 0.

Hence it has 7 4+ 1 points at infinity and it is the Fermat curve F,, over [,
with 7 = m — 1. The conjugate of a € [F, over I, is obtained by a = a". So
the equation can also be written as

UU+VV+WW =0.

This looks like equating a Hermitian form over the complex numbers to zero
and explains the terminology.

We will see in Section 3 that for certain constructions of codes on curves
it is convenient to have exactly one point at infinity. We will give a transfor-
mation such that the new equation of the Hermitian curve has this property.
Choose an element b € F, such that 0" = —1. There are exactly r + 1 of
these, since ¢ = r%. Let P = (1:b:0). Then P is a point of the Hermitian
curve. The tangent line at P has equation U + 0"V = 0. Multiplying with b
gives the equation V' = bU. Substituting V' = bU in the defining equation of
the curve gives that W"+! = 0. So P is the only intersection point of the Her-
mitian curve and the tangent line at P. New homogeneous coordinates are
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chosen such that this tangent line becomes the line at infinity. Let X; = W,
Y, =U and Z; = bU — V. Then the curve has homogeneous equation

X{—H — br}/lrzl 4 inZI _ Zi‘-‘rl

in the coordinates X, Y¥; and Z;. Choose an element a € F, such that
a”" 4+ a = —1. There are r of these. Let X = X1, Y =0bY; +aZ; and Z = Z;.
Then the curve has homogeneous equation

Xt =y z4+v2"
with respect to X, Y and Z. Hence the Hermitian curve has affine equation
X =y 4y

with respect to X and Y. This last equation has (0 : 1: 0) as the only point
at infinity.

Example 2.14 The Klein curve has homogeneous equation
XY +Y*Z+ Z°X = 0.
More generally we define the curve IC,,, by the equation
X"+ Y"Z+7"X =0.

Suppose that m? — m + 1 is relatively prime to q. The partial derivatives
of the left side of the equation are mX™ 'Y + Z™ mY™ 1Z + X™ and
mZ™ X +Y™. Let (z:y: z) be a singular point of the curve K,,,. If m is
divisible by the characteristic, then 2™ = y™ = 2" =0. Sox =y =2=0, a

contradiction. If m and q are relatively prime, then 2™y = —my™z = m2z™z.

So
(m?* —m+1)2"e = 2™y +y™z + 2™z = 0.

Therefore z = 0 or = 0, since m?> — m + 1 is relatively prime to the
characteristic. But z = 0 implies 2™ = —my™ 'z = 0. Furthermore y™ =
—mz™"12. Sox = y = z = 0, which is a contradiction. Similarly z = 0 leads

to a contradiction. Hence K, is nonsingular if ged(m? —m +1,q) = 1.
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2.2 Local parameters and discrete valuations

We want to show that the maximal ideal M p is a principal ideal, that is to
say, generated by one element. Let X be a smooth curve in A? defined by
the equation F' = 0, and let P = (a,b) be a point on X. The maximal ideal
Mp is generated by x — a and y — b. Now

Fx(P)(z —a) + Fy(P)(y —b) = 0 mod M3.

Hence the F-vector space Mp/M?% has dimension 1 and therefore Mp has
one generator. Let g € F[X] be the coset of a polynomial G. Then g is a
generator of Mp if and only if dpG is not a constant multiple of dpF'.

Definition 2.15 Let ¢t be a generating element of Mp. We can then write
every element z of Op in a unique way as z = ut™, where u is a unit and
m € Ny. The function t is called a local parameter or uniformizing parameter
in P. If m > 0, then P is a zero of multiplicity m of z. We write m =
ordp(z) = vp(z). We use the convention vp(0) = co.

Theorem 2.16 The map vp : Op — NygU {0} is a discrete valuation, that
1s to say the map is surjective and it satisfies the following properties:

(i)  v,(f) =00 ifand onlyif f=0
(1)  vp(Af) =vp(f) for all nonzero X\ €T
(¢ii) vp(f +g) = min{vp(f),vp(g)}
and equality holds when vp(f) # vp(g).
() vp(fg) = vp(f) +vr(g)
(v) If vp(f) =wvp(g), then there exists a nonzero X\ € F such that

vp(f — Ag) > vp(g).
for all f,g € Op. Here oo > n for all n € Ny.

We extend the function vp to F(X) by defining vp(f/g) = vp(f) — vp(g).
If vp(z) = —m < 0, then we say that z has a pole of order m in P. If z is
an element of F(X) with vp(z) = m, then we can write z = at™ + 2/, where
a € F, a # 0, and vp(z’) > m. In this way, one can show that z can be

expanded as a Laurent series ) .. . a;t', where a; € F for all ¢ and a,, # 0.

Example 2.17 Let P! be the projective line over F. A local parameter in
the point P = (1:0) is y/x. The rational function (z? — 3?)/y* has a pole
of order 2 in P. If F does not have characteristic 2, then (1:1) and (—1:1)
are zeros with multiplicity 1.
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Example 2.18 Let the characteristic of F be unequal to 2. Let X be the
circle in A? with equation X? +Y? =1 and let P = (1,0). Let z = 1 — .
This function is 0 in P, so it is in M p. We claim that z has order 2. To see
this, observe that y is a local parameter in P, because the line dpY =Y =0
is not equal to the tangent line X = 1 in P. Furthermore, on X we have
1—x=y?/(1+z) and the funcion 1/(1 + z) is a unit in Op.

When we construct codes, we will be interested in points that have their
coordinates in our alphabet IF,. We give these a special name.

Definition 2.19 Let X be a curve defined over I, that is to say, the defining
equations have coefficients in IF,. Then points on X with all their coordinates
in [F, are called rational points.

Example 2.20 Consider the Klein quartic with equation X3Y + Y3Z +
Z3X = 0 of Example 2.14 over the algebraic closure of Fy. Look at a few of
the subfields. Over Fy the rational points are (1:0:0), (0:1:0), and (0:0:1). If
we go to [y, there are two more rational points, namely (1 : a : 1+ «) and
(1:14a:a)if Fy={0,1,a,a?}, where o® =1 + a.

In later examples, this curve will be studied over Fg. As usual, we define
this field as Fy(&), where €3 = £ + 1. If a rational point has a coordinate
0, it must be one of the points over Fy. If xyz # 0, we can take z = 1. If
y =& (0 <i<6), then write x = 3. Substitution in the equation gives
n3 +n+1 =0, that is to say, n is one of the elements £, £2, or £€*. So we find
a total of 24 rational points over Fg.

Example 2.21 Let X be the plane curve with equation X3 + Y3 4 73 =
0 over the closure of IF, and look at the subfield 4. So we consider the
Hermitian curve Hy of Example 2.13. Since a third power of an element of
F4 is 0 or 1, all the rational points have one coordinate 0. We can take one
of the others to be 1, and the third one any nonzero element of Fy. So we
find nine (projective) points. In @ = (0: 1 : 1), we can take t = x/z as local
parameter. We consider a difficulty that will come up again. The expression
f =x/(y + z) looks like a perfectly reasonable function and in fact on most
of X it is. However, in () the fraction does not make sense. We must find an
equivalent form for f near ). On X we have

v w(yP+yz+ 27 _t_Q'y2+yz+z2
y+z y? + 23 22

Y
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where the second factor on the right is regular and not 0 in ). By our earlier
conventions, we say that f has a pole of order 2 in (). Similarly, y/(y + 2)
has a pole of order 3 in Q).

2.3 Bézout’s theorem

We now consider the intersection of a curve and a hypersurface in P*. We
assume that the reader is familiar with the fact that a polynomial of degree
m in one variable, with coefficients in a field has at most m zeros. If the field
is algebraically closed and if the zeros are counted with multiplicities, then
the number of zeros is equal to m. We shall now state a theorem, known as
Bézout’s theorem, which is a generalization of these facts to polynomials in
several variables.

The degree of a projective curve is the maximal number of points in the
intersection with a hyperplane not containing the curve. So the degree of a
projective plane curve is equal to the degree of the defining equation.

We only consider the intersection of an irreducible nonsingular projective
curve X of degree [ and a hypersurface ) defined by the equation G' = 0 of
degree m. We assume that & is not contained in ).

Definition 2.22 Let P be a point of X. Let H be a homogeneous linear
form such that H(P) # 0. Let h be the class of H modulo the ideal defining
X. Then the intersection multiplicity I(P; X,)) of X and ) in P is defined

by vp(g/h™).

This definition does not depend on the choice of H, since h/h’ is a unit in
Op for any other choice of a linear form H’ that is not zero in P.

Theorem 2.23 Let X be an irreducible nonsingular projective curve of de-
gree | and Y a hypersurface of degree m in P such that X is not contained
in Y. Then they intersect in exactly Im points (if counted with multiplicity).

We do not prove this theorem. If F is not algebraically closed or the curves
are affine, then the curves intersect in at most Im points.

We mention two consequences of this theorem.

Corollary 2.24 Two projective plane curves of positive degree have a point
m common.
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Corollary 2.25 A regular projective plane curve is irreducible.

Proof. If FF = GH is a factorization of F' with factors of positive degree,
we get
Fx =GxH+ GHx

by the product or Leibniz rule for the partial derivative. So Fx is an element
of the ideal generated by G and H, and similarly for the other two partial
derivatives. Hence the set of common zeros of Fy, Fy, F; and F contains
the set of common zeros of G and H. The intersection of the curves with
equations G = 0 and H = 0 is not empty since G and H have positive
degrees, by Corollary 2.24. Therefore the curve has a singular point. O

Remark 2.26 Notice that the assumption that the curve is a projective
plane curve is essential. The equation X?Y — X = 0 defines a regular affine
plane curve, but is clearly reducible. However one gets immediately from
Corollary 2.25 that if F' = 0 is an affine plane curve and the homogenization
F* defines a regular projective curve, then F' is absolutely irreducible. The
affine curve with equation X?Y — X = 0 has the points (1 : 0 : 0) and
(0:1:0) at infinity, and (0 : 1:0) is a singular point.

Let V} be the vector space of polynomials of degree at most [ in two variables
X,Y and coefficients in IF,. Consider an element G of degree m in F,[X,Y]
such that the homogeneous form G* defines a nonsingular curve. Then G
is irreducible in F[X, Y], where F is the algebraic closure of F, by Corollary
2.25. Let P, P, ..., P, be rational points on the plane curve defined by the
equation G = 0, that is to say, P; = (a;,b;) € F, and G(P;) = 0for 1 < i < n.
We define a code C' by

C = {(F(P),F(P),...,F(P,))| F € F,[X,Y], deg(F) < I}

We shall use d for the minimum distance of this code and (as usual) call the
dimension &.

Theorem 2.27 Letn > Im. For the minimum distance d and the dimension
k of C, we have
d>n—Im,
L) ifl<m,
im+1—("") ifl>m.
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Proof. The monomials of the form XY ? with o + 8 < [ form a basis of
V;. Hence V; has dimension (122).

Let F € V,. If G is a factor of F', then the codeword in C' corresponding to
F'is zero. Conversely, if this codeword is zero, then the curves with equation
F = 0 and G = 0 have degree I’ < [ and m respectively, and they have
the n points Py, P, ..., P, in their intersection. Bézout’s theorem and the
assumption Im < n imply that F' and G have a common factor. Since G is
irreducible, F' must be divisible by G. Hence the functions F' € V; that yield
the zero codeword form the subspace GV_,,. This implies that if [ < m,

then k = (%), and if [ > m, then

(000 e ()

The same argument with Bézout’s theorem shows that a nonzero code-
word has at most Im coordinates equal to 0, that is to say, it has weight at

least n — Im. Hence d > n — lm.
O

Remark 2.28 If I}, ..., F} is a basis for V; modulo GV,_,,, then
(Fy(P) |1<i<k1<j<n)

is a generator matrix of C'. So it is a parity check matrix for the dual of
C. The minimum distance d* of C* is equal to the minimal number of
dependent columns of this matrix. Hence for all t < d* and every subset Q
of P={P,...,P,} consisting of ¢ distinct points, the corresponding k x ¢
submatrix has maximal rank t. Let L, = V;/GV,_,,. Then the map that
evaluates polynomials at the points of Q induces a surjective map from L,
to ;. The kernel, which we denote by L;(Q), is the space of all functions
F €V, that are zero at the points of @ modulo GV,_,,, So dim(L;(Q)) = k—t
if t <d*.

Conversely, the dimension of L;(Q) is at least k—t for all t-subsets Q of P.
But in order to get a bound for d*, we have to know that dim(L;(Q)) = k—t
for all t < d*. The theory developed so far is not sufficient to get such
a bound. The theorem of Riemann-Roch gives an answer to this question.
See Section 2.7. Section 4 gives another, more elementary, solution to this
problem.
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Notice that the following inequality holds for the code C:
k+d>n+1-—g,

where g = (m—1)(m—2)/2. In Section 2.4 we will see that g is the genus, see
Definition 2.48. In Sections 3-6 the role of g will be played by the number of
gaps of the Weierstrass semigroup of a point at infinity, see Definition 2.60.

2.4 Divisors

In the following, X is an irreducible smooth projective curve over an alge-
braically closed field F.

Definition 2.29 A divisor is a formal sum D =}, npP, with np € Z
and np = 0 for all but a finite number of points P. The support of a divisor
is the set of points with nonzero coefficient. A divisor D is called effective if

all coefficients np are nonnegative (notation D 3= 0). The degree deg(D) of
the divisor D is Y np.

Definition 2.30 Let X and ) be projective plane curves defined by the

equations F' = 0 and G = 0, respectively, then the intersection divisor X -y
is defined by

X-Yy=> I(P;X,Y)P,
where I(P; X)) is the intersection mulitplicity of Definition 2.22.
Bézout’s theorem tells us that X - ) is indeed a divisor and that its degree
is Im if the degrees of X and ) are [ and m, respectively.

Let vp = ordp be the discrete valuation defined for functions on X in Defi-
nition 2.15.

Definition 2.31 If f is a rational function on X', not identically 0, we define
the divisor of f to be

(f)=>_wvplf)P.

pPeX

So, in a sense, the divisor of f is a bookkeeping device that tells us where
the zeros and poles of f are and what their multiplicities and orders are.

Theorem 2.32 The degree of a divisor of a rational function is 0.
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Proof. Let X be a projective curve of degree [. Let f be a rational function
on the curve X. Then f is represented by a quotient A/B of two homogeneous
polynomials of the same degree, say m. Let ) and Z be the hypersurfaces
defined by the equations A = 0 and B = 0, respectively. Then vp(f) =
I(P;X,Y) — I(P;X,Z), since f = a/b = (a/h™)(b/h™)~!, where H is a

homogeneous linear form representing h such that H(P) # 0. Hence
(fl=X - YV-—X.2

So (f) is indeed a divisor and its degree is zero, since it is the difference of
two intersection divisors of the same degree Im. 0

Example 2.33 Look at the curve of Example 2.21. We saw that f = z/(y+
z) has a pole of order 2in @ = (0:1:1). The line £ with equation X =0
intersects the curve in three points, namely Py = (0:a: 1), P, =(0: 14«
1) and Q. So X - L = P, + P, + Q. The line M with equation Y = 0
intersects the curve in three points, namely Py = (1:0:1), P, = (a:0:1)
and Ps = (1+a:0:1). So X- M = P3+ P, + Ps. The line N with
equation Y + Z = 0 intersects the curve only in Q. So X - N = 3Q. Hence
(x/(y+z)):P1+P2—2Q and (y/(y+z)):P3+P4+P5—3Q

In this example it is not necessary to compute the intersection multiplic-
ities since they are a consequence of Bézout’s theorem.

Example 2.34 Let X be the Klein quartic with equation X3Y + Y37 +
Z3X =0 of Example 2.14. Let P, =(0:0:1), P, =(1:0:0) and Q = (0 :
1:0). Let £ be the line with equation X = 0. Then £ intersects X in the
points P; and Q). Since L is not tangent in @, we see that I(Q; X, L) = 1.
So the intersection multiplicity of X and £ in P; is 3, since the multiplicities
add up to 4. Hence X - L = 3P, + ). Similarly we get for the lines M and
N with equations Y = 0 and Z = 0, respectively, X - M = 3P, + P; and
XN =3Q+P,. Therefore (/z) = 3P, —P,—2Q and (y/z) = P1+2P,—3Q.

Definition 2.35 The divisor of a rational function is called a principal di-
visor. We shall call two divisors D and D’ linearly equivalent if and only if

D — D' is a principal divisor ; notation D = D’.

This is indeed an equivalence relation.
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Definition 2.36 Let D be a divisor on a curve X'. We define a vector space
L(D) over F by

LID) ={f e F(X)" | (f) + D= 0y U {0}.
The dimension of £(D) over F is denoted by I(D).

Note that if D = 371 n; P — > 27 m;Q; with all n;;m; > 0, then L(D)
consists of 0 and the functions in the function field that have zeros of multi-
plicity at least m; at @); (1 < j < s) and that have no poles except possibly
at the points P;, with order at most n; (1 < i <r). We shall show that this
vector space has finite dimension.

First we note that if D = D’ and g is a rational function with (¢) = D—D’,
then the map f — fg shows that £(D) and £(D’) are isomorphic.

Theorem 2.37
(i) I(D)=0 ifdeg(D) <0,
(ii) (D) < 1+ deg(D).

Proof. (i) If deg(D) < 0, then for any function f € F(X)*, we have
deg((f) + D) < 0, that is to say, f ¢ L(D).

(i) If fisnot 0 and f € L(D), then D' = D + (f) is an effective divisor
for which £(D’) has the same dimension as £(D) by our observation above.
So without loss of generality D is effective, say D = >"._ n;P;, (n; > 0 for
1 <7 <r). Again, assume that f is not 0 and f € £(D). In the point P;,
we map [ onto the corresponding element of the n;-dimensional vector space
(t;"Op,)/Op,, where t; is a local parameter at P;. We thus obtain a mapping
of f onto the direct sum of these vector spaces ; (map the 0-function onto 0).
This is a linear mapping. Suppose that f is in the kernel. This means that
f does not have a pole in any of the points P;, that is to say, f is a constant
function. It follows that

(D) <1+ inl =1+ deg(D).

i=1

O

Example 2.38 Look at the curve of Examples 2.21 and 2.33. We saw that
f=x/(y+2) and g = y/(y + 2) are regular outside ) and have a pole of
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order 2 and 3, respectively, in = (0 : 1 : 1). So the functions 1, f and
¢ have mutually distinct pole orders and are elements of £(3Q). Hence the
dimension of £(3Q) is at least 3. We will see in Example 2.57 that it is
exactly 3.

2.5 Differentials on a curve
Let X be an irreducible smooth curve with function field F(X).

Definition 2.39 Let V be a vector space over F(X). An F-linear map D :
F(X) — V is called a derivation if it satifies the product rule

D(fg) = fD(g) + gD(f).

Example 2.40 Let X be the projective line with funtion field F(X). Define
D(F) = > ia; X! for a polynomial F' = Y a;X" € F[X] and extend this
definition to quotients by

. (F) _ GD(F) ~ FD(G)

G G2

Then D : F(X) — F(X) is a derivation.

Definition 2.41 The set of all derivations D : F(X) — V will be denoted
by Der(X,V). We denote Der(X,V) by Der(X) if V = F(X).

The sum of two derivations Dy, Dy € Der(X,V) is defined by (D14 Ds)(f) =
Di(f)+ Da(f). The product of D € Der(X,V) with f € F(X) is defined by
(fD)(g) = fD(g). In this way Der(X,V) becomes a vector space over F(X).

Theorem 2.42 Let t be a local parameter at a point P. Then there exists
a unique deriwvation Dy : F(X) — F(X) such that Dy(t) = 1. Furthermore
Der(X) is one dimensional over F(X) and Dy is a basis element for every
local parameter t.

Definition 2.43 A rational differential form or differential on X is an F(X')-
linear map from Der(X) to F(X). The set of all rational differential forms
on X is denoted by Q(X).
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Again Q(X) becomes a vector space over F(X) in the obvious way. Consider
the map
d:F(X) — QX),

where for f € F(X) the differential df : Der(X) — F(X) is defined by
df (D) = D(f) for all D € Der(X). Then d is a derivation.

Theorem 2.44 The space Q(X) has dimension 1 over F(X) and dt is a
basis for every point P with local parameter t.

So for every point P and local parameter tp, a differential w can be rep-
resented in a unique way as w = fpdtp, where fp is a rational function.
The obvious definition for “the value “ of w in P by w(P) = fp(P) has no
meaning, since it depends on the choice of ¢p. Despite of this negative result
it is possible to say whether w has a pole or a zero at P of a certain order.

Definition 2.45 Let w be a differential on X'. The order or valuation of
w in P is defined by ordp(w) = vp(w) = vp(fp). The differential form w
is called regular if it has no poles. The regular differentials on & form an
F[X]-module, which we denote by Q[X].

This definition does not depend on the choices made.

If X is an affine plane curve defined by the equation F' = 0 with F' € F[X, Y],
then Q[X] is generated by dx and dy as an F[X]-module with the relation
fzdx + fydy = 0.

Example 2.46 We again look at the curve X in P? given by X3+Y34+23 = 0
in characteristic unequal to three. We define the sets U, by U, = {(z : vy :
z) € X|y # 0,z # 0} and similarly U, and U,. Then U,, U,, and U, cover
X since there is no point on X where two coordinates are zero. It is easy to
check that the three representations

2
w = <y>2d (£> onU,, n= <i>2d <y> onU,, (= (f) d <E> on U,
z Y x z Yy x

define one differential on X. For instance, to show that n and ( agree on
U, N U, one takes the equation (x/2)* + (y/z)* + 1 = 0, differentiates, and
applies the formula d(f~') = —f72df to f = z/x.

The only regular functions on X are constants, so one cannot represent
this differential as g df with f and g regular functions on X.
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Now the divisor of a differential is defined as for functions.

Definition 2.47 The divisor (w) of the differential w is defined by

(w) =Y vp(w)P.

pPex

Of course, one must show that only finitely many coefficients in (w) are not 0.

Let w be a differential and W = (w). Then W is called a canonical divisor. If
w' is another nonzero differential, then w’ = fw for some rational function f.
So (w') = W’ = W and therefore the canonical divisors form one equivalence
class. This class is also denoted by W. Now consider the space L(W).
This space of rational functions can be mapped onto an isomorphic space
of differential forms by f — fw. By the definition of £(W), the image of
f under the mapping is a regular differential form, that is to say, L(W) is
isomorphic to Q[X].

Definition 2.48 Let X be a smooth projective curve over F. We define the
genus g of X by g = 1(W).

Example 2.49 Consider the differential dx on the projective line. Then dx
is regular at all points P, = (a : 1), since x — a is a local parameter in P, and
dr = d(x —a). Let @ = (1 : 0) be the point at infinity. Then ¢t = 1/z is a
local parameter in Q and dx = —t~2dt. So vg(dr) = —2. Hence (dz) = —2Q
and [(—2Q) = 0. Therefore the projective line has genus zero.

The genus of a curve will play an important role in the following sections.
For methods with which one can determine the genus of a curve, we must
refer to textbooks on algebraic geometry. We mention one formula without
proof, the so-called Plicker formula.

Theorem 2.50 If X is a nonsingular projective curve of degree m in P2,

then .

g= é(m —1)(m — 2).
Example 2.51 The genus of a line and a nonsingular conic are zero by
Theorem 2.50. In fact a curve of genus zero is isomorphic to the projective
line. For example the curve X with equation XZ — Y2 = 0 of Example 2.9
is isomorphic to P! where the isomorphism is given by (z : y: 2) — (v : y) =
(y:2)for (x:y:2) € X. Theinverse map is given by (u : v) — (u? : uv : v?).
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Example 2.52 So the curve of Examples 2.21, 2.33 and 2.46 has genus 1
and by the definition of genus, £(IW) = F, so regular differentials on X" are
scalar multiples of the differential w of Example 2.46.

For the construction of codes over algebraic curves that generalize Goppa
codes, we shall need the concept of residue of a differential at a point P. This
is defined in accordance with our treatment of local behavior of a differential
w.

Definition 2.53 Let P be a point on X, t a local parameter at P and
w = fdt the representation of w. The function f can be written as >, a;t.
We define the residue Resp(w) of w in the point P to be a_;.

One can show that this algebraic definition of the residue does not depend
on the choice of the local parameter ¢.

One of the basic results in the theory of algebraic curves is known as the
residue theorem. We only state the theorem.

Theorem 2.54 If w is a differential on a smooth projective curve X, then

Z Resp(w) = 0.

2.6 The Riemann-Roch theorem

The following theorem, known as the Riemann-Roch theorem is not only a
central result in algebraic geometry with applications in other areas, but it
is also the key to the new results in coding theory.

Theorem 2.55 Let D be a divisor on a smooth projective curve of genus g.
Then, for any canonical divisor W

[(D) —l(W — D) = deg(D) — g + 1.

We do not give the proof. The theorem allows us to determine the degree of
canonical divisors.

Corollary 2.56 For a canonical divisor W, we have deg(W) = 2g — 2.

24



Proof. Everywhere regular functions on a projective curve are constant,
that is to say, £(0) = F, so {(0) = 1. Substitute D = W in Theorem 2.55
and the result follows from Definition 2.48. O

Example 2.57 It is now clear why in Example 2.38 the space £(3Q) has
dimension 3. By Example 2.52 the curve X has genus 1, the degree of W —30Q)
is negative, so (W — 3Q)) = 0. By Theorem 2.55 we have [(3Q)) = 3.

At first, Theorem 2.55 does not look too useful. However, Corollary 2.56
provides us with a means to use it successfully.

Corollary 2.58 Let D be a divisor on a smooth projective curve of genus g
and let deg(D) > 2g — 2. Then

[(D) = deg(D) — g + 1.

Proof. By Corollary 2.56, deg(W — D) < 0, so by Theorem 2.37(i), (W —
D) =0. O

Example 2.59 Consider the code of Theorem 2.27. We embed the affine
plane in a projective plane and consider the rational functions on the curve
defined by GG. By Bézout’s theorem, this curve intersects the line at infinity,
that is to say, the line defined by Z = 0, in m points. These are the possible
poles of our rational functions, each with order at most /. So, in the termi-
nology of Definition 2.36, we have a space of rational functions, defined by a
divisor D of degree Im. Then Corollary 2.58 and Theorem 2.27 imply that
the curve defined by GG has genus at most equal to (m; 1). This is exactly
what we find from the Pliicker formula 2.50.

Let m be a nonnegative integer. Then I(mP) < I[((m — 1)P) + 1, by the
argument as in the proof of Theorem 2.37.

Definition 2.60 If ((mP) = [((m — 1)P), then m is called a (Weierstrass)
gap of P. A nonnegative integer that is not a gap is called a nongap of P.

The number of gaps of P is equal to the genus g of the curve, since [(iP) =
1+ 1—gif i >2g—2, by Corollary 2.58 and

1= 10) <I(P) < - <129~ 1)P) = g.
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If m € Ny, then m is a nongap of P if and only if there exists a rational
function which has a pole of order m in P and no other poles. Hence, if m;
and my are nongaps of P, then my + ms is also a nongap of P. The nongaps
form the Weierstrass semigroup in Ny. Let (p;|i € N) be an enumeration of
all the nongaps of P in increasing order, so p; = 0. Let f; € L(p;P) be such
that vp(f;) = —p; for i@ € N. Then fi,..., f; provide a basis for the space
L(p;P). This will be the approach of Sections 3-7.

The term {(WW — D) in Theorem 2.55 can be interpreted in terms of differen-
tials. We introduce a generalization of Definition 2.36 for differentials.

Definition 2.61 Let D be a divisor on a curve X. We define
QD) ={w e UX) | (w) — D = 0}

and we denote the dimension of (D) over F by d(D), called the indezx of
speciality of D.

The connection with functions is established by the following theorem.
Theorem 2.62 §(D) =I(W — D).

Proof. If W = (w), we define a linear map ¢ : L(W — D) — Q(D) by
o¢(f) = fw. This is clearly an isomorphism. O

Example 2.63 If we take D = 0, then by Definition 2.48 there are exactly g
linearly independent regular differentials on a curve X. So the differential of
Example 2.46 is the only regular differential on X' (up to a constant factor)
as was already observed after Theorem 2.50.

2.7 Codes from algebraic curves

We now come to the applications to coding theory. Our alphabet will be
F,. Let IF be the algebraic closure of F,. We shall apply the theorems of
the previous sections. A few adaptations are necessary, since for example,
we consider for functions in the coordinate ring only those that have coef-
ficients in F,. If the affine curve X over F, is defined by a prime ideal I
in F,[X,...,X,], then its coordinate ring F,[X] is by definition equal to
F,[X1,...,X,]/I and its function field F,(X) is the quotient field of F [X].

26



It is always assumed that the curve is absolutely irreducible, this means that
the the defining ideal is also prime in F[X;,..., X,]. Similar adaptions are
made for projective curves. Notice that F(z1,...,2,)? = F(zf,...,2%) for
all ' e Fo[Xq,...,X,]. Soif (z1,...,2,) is a zero of ' and F' is defined
over F,, then (xf,...,2%) is also a zero of F. Let Fr : F — F be the Frobe-
nius map defined by Fr(x) = x7. We can extend this map coordinatewise
to points in affine and projective space. If X is a curve defined over F, and
P is a point of X, then Fr(P) is also a point of X', by the above remark.
A divisor D on X is called rational if the coefficients of P and Fr(P) in D
are the same for any point P of X. The space £(D) will only be considered
for rational divisors and is defined as before but with the restriction of the
rational functions to F,(&"). With these changes the stated theorems remain
true over F, in particular the theorem of Riemann-Roch 2.55.

Let X be an absolutely irreducible nonsingular projective curve over F,. We
shall define two kinds of algebraic geometry codes from X. The first kind
generalizes Reed-Solomon codes, the second kind generalizes Goppa codes.
In the following, P, P, ..., P, are rational points on X and D is the divisor
P+ P, + .-+ P,. Furthermore G is some other divisor that has support
disjoint from D. Although it is not necessary to do so, we shall make more
restrictions on GG, namely

29 — 2 < deg(G) < n.

Definition 2.64 The linear code C(D, G) of length n over IF,, is the image of
the linear map « : L(G) — Fy defined by a(f) = (f(P1), f[(P2), .-, f(FP))-
Codes of this kind are called geometric Reed Solomon codes.

Theorem 2.65 The code C(D,G) has dimension k = deg(G) — g + 1 and
minimum distance d > n — deg(Q).

Proof. (i) If f belongs to the kernel of «, then f € L£L(G — D) and by
Theorem 2.37(i), this implies f = 0. The result follows from the assumption
2g — 2 < deg(G) < n and Corollary 2.58.

(ii) If o(f) has weight d, then there are n—d points P, say P;,, P,,, ..., P, _,,
for which f(F;) = 0. Therefore f € L(G — E), where E=PF,, +---+ P, _,.
Hence deg(G) —n—d > 0. O

Note the analogy with the proof of Theorem 2.27.
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Example 2.66 Let X be the projective line over Fym. Let n = ¢™ — 1. We
define Py = (0 : 1), P = (1 : 0) and we define the divisor D as >°7_| P},
where P; = (7 : 1), (1 < j < n). We define G = aPy + bPx, a > 0,
b > 0. (Here g is a primitive nth root of unity.) By Theorem 2.55, L(G)
has dimension a + b+ 1 and one immediately sees that the functions (z/y)’,
—a < i < b, form a basis of L(G). Consider the code C(D,G). A generator
matrix for this code has as rows (3%, 3%,..., ") with —a < i < b. One
easily checks that (¢p,¢9,...,¢,) is a codeword in C'(D,G) if and only if
>t ¢(8) =0 for all I with a <1 < n —b. It follows that C(D,G) is a
Reed-Solomon code. The subfield subcode with coordinates in [, is a BCH
code.

Example 2.67 Let X be the curve of Examples 2.21, 2.33, 2.38 and 2.57.
Let G = 3Q), where Q@ = (0:1:1). We take n = 8, so D is the sum of the
remaining rational points. The coordinates are given by

Q P P P3 P, P P P Iy
zl0 0 O 1 o @ 1 a «
y| 1l o a 0 0 0 1 1 1
z| 1 1 1 1 1 1 0 0 0

where @ = o = 1 + a. We saw in Examples 2.38 and 2.57 that 1, z/(y + 2)
and y/(y+ z) are a basis of £(3Q) over F and hence also over Fy. This leads
to the following generator matrix for C'(D, G):

1
0
o

Ol © —
O = =
=
— Q| —

1
o
1

o Q9 +

1
«
0
By Theorem 2.65, the minimum distance is at least 5 and of course, one
immediately sees from the generator matrix that d = 5.

We now come to the second class of algebraic geometry codes. We shall call
these codes geometric Goppa codes.

Definition 2.68 The linear code C*(D, G) of length n over F, is the image
of the linear map o : (G — D) — F} defined by

a*(n) = (ReSP1 (77)7 Resp, (n)v ..., Resp, (77»

The parameters are given by the following theorem.
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Theorem 2.69 The code C*(D,G) has dimension k* =n — deg(G) + g — 1
and minimum distance d* > deg(G) — 2g + 2.

Proof. Just as in Theorem 2.65, these assertions are direct consequences of
Theorem 2.55 (Riemann-Roch), using Theorem 2.62 (making the connection
between the dimension of (G) and [(W — G)) and Corollary 2.56 (stating
that the degree of a canonical divisor is 2g — 2). 0

Example 2.70 Let L = {a1,...,a,} be a set of n distinct elements of Fym.
Let g be a polynomial in F;m[X] which is not zero at «; for all i. The
(classical) Goppa code I'(L, g) is defined by

c

F(L,g):{celF;‘|ZX =0 (mod g )}.

Let P, = (e :1),Q=(1:0)and D = P, +---+ P,. If we take for E the
divisor of zeros of g on the projective line, then I'(L, g) = C*(D, E — @) and

C;
X—ai

c €T(L,g) if and only if ) dX € Q(E - Q — D).

This is the reason that some authors extend the definiton of geometric Goppa
codes to subfield subcodes of codes of the form C*(D,G).

It is a well-known fact that the parity check matrix of the Goppa code
['(L, g) is equal to the following generator matrix of a generalized RS code

g(an)™! g(am)™
alg(al)il cee O‘ng<an)71
oy tg(en)™ Lo an T g(an)

where r is the degree of the Goppa polynomial g. So I'(L, g) is the subfield
subcode of the dual of a generalized RS code. This is a special case of the
following theorem.

Theorem 2.71 The codes C(D,G) and C*(D,G) are dual codes.

Proof. From Theorem 2.65 and Theorem 2.69 we know that k£ + k* = n.
So it suffices to take a word from each code and show that the inner product
of the two words is 0. Let f € L(G), n € Q(G — D). By Definitions 2.64 and

29



2.68, the differential fn has no poles except possibly poles of order 1 in the
points Py, P, ..., P,. The residue of fn in P; is equal to f(P;)Resp,(n). By
Theorem 2.54, the sum of the residues of fn over all the poles, that is to say,
over the points P;, is equal to zero. Hence we have

O

Several authors prefer the codes C*(D, G) over geometric RS codes but the
nonexperts in algebraic geometry probably feel more at home with polyno-
mials than with differentials. That this is possible without loss of generality
is stated in the following theorem.

Theorem 2.72 Let X be a curve defined over F,. Let Py, ..., P, ben ratio-
nal points on X. Let D = Py +---+ P,,. Then there exists a differential form
w with simple poles at the P; such that Resp,(w) =1 for all i. Furthermore

C*(D,G) = C(D,W + D —G)

for all divisors G that have a support disjoint from the support of D, where
W is the divisor of w.

So one can do without differentials and the codes C*(D,G). However, it
is useful to have both classes when treating decoding methods. These use
parity checks, so one needs a generator matrix for the dual code.

In the next paragraph we treat several examples of algebraic geometry codes.
It is already clear that we find some good codes. For example from Theorem
2.65 we see that such codes over a curve of genus 0 (the projective line) are
MDS codes. In fact, Theorem 2.65 says that d > n —k + 1 — g, so if g is
small, we are close to the Singleton bound.

2.8 Some algebraic geometry codes

We know that to find good codes, we must find long codes. To use the
methods from algebraic geometry, it is necessary to find rational points on a
given curve. The number of these is a bound on the length of the code. A
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central problem in algebraic geometry is finding bounds for the number of
rational points on a variety. In order to appreciate some of the examples in
this paragraph, we mention without proof the improvement by Serre of the
Hasse-Weil bound.

Theorem 2.73 Let X be a curve of genus g over F,. If N,(X) denotes the
number of rational points on X, then

[Ng(X) = (¢ + D] < gl2v/4].

Example 2.74 In this example we consider codes from Hermitian curves
of Example 2.13. Let ¢ = r2. Consider the second affine equation X"+ =
Y”+Y of the Hermitian curve X in A? over F,. By Theorem 2.50, the genus
g of X equals 3r(r — 1) = 3(¢ — /q). We shall first show that X has the
maximal number of rational points, that is to say, by Theorem 2.73 exactly
1+4¢,/q. The last equation has (0 : 1 : 0) as the only point at infinity. To see
that the number of affine F,-rational points is r + (r + 1)(r? — r) = r® one
argues as follows. The right side of the equation X"t = Y” +Y is the trace
from IF, to F,.. The first r in the formula on the number of points corresponds
to the elements of IF,. These are exactly the elements of F, with zero trace.
The remaining term corresponds to the elements in F, with a nonzero trace,
since the equation X" = 3, 3 € F#, has exactly r + 1 solutions in F,,.

We take G = m@), where Q@ = (0:1:0) and ¢ — /g < m < ¢q,/q. The
code C(D,G) over F, has length n = ¢,/q, dimension &k = m — g + 1, and
distance d > n —m. We will deal with the true minimum distance in Section
5.3. To see how good these codes are, we take as example ¢ = 16. A basis for
L(G) is easily found. The functions f;; = 2y’ /2"7, 0 <i <4, 4i+5j <m
will do the job. First, observe that there are m — 5 =m — g + 1 pairs (i, j)
satisfying these conditions. The functions x/z and y/z can be treated in
exactly the same way as in Examples 2.33 and 2.34, showing that f; ; has a
pole of order 49457 in (). Hence, these functions are independent. Therefore,
the code is easily constructed. Decoding will be treated in Sections 6 and
7. Let us try to get some idea of the quality of this code. Suppose that we
intend to send a long message (say 10° bits) over a channel with an error
probability p. = 0.01 (quite a bad channel). We compare coding using a rate
% Reed-Solomon code over Fig with using C(D, G), where we take m = 37
to also have rate % In this case, C'(D, G) has distance 27. The RS code has

word length 16 (so 64 bits) and distance 9. If a word is received incorrectly,
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we assume that all the bits are wrong when we count the number of errors.
For the RS code, the error probability after decoding is roughly 3 - 107%;
however, for the code C'(D,G), the error probability after decoding is less
than 2 - 10~7. In this example, it is important to keep in mind that we are
fixing the alphabet (in this case Fig). If we compare the code C(D,G), for
which the words are strings of 256 bits, with a rate % RS code over Fys (words
are 160 bits long), the latter will come close in performance (error probability
2-107%) and a rate 5 RS code over Fos (words are 384 bits long) performs
better (roughly 1077).

One could also compare our code with a binary BCH code of length
255 and rate about % The BCH code wins when we are concerned with
random errors. If we are using a bursty channel, then the code C(D, G) can
handle bursts of length up to 46 bits (which influence at most 13 letters of a
codeword) while the BCH code would fail completely.

Example 2.75 Let X be the Klein quartic over Fg of Example 2.20. By
Theorem 2.50, the genus is 3. By Theorem 2.73, A can have at most 24
rational points and as we saw in Example 2.20 it has 24 rational points. Let
@ = (0:0:1)andlet D be the sum of the other 23 rational points, G = 10Q.
From Theorem 2.65, we find that C'(D, @) has dimension 10 — g+ 1 = 8 and
minimum distance d > 23 — 10 = 13. We now concatenate this code with
the [4,3,2] single parity check code as follows. The symbols in codewords of
C(D,G) are elements of Fg which we interpret as column vectors of length
3 over F, and then we adjoin the parity check. The resulting code C' is a
binary [92,24,26] code. The punctured code, a [91,24,25] code set a new
world record for codes with n = 91, d = 25.

Example 2.76 We show how to construct a generator matrix for the code of
the previous example. We consider the functions z/z and y/z. The divisors
(x/2) =3P —P,—2Q and (y/z) = P, +2P,— 3@ were computed in Example
2.34. From these divisors, we can deduce that the functions (z/2)(y/z)’ with
0<2i+3j <10, 0 <i < 2jare in £(10Q). We thus have eight functions
in £(10Q) with poles in @ of order 0,3,5,6,7,8,9, and 10, respectively. Hence
they are independent and since [(10Q)) = 8, they are a basis of £(10Q). By
substituting the coordinates of the rational points of X’ in these functions,
we find the 8 by 23 generator matrix of the code.
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Example 2.77 Let Fy = {0,1,a,a}, where a®> = a +1 = a. Consider the
curve X over F, given by the equation 2%y + ay?z + az?x = 0. This is a
nonsingular curve with genus 1. Its nine rational points are given by

PP P Py P P Q1 Q2 Q3
x| 1 0 O 1 1 1 o 1 1
y/ 0 1 0 o a 1 1 o 1
z| 0 0 1 a o 1 1 1 o

Let D =P +P+ -+ P, G =2Q; + Q2. We claim that the functions
z/(r+y+az),y/(x+y+az), az/(z+y+az) are a basis of L(G). To see
this, note that the numerators in these fractions are not 0 in ; and ()2 and
that the line with equation x + y + @z = 0 meets X in ()2 and is tangent
to X in Q1. By Theorem 2.65, the code C'(D, G) of length 6 has minimum
distance at least 3. However, the code is in fact an MDS code, namely the
hezacode.

2.9 Asymptotically good sequences of codes and curves

The parameters of a linear block code over the finite field F, of length n,
dimension k and minimum distance d will be denoted by [n, k, d], or [n, k, d].
The quotient k/n is called the information rate and denoted by R = k/n and
the relative minimum distance d/n is denoted by 0.

The dimension k£ and the minimum distance d of an algebraic geometry code
on a curve of genus g with n points that are defined over F, satisfy

k+d>n+1-—g,
by Theorem 2.65. Hence

g—1
-

R+6>1-

Definition 2.78 A sequence of codes (C,,|m € N) with parameters [n,,, K, d;]
over a fixed finite field F, is called asymptotically good if n,, tends to infinity,
and d,,/n,, tends to a nonzero constant ¢, and k,,/n,, tends to a nonzero
constant R for m — oo.
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Let H,(0) = 0 and Hy(r) = xlog, (¢ — 1) — zlog,z — (1 — x)log,(1 — x) for
0 <2 < (q—1)/q be the entropy function. Then there exist asymptotically
good sequences of codes attaining the the Gilbert-Varshamov bound

R>1-H,©®).

In order to construct asymptotically good codes we therefore need curves
with low genus and many [F-rational points.

Definition 2.79 Let N,(g) be the maximal number of F -rational points on
an absolutely irreducible nonsingular projective curve over F, of genus g. Let

A(q) = lim sup Nq—(m.
g—00 9

The Hasse-Weil bound 2.73 implies

Aq) <2/q.
This has been improved to the Drinfeld- Viadut bound.

Theorem 2.80
Alg) < /g —1.

Furthermore equality holds if q is a square.

The equality is proved by studying the number of rational points of modular
curves over finite fields. The theory of modular curves is a central and very
important part of mathematics, but it is very involved and deep, much more
so than the theory concerning the Riemann-Roch theorem and we will not
touch it.

Applying this to algebraic geometry codes one derives the following Tsfasman-

Viadut-Zink (TVZ) bound.

Theorem 2.81 Let g be a square. Then for every R there exists an asymp-
totically good sequence of codes such that the limit value of the information
rate is R and the relative minimum distance is 0 and

R+46>1~-

1
N
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This in turn means that the TVZ bound is better than the GV bound when
q is a square and ¢ > 49 in a certain range of §. This fact was the starting
point of the current interest in algebraic geometry codes.

In the following we discuss an alternative method to derive these results.
Let F' be a polynomial in the variables X and Y with coefficients in F,.
Let a = degy (F). Assume that there exists a subset S of F, such that
for any given = € S there exist exactly a distinct y1,...,y, € S such that
F(z,y;) =0foralli=1,...,a. Consider the algebraic set X,,, in A™ defined
by the equations

F(XZ»,XiH):0fori=1,...,m—1.

A lower bound on the number of rational points of A, is easily seen to be
#S - a™ ! by induction. If X, is absolutely irreducible, then it is a curve.

Example 2.82 Let F'= (X?— X)— (Y?—Y). Then F is an example with
a =qand S = F,. Then X, has ¢ rational points. This is the maximal
possible number of rational points for an algebraic set in A™, but A, is
reducible, since F' is divisible by X — Y.

Example 2.83 Let ' = X(X?— X) — (Y9 —Y). Then F is an example
with @ = ¢ and S = [F;,. One can show that X, is a curve. The number of
rational points of X}, is again ¢, but the genus of these curves grows faster
than the number of rational points.

Definition 2.84 A sequence of curves (X,,,|m € N) is called asymptotically
good if g(X,,) tends to infinity and the following limit exists and

X,
lim Nq( m)

> 0,

where ¢g(X) is the genus of X and N,(X) is the number of F,-rational points
of X.

Example 2.85 Let ¢ =8. Let F' = XY3+Y + X3. Then F is an example
with @ = 3 and S = F§. Therefore this gives a curve with 7-3™~! points with
nonzero coordinates in Fg, but this sequence of curves is not asymptotically
good.
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Example 2.86 Let ¢ =4. Let F = XY2+Y + X2 Then F is an example
with @ = 2 and S = F}. Therefore this gives a curve with 3 - 2™~! points
with nonzero coordinates in [y, and in fact it gives a sequence of curves that
is asymptotically good.

More generally, let ¢ = r? and consider F' = X""'Y" +Y — X". Then
we get an example with a = r and S = F}, that is to say, the equation
F = 0 has the property that for every given nonzero element x € I, there
are exactly r nonzero solutions in IF, of the equation F'(z,Y) =0 in Y. This
is seen by multiplying the equation by X and replacing XY by Z. Then
the equation Z" 4+ Z = X"*! is obtained, which defines the Hermitian curve
over [F,, which we have considered before in Example 2.74. Therefore the
corresponding sequence of curves A, satifies

Ny(X) = (¢ = 1)r™

The genus of the curve &, is computed by induction by applying the formula
of Hurwitz-Zeuthen to the covering m,, : X,, — &,,_1, where m,, is defined
as T (T1, ..., Tm) = (21,...,Tm_1). In this case it turns out to be an Artin-
Schreier covering. It is easier to view this in terms of function fields. Let
Fun be the function field of &,,. Then F; = F,(z;) and F,, is obtained from
Fm—1 by adjoining a new element z,, that satisfies the equation

r _ r+l1
Zyy T Zm = Ty 1,
where X, 1 = Zpm_1/Tm—o € F_q for m > 2, and 1 = z1, 2o = 1.

Theorem 2.87 The genus g, of the curve &,,,, or equivalently of the func-
tion field F,, is equal to

_ m+1 m—1 . .
rmprmTl T —2rz 41 if m is odd ,

gm: _ m+2 m m—2 . .
rm+rm1—%r2 —37’2—7” +1 if m s even .

Thus the Drinfeld-Vladut bound is attained.

It turns out that finding bases for the vector spaces involved in the construc-
tion of AG codes is difficult. This last part remains to be done in order to
make the codes really constructive.
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A new sequence of curves ), with function field 7, over F, with ¢ = r?

is given as follows. Let 77 = F,(X;). Let 7,, be obtained from 7, by
adjoining a new element z,, that satisfies the equation:

r
m—1

r
m m —1
wm—l 1

By induction it is shown that
Ny(V) > (r* —r)r™ L
The same method applies to derive the following theorem.

Theorem 2.88 The genus g, of the curve Y, is equal to

(rmT-H — 1)(7’%_1 — 1) Zf m 18 odd s
9m = m 2 . .
(rz —1) if m is even .

Hence this sequence of function fields attains the Drinfeld-Vladut bound too.

Let @,, be the rational point on the curve ), that is the unique pole of x;.

Theorem 2.89 Let A, be the Weierstrass semigroup of Q,,. Then Ay = Ny
and
A1 =7r-A,U{neNy | n>cnt,

where
+1

mTl . .

) rm—r2 4f mois odd
m . .

r’—rz if m is even .

Cm

This means that the sequence of nongaps of (), is known, but an explicit
description of a basis for the spaces £(iQ,,) is not known in general.

2.10 Notes

Goppa submitted his seminal paper [37] in June 1975 and it was published
in 1977. Goppa also published three more papers in the eighties [38, 39, 40]
and a book [41] in 1991.

The material treated in Sections 2.1-2.8 can be found in the textbooks
(62, 70, 97, 100] and the survey [61]. For books on algebraic geometry we
refer to [2, 13, 14, 31, 44, 90, 104, 105] to mention a few.
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The codes on plane curves in Theorem 2.27 using Bézout’s theorem are
a special cases of Goppa’s construction and come from [50]. The Hermitian
curves in Example 2.13 and their codes have been studied by many authors.
See [91, 95, 96, 99, 106]. The Klein curve goes back to F. Klein [54] and has
been studied thoroughly, also over finite fields in connection with codes. See
17, 19, 25, 43, 46, 62].

The world record mentioned in Example 2.75 is taken from [8]. More
results in this direction are mentioned in [11].

A survey on bounds on the number of rational points on curves and its

relation with coding theory one can find in [11, 34]. The upper bound on A(q)
in Theorem 2.80 was shown in [16]. The equality was proved in [48, 101], see
also [58, 100].
The construction of the modular curves and the corresponding codes can be
done with polynomial complexity, of degree 20 for classical modular curves
and degree 30 for Drinfeld modular curves, see [66, 100]. The degree for the
latter has been reduced to 17 in [64].

The first negative result on asymptotically good sequences of curves is in
[30]. The computation of the genus of the curves in Example 2.83 is from
[77]. Example 2.85 and the idea to construct asymptotically good codes in
this way is from [27] and in [36] it is shown that this sequence of curves is
not asymptotically good. The two sequences of asymtotically good curves as
presented in Theorems 2.87 and 2.88 are from [35, 36].

The computation of the Weierstrass semigroups of Theorem 2.89 can be
found in [78].

A first step in the direction of comuting the spaces £(iQ) is made in [103]
for the curve X3 and in [42] for X, and ¢ = 16.

Conference proceedings concerning AG codes are [76, 98] and a special issue
on this topic appeared in [59].

3 Order functions

The construction of codes in Section 2.3 can be generalized to the so-called
evaluation codes as will be done in Section 4. To this end we introduce the
notions of order, degree and weight functions and treat a method to obtain
such functions.
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3.1 Order, degree, and weight functions

Recall that an F-algebra is a commutative ring with a unit that contains F
as a unitary subring. N denotes the positive integers and Ny the nonnegative
integers.

The standard example of an F-algebra is R = F[ X, ..., X,,]. To present the
codes we need an order of a special kind on the polynomials in R which we
define as follows.

Definition 3.1 Let R =F[X;,..., X,,]. Suppose that < is a total order on
the set of monomials in the variables X1, ..., X,, such that for all monomials
M, My, and M, the following hold

(R.1) If M #1, then 1< M,
(R.2) If My < My, then M M; < M M.

Then < is called a reduction order, term order or admissible order on the
monomials.

The multi-index notation will be used for monomials. That means X% =
[T, X if o= (aq,...,qm). The degree of a monomial is defined by

deg(X®) = deg(a Z Q.
Giving a reduction order on monomials in m variables is the same as giving

a total order on Nj* such that, for all oy, ag, and a in N, the following hold

(E.1) If a #0, then 0 < «,
(E.2) If a1 < ag, then a4+ a1 < a + as.

We use < both for monomials and exponents.

Example 3.2 The lexicographic order <y is defined by

X* <y, XP if and only if
ar=01,...,001 = F—1 and oy < §; for some [, 1 <1 < m.
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The lexicographic order is a reduction order. For m = 2, with X = X,
Y = X, and <=<,, the lexicographic order looks like

1 < Y < Y=< .o < Y yith o<
X < XY < XyY? < ... < XY/ < Xyitt <
X% <

So X1 is the supremum of the set { XY’ | j € Ny }. If m > 2, then
the lexicographic order is not isomorphic with the positive integers with the
usual order.

Example 3.3 The graded lexicographic order <p is defined by

X* <p X? if and only if
either deg(X®) < deg(X”) or deg(X?) = deg(X”) and X< <, X¥.

The graded lexicographic order is a reduction order which is isomorphic with
the positive integers with the usual order.

An order is extended to a function on all polynomials in the following way.
Let < be a reduction order which is isomorphic with the positive integers
with the usual order. Let fi, fo,... be the enumeration of the set of mono-
mials such that f; < f;y1 for all i. The monomials constitutes a basis of
F[Xy,...,Xn] over F. So every nonzero polynomial f can be written in a

unique way as
J
f= Z Aifi,
i=1
where \; € F for all 4, and A; # 0. Define a function
p:FXq,....,X] — NoU {—o0},

by p(0) = —oo and p(f) = 7 — 1 where j is the smallest positive integer such
that f can be written as a linear combination of the first 7 monomials. It is
not difficult to show that p satisfies the following conditions

(0.0) p(f)=—oc ifand only if f=0
(0.1) p(Af)=p(f) for all nonzero A\ € F

(0.2) p(f +9) < max{p(f), p(g)}
and equality holds when p(f) < p(g).

(0.3) If p(f) <p(g) and h#0, then p(fh) < p(gh)
(0.4) If p(f)=p(g), then there exists a nonzero A € F such that

p(f — Ag) < p(g).
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for all f,g,h € R. Here —oo < n for all n € Ny. The properties of the
function p are captured in the following definition.

Definition 3.4 Let R be an F-algebra. An order function on R is a map
p: R— NyU{—00},
that satisfies the conditions (O.0),...,(0.4).

Definition 3.5 Let R be an F-algebra. A weight function on R is an order
function on R that satisfies furthermore

(0.5) p(fg) = p(f) + plg)

for all f,g € R. Here —oo +n = —oo for all n € Nj.

If p is a weight function and p(f) is divisible by an integer d > 1 for all
f € R, then p(f)/d is again a weight function. So we may assume that the
greatest common divisor of the integers p(f) with 0 # f € Ris 1.

Definition 3.6 A degree function on R is a map that satisfies conditions

(0.0), (0.1), (0.2) and (O.5).
It is clear that condition (0.3) is a consequence of (O.5).

Example 3.7 The standard example of an F-algebra R with a degree func-
tion p is obtained by taking R = F[X1,...,X,,] and p(f) = deg(f), the
degree of f € R. It is an order function if and only if m = 1, and here it is
also a weight function.

Example 3.8 Let X be an absolutely irreducible nonsingular projective
curve over field F. Let P be an F-rational point. R be the ring of rational
functions on X that have no poles outside P. So, if f € R and vp(f) > 0,
then f is regular on X and therefore constant. Hence vp(f) < 0 for all
nonzero f € R. Define p(f) = —vp(f) for f € R. Then p is a weight func-
tion by Theorem 2.16. The purpose of this and the following sections is to
show that it is possible to develop the theory of AG codes to a certain extent
without the theory of algebraic curves.
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Lemma 3.9 Let p be an order function on R. Then we have:

(1) IF p(f) = plg), then p(fh) = plgh) for all h € R

(2) If f € R and f # 0, then p(1) < p(f).

B)F={feRr]|p(f)<pl)}

(4) If p(f) = p(g), then there exists a unique nonzero A € F
such that p(f — Ag) < p(g).

Proof.

(1) Let p(f) = p(g). Then (O.4) says that there exists a nonzero A € F
such that p(f — Ag) < p(g). So p(fh — Agh) < p(gh), by (0.3). Now
fh = (fh — Agh) + Agh. So p(fh) = p(Agh) = p(gh), by (0.2) and (O.1),
respectively.

(2) Suppose that f is a nonzero element of R such that p(f) < p(1). Then
p(1) > p(f) > p(f?) > .- is a strictly decreasing sequence, by condition
(0.3), but this contradicts the fact that Ny U {—oo} is a well-order. Hence
p(1) < p(f) for all nonzero elements f in R.

(3) It is clear that [ is a subset of { f € R | p(f) < p(1) }, by conditions
(0.0) and (O.1). If f is nonzero and p(f) < p(1), then p(f) = p(1), by (2).
Hence there exists a nonzero A € F such that p(f — A1) < p(1), by (0.4). So
f—A=0and f €F.

(4) The existence is guaranteed by (O.4). For the uniqueness we argue as
follows. Suppose that there exist nonzero A, u € F such that p(f—Ag) < p(9)

and p(f —pg) < p(g). We get by (O.1) and (0.2) that p(f —Ag—(f —pg)) <
p(g). Therefore p((n — A)g) < p(g). Condition (O.1) gives pp — A = 0. O

Proposition 3.10 If there exists an order function on R, then R is an in-
tegral domain.

Proof. Suppose that fg = 0 for some nonzero f,g € R. We may assume
that p(f) < p(g). So p(f?) < p(fg) = p(0) = —oco. So p(f?) = —oo, and
f2=0. Now f # 0, hence p(1) < p(f), by Lemma 3.9. So p(f) < p(f?) =
p(0) = —oo. Hence f = 0, which is a contradiction. Therefore R has no zero
divisors. O

Example 3.11 The F-algebra R = F[X, X5]/(X1 X3 — 1) is an integral do-
main. We will show that it does not have an order function. Denote the
coset of X; modulo the ideal (X;X; — 1) by z;. If p is an order function on
R, then p(1) < p(x1), so p(z2) < p(x1w9) = p(1). Hence p(z3) = p(1) and in
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the same way we get p(z1) = p(1). Therefore p(f) < p(1) for all f € R. So
F = R by Lemma 3.9, which is a contradiction since x; ¢ F.

The following proposition and theorem show that if there exists an order
function, then there exists a basis with certain properties; and conversely
if such a basis exists, then one can define an order function. Although the
formulation is technical, it is easy to apply. This will be shown in some
examples.

Proposition 3.12 Let R be an F-algebra with order function p. Assume
that R # F. Then there exists a basis { fi | i € N } of R over F such that
p(fi) < p(fix1) for all i. FEvery such basis has the property that if i is the
smallest positive integer such that f can be written as a linear combination
of the first i elements of that basis, then p(f) = p(f;).Let 1(i,7) be the integer
[ such that p(fif;) = p(fi), then I(i,5) < (i + 1,7) for all i and j. Let
pi = p(fi). If p is a weight function, then py; ) = pi + p;-

Proof. There exists an f € R such that f & F, since R # F. So
p(1) < p(f) by Lemma 3.9. Hence p(f™) < p(f™*!) for all n € Ny. Therefore
the set of values of p is infinite. Let (p; | i € N) be the increasing sequence of
all nonnegative integers that appear as the order p(f) of a nonzero element
f € R. By definition for all i € N there exists an f; € R such that p(f;) = p;.
So p(f;) < p(fix1) for all i, and for all nonzero f € R there exists an i
with p(f) = p(f;), by definition. The fact that { f; | i € N } is a basis is
proved by induction and Lemma 3.9 (4), and it has the required property by
(0.2). That the function [(i, j) is strictly increasing in its first argument is a
consequence of condition (0.3). If p is a weight function, then py; ;) = p; + p;
by condition (O.5). O

Example 3.13 Consider the graded lexicographic order as in Example 3.3
for m = 2 with X = X; and Y = X,. Let R be the F-algebra F[X,Y]. It
has

{XQYB | a,ﬂGNo }

as basis. Consider the basis of monomials and their corresponding indexing
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in the following two dimensional arrays:

Y6 . . . . 29

Y| XY? . 16 (23| -

Y4 Xyt | X%y . 1117124 -

Y3 XY? | X?Y3 | X3Y3 71121825

Y2 | XY? | X?Y? | X3Y? . 418113119 -

Y | XY | XY | X3y | XY | ... 2151914120 ---
1 X X? X3 Xt X° 11316 /[10[15]21

So the enumeration is along the diagonals from left above to right below.
Consider the elements fs = XY? and fy = X?Y. Then

fofo=XY?2. X%V = X3Y3 = fa.
Hence 1(8,9) = 25.

Theorem 3.14 Let R be an F-algebra. Let { f; | i € N } be a basis of R
as a vector space over F with fi = 1. Let L; be the vector space generated
by fi,..., fi. Let l(i,j) be the smallest positive integer | such that f;f; € L.
Suppose 1(i,7) < I(i +1,7) for all i,j € N. Let (p; | i € N) be a strictly
increasing sequence of nonnegative integers. Define p(0) = —oo, and p(f) =
pi if © is the smallest positive integer such that f € L;. Then p is an order
function on R. If moreover py; jy = pi + pj, then p is a weight function.

Proof. The conditions (0.0), (O.1), (0.2) and (O.4) are a direct conse-
quence of the definitions.

With every nonzero element f € R we associate ¢(f), the smallest positive
integer such that f € L,(y). Let f and g be nonzero elements of R. Then

F=Y N g=>_ vif; and fg= > mf,

i<e(f) Ji<u(g) I<u(fg)

with A5 # 0, vyg) # 0 and pi,(fg) # 0. There exist p;; € IF such that

fifi = Z it fi

I<1(3,5)
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and ﬂ'ijl('i,j) 7£ 0. So
= Z AiVj it
1(i,5)=l

The function (4, j) is strictly increasing in both arguments, by assumption
and symmetry. So 1(i,7) < I(¢(f),e(g)) if ¢ < ¢(f) or j < ¢(g). Furthermore,
if i = «(f) and j = (g), then

AiVjtijigi,j) 7 0

This element is therefore equal to fi,(sg), and we have proved that «(fg) =

L(e(f), 1(9))-

If moreover py; ;) = p; + p;, then

P(f9) = Puite) = PLu(F)ate)) = Puls) T Pug) = P(f) + p(9)-
O
Example 3.15 Let w = (wy,...,w,) be an m-tuple of positive integers

called weights. The weighted degree of o € Ni* and the corresponding mono-
mial X is defined by

wdeg(X*) = wdeg(a) = Z aqwy,
and of a nonzero polynomial F' = >\, X* by
wdeg(F') = max{ wdeg(X“) | Ay #0 }.

This gives a degree function wdeg on the ring F[X, ..., X,,]. The weighted
graded lexicographic order <y, on Nj' is defined by

a <w [ if and only if
either wdeg(a) < wdeg(3) or wdeg(a) = wdeg() and o <, 3 ,

and similarly for the monomials. This is indeed a reduction order that is
isomorphic to N.

Consider the weighted graded lexicographic order for m = 2 with X = X7,
Y = Xy, wdeg(X) =4 and wdeg(Y') = 5. Let R be the F-algebra F[X,Y]. It
has { X°Y? | o, 3 € Ny } as basis. Consider the weighted degrees 4a + 50 of
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this basis and their corresponding indexing in the following two dimensional
arrays:

ol - -1 -1 -1 29| .

20024 - | - [ - |- [15]20] -

51923 - | - | - [ [10]14]19] -
10141822 - [ - [~ [6]913[18] - |-
509 [13[17(21|25|--- [3 |5 |8 |12]17]23] -
04 |8 |12[16/20]24 [1 |24 7 [11]16]21

The basis elements X% and XY* have both 24 as weighted degree. But
XY* is smaller than X in the lexicographic order. Hence fyo = XY* and
for = X6,

3.2 Existence of weight functions

Example 3.16 Let I be the ideal in F[X, Y] generated by a polynomial of
the form
XvYe+yhter @

with G € F[X,Y], degy(G) = d < a, deg(G) < b+c and ged(a, b) = 1, where
the degree of G € F[X, Y] as a polynomial in X is denoted by degy(G). Let
S =F[X,Y]/I. Denote the cosets of X, Y and G modulo [ by z, y and g,
respectively. Then 2%¢ = —y**°—g and therefore 2%¢¢ is a linear combination
of elements of the form x%y” with a < a, since degy(G) < a. One shows by
induction that the set

{2y |a,peNy,a<aorf<c}

is a basis for S. Suppose that there exists a weight function p on S such
that ged(p(z), p(y)) = 1. We will show that p(z) = b and p(y) = a. Let
XY be the monomial in G with the largest weight. Then a + 8 < b + c.

So p(g) < ap(z) + Bp(y) by (0.2) and (O.5).
(1) If p(y) < p(z), then

ap(z) + Bp(y) = ap(x) + (B — c)p(y) + cpy) <

(a+ B —c)p(z) + cply) < ap(z) + cp(y).
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So p(g) < p(x°y°). Hence p(z°y°) = p(z°y° + g). But p(y**) = p(z"y° + g).
Therefore p(y*+¢) = p(zy°). So ap(x) = bp(y).
(2) If p(x) < p(y), then by a similar argument we conclude that ap(z) =

bp(y)-
Hence in both cases ap(z) = bp(y). But ged(p(x), p(y)) = 1. So p(x) =b
and p(y) = a.

We will see in the following proposition that the F-algebra S has such a
weight function if ¢ = 0. But if ¢ > 0, then 2% and 3" are two elements that
have the same weight ab and are independent modulo elements of weight
strictly smaller than ab. This contradicts condition (O.4). Therefore there
is no weight function if ¢ > 0.

The polynomial X3Y + Y3 +Y is reducible and is of the above form with
a=3,b=2 c=1,d=0and G =Y. So by Proposition 3.10 an order
function does not exist.

Consider the subspace R of S that is generated by
{29’ | o, € Ng,a < a and ca < (a —d)S }.

In the following it is shown that R is an F-algebra and that indeed a weight
function exists on R such that p(z) = b and p(y) = a. The choice may seem
ad hoc, but the affine curve with equation XY + Y+ 4 G = 0 has the
points P = (1:0:0) and @ = (0:1:0) at infinity if ¢ > 0. By computing
the divisors of the monomials z'y’ as explained in Section 2 one shows that
the ring R consists of all functions in .S that are also regular in P, so that
have possibly a pole in @) and nowhere else.

Proposition 3.17 Let I be the ideal in F[X,Y] generated by a polynomial
of the form XY +uY? ¢ + G with u € F*, G € F[X,Y], degx(G) = d < a,
deg(G) < b+ c and ged(a,b) = 1. Let S = F[X,Y]/I. Let R be the vector
space generated by { 2*y® | a, 3 € Ny, < a and ca < (a — d)B }. Then R
is an F-algebra with a weight function p such that p(x) = b and p(y) = a.

Proof. The set { Y’ | @ < aor 8 < ¢ } is a basis for S over F. So
{29 | @ < aand ca < (a — d)B } is a basis for R. Let fi, fo,... be an
enumeration of this basis of R. If f; = 2°y”, a < a and ca < (a — d)3, then
define p; = ab + Ba. The map («, 3) — ab + (a is injective on the domain
{ (a,3) e N3 | @ < a }, since ged(a, b) = 1. Therefore if ¢ # j, then p; # p;.
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So we may assume that the enumeration is such that (p;|i € Ny) is a strictly
increasing sequence.

Let Ly = (f1,..., fi). We will prove that for all 7, j there exists a nonneg-
ative integer [ such that f;f; € L;. So R is an F-algebra. Furthermore we will
show that if [(7, j) is the smallest nonnegative integer [ such that f;f; € L,
then py; ;) = pi + pj. Hence there exists a weight function p on R such that
p(z%yP) = ab+ Ba , by Theorem 3.14.

Let fi = 2°y®, p; = ab + Ba with o < a and ca < (a — d)3. Let
fi =27y, pj = yb+da with v < a and ¢y < (a—d)d. Then f;f; = 2> T1yP+,
pi+p;=(a+7)b+ (6+0)aand c(a+7v) < (a—d)(B+9).

(1) If a 4+ v < a, then f;f; is a basis element of R. So fi;; = fif; and
Piig) = Pi T+ Pj-

(2) If « +v > a, then a + v = a + € with € < a. Now

ca < cla+7v) < (a—d)(+9).

So B+ 0§ = c¢+n for some nonnegative integer n; and c(a+¢€) < (a—d)(c+n).
Hence ¢(d+¢€) < (a—d)n. So € < a and ce < (a—d)(b+ c+n). Furthermore

fifj = a"yay" = —uay"T —aty'y.

So the term z¢y®T¢*" is a basis element f; of R, and
pitpi=(@+7)b+ (B+0)a=e+ (b+c+n)a=p.

We will show that x“y"g € L;—,. This implies that f;f; € L; and f;f; & Li—1.
So l(i,7) = . A monomial of G with a nonzero coefficient, is of the form
X*YA with k < d and K+ A < b+ ¢, since degy (G) = d and deg(G) < b+ c.
We will prove by induction on ¢ that:

If (e,n), (k,A\) €ENZ, e <a, cle+d) < (a—d)n, k<d,

K+ A<b+cand p =eb+ (b+c+mn)a, then 2y € L.

As a result we get that xy"g € L;_;.
(2.1) If e + k < a, then x“T*y" is a basis element of R, since c(e + k) <
(a —d)(n+ A). Furthermore

(e+r)b+ (n+Na=eb+ (kb+ Xa) +na < eb+ (b+ c+n)a = p,

since b < aand Kk + X\ < b+ c. So ztry™A € L4,
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(2.i7) If e + k > a, then € + k = a + €, for some nonnegative integer €.
Now €' < ¢, since k < d < a. Similarly as before we have that n+ A =c+ 17/
for some nonnegative integer 7', and ce’ < (a — d)n’. Furthermore

/ / ! / / /
xe+/<y77+)\ — iCayCZIZ'G yn = —ux yb+c+17 — € yn qg.

So the term z¢y*t¢™" is a basis element f; of R, and
pr=€b+(b+c+n)a=(a++ (c+n)a=(e+r)b+ (n+Na

which is strictly smaller than p;, as we have seen in (2.1). So 2y" g € Ly,
by induction, and I’ < I. Therefore z¢T*y"** € L;_;. O

Corollary 3.18 Let F be a polynomial of the form XY +uY ¢ + G with
uelF*, GelF[X,Y], degx(G) =d < a, deg(G) < b+ ¢ and ged(a,b) = 1. If
G 1s not divisible by Y, then F is absolutely irreducible.

Proof. Suppose that there are polynomials U and V such that FF = UV.
Let u and v be the cosets of U and V, respecitively, in S = F[X,Y]/(F).
Then uv = 0. Let R be the subspace of S generated by the elements 2%y
such that @ < a and ca < (a — d)§. Then R is an F-algebra with a weight
function by Proposition 3.17. Hence R is an integral domain by Proposition
3.10. Consider the two cases:

(1) If c=0, then R =S. Hence u =0 or v = 0.

(#7) Suppose ¢ > 0. By an argument similar to that in the proof of the
previous proposition one shows that there are positive integers r» and s such
that y"u, y*v € R. So y"u - y*v = y" " uv = 0. Hence y"u = 0 or y*v = 0. If
y"u =0, then Y"U € (F). So there exists a polynomial A such that

YU = AF = A(X°Y? +uY"™ + Q).

F'is not divisible by Y, since ¢ > 0 and G is not divisible by Y. Therefore
A is divisible by Y". So U € (F) and u = 0. Similarly v = 0 if y*v = 0.

In both cases u = 0 or v = 0. Hence S is an integral domain, (F') is a
prime ideal and F' is irreducible. These results still hold after extending the
field F to its algebraic closure. Therefore F' is absolutely irreducible. ([l
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Example 3.19 Let ¢ = r? be an even prime power. Consider the Hermitian
curve over [F, with the affine equation

Xty —vY =0.

See Example 2.13. Then it is of the form XY+ uY? ¢+ G = 0 as treated in
Proposition 3.17 witha=r+1,b=r,c=d=0andu= -1, G=-Y. We
will have a closer look for 7 = 4. Let R be the Fig-algebra Fig[X,Y]/(X° —
Y4 —Y). It has

{2’ |a<5}

as basis. Then p(z%y®) = 4a + 583 gives a weight function on R. Consider
the basis of functions and their corresponding weights in the following two
dimensional arrays:

ytl - . . . 20| -

vl ay? | - : : 1519 -

v | zy? | 2%yt | - : 101418 - | -
y | 2y | 2%y | 2%y | 2ty 519 [13|17]21
1| z 22 | 23 | 2t 0]4]81]12]16

The sequence (f;|l € N) is an enumeration of the basis with increasing weight.
The first terms are :

2 2 3 2 2 3 4 3 2,2 3 4 4
17x7y7x7xy7y7x?‘ry7xy7yax7xy7xy7xy7yaxy?'”

Consider for instance f; = 22 and f; = 23. Then
fafe=2" = —y' —y=—fis — [s.

So I(4,7) = 15.
The weights are given by the sequence (p;|l € N). The weights of the
terms above are :

0, 4, 5, 8, 9, 10, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, ---
Hence py =1+ 5 forall l > 7.

Remark 3.20 If ¢ = 0, then R = S and { 2*y” | 8 < b } is also a basis of
the F-algebra, by symmetry.
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Example 3.21 The affine equation X?Y + Y3 + X = 0 over Fy of the Klein
quartic, see Example 2.14, is of the form X°Y? 4+ uY*™® + G = 0 as treated
in Proposition 3.17 with a =3, b=2,c=d=1andu=1,G=X. Let R
be the Fs-subalgebra of Fg[X,Y]/(X?Y +Y?+4 X) generated by the elements
2%y% such that o < 3, @ < 23. Then R has

{(Buf{a®’|a<2,1<8}

as basis, and p(1) = 0, p(xy”) = 2a+ 303 gives a weight function on R. Con-
sider the basis of functions and their corresponding weights in the following
two dimensional arrays:

yt 12 .
y3 | x| 2P 9 [11]13
y? | zy? | 2?%y? 6 | 8110
y | xy | 2%y 3157
1 0

The sequence (f;|l € N) is an enumeration of the basis with increasing weight.
The first terms are :

2 3

17 Yy, ry, Yy, $2y7 l‘yQ, y3’ 12?/27 :Ey3, y4a $2?J y T

Consider f3 = zy and f5 = 2%y. Then
fafs = 2°y* = —y* — 2y = — f10 — fa.

So 1(3,5) = 10.
The weights are given by the sequence (p|l € N). The weights of the
terms above are :

0, 3, 5,6, 7,8,9, 10, 11, 12, 13, ---
Hence py =1+ 2 for all [ > 3.

Example 3.22 This is partly a specialization to ¢ = 0 and partly a gener-
alization to more than two variables of Proposition 3.17. Let wdeg be the
weighted degree on F[ X7, ..., X,,], where X; has weight ay - -~ a;_1b; - - by_1.
Let I be the ideal in F[X7, ..., X,,] generated by

X{“+Xﬁ1+Gi fori=1,...,m—1,

51



where G; € F[Xq, ..., X;11], wdeg(G;) < ay---a;b; - - by and ged(a;, b;) =
1 for all ¢ < j. Then the ring R = F[Xy,..., X,,]/] has

{2%]| ae Ny, oy <a;foralli<m}
as a basis. The affine ring R has a weight function p such that
p(xz) =a;--- ai—lbi e bm—l-

Therefore the ring R is an integral domain and the ideal I is prime. This
can be proved with the theory of Grébner bases for which we refer to the
literature mentioned in the Notes.

3.3 Notes

The approach given in this and the next section is new. One can find the
ideas in the work of Feng, Rao, Tzeng and Wei [25, 26, 29], where the notion
of an order function is used on the level of codewords instead of functions,
with the concept of well-behaving sequences. See also [53, 73, 92].

The notion of a reduction order is standard in the theory of Grébner
bases [12, 14]. In [45, 83] the connection between Grobner bases and en- and
decoding of algebraic geometry codes is treated. The curves of Example 3.16
were considered in [25] and the special case with ¢ = 0 in [68, 69].

A similar result to Corollary 3.18 concerning the irreducibility of plane
curves is proved by other means in [3].

The generalization of Proposition 3.17 mentioned in Example 3.22 is from
23, 75].

4 FEvaluation codes and the dual minimum
distance

We define evaluation codes and give bounds on the minimum distance of the
dual codes in terms of the order function.

4.1 Evaluation codes and their duals

Let R be an F-algebra with an order function p. Let (f; | i € N) be a basis
of R over F, such that p(f;) < p(fit1) for all ¢ € N, and for all nonzero
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f € R there exists a j with p(f) = p(f;). The existence of such a basis is
guaranteed by Proposition 3.12. Let L; be the vector space generated by
fi,--., fi. Then for all nonzero f € R we have that p(f) = p(f;) if and
only if [ is the smallest integer such that f € L;. Let [(i,7) be the small-
est positive integer [ such that f;f; € L;. Sol(i,j) <l(i+1,j) foralli,j € N.

The coordinatewise multiplication on IFZ’ is defined by axb = (aiby, ..., a,b,)
fora = (ay,...,a,) and b = (by,...,b,). The vector space F} with the multi-
plication x becomes a commutative ring with the unit (1,...,1). Identify the

unitary subring {(A, ..., \)|A € Fy} with F,. In this way F} is an [F -algebra

Definition 4.1 The map
o: R— Fy,

is called a morphism of F,-algebras if ¢ is Fy-linear and
e(fg) = @(f) *e(g)-
Let h; = ¢(f;). Define the evaluation code E; and its dual C; by

El = @(Ll) = <h1, C.e ,hl>,

Cr={ceF;|c-h;=0 forall i <I}.

The sequence of codes (E;|l € N) is increasing with respect to the inclusion.
They are all subspaces of . So there exists an N such that F; = Ey for
all { > N. The code Ey is the image of R under ¢. We will consider only
those algebra morphisms ¢ that are surjective. So E; = Fy and C; = 0 for
all{ > N.

Example 4.2 Let the set P consist of n distinct points Py,..., P, in F".
Let R =F[Xy,...,X,,]. Consider the evaluation map

. n
evp : R — F",

defined by evp(f) = (f(P1),..., f(P,)). This is a morphism of F -algebras
from R to Fy, since FG(P) = F(P)G(P) for all polynomials F' and G, and
all points P.

Lemma 4.3 The map evp is surjective.
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Proof. Let P; = (zj1,...,%jm). Let Ay = {x; | j=1,....n}\ {za}.
Define the polynomial G; by

Gi:
l

[T &x—a).
=1 x Ail
Then G;(P;) = 0 for all i # j. Furthermore G;(FP;) # 0, since the points
Py, ..., P, are distinct. The polynomial G;/G;(P;) maps under evp to the
i-th standard basis element of Fy'. Hence evp is surjective. 0

Suppose that [ is an ideal in the ring F[X;,..., X,,]. Let P;,..., P, be in
the zero set of I with coordinates in F. So f(P;) = 0 for all f € I and all
7 =1,...,n. Then the evaluation map induces a well-defined linear map

evp : F[Xq,..., Xp|/T — F",

which is also a surjective morphism of F-algebras.

Remark 4.4 In many papers one point codes are considered, that is to say
codes of the form C(D, mQ) or C*(D, mP), where @ is a rational point which
is distinct from all Py, ..., P, and m an integer. These codes are special cases
of the construction in this section. Let R be the ring of f € F,(X) that have
poles possibly in () and nowhere else. Let p(f) = —vg(f) as in Example
3.8. Let p; be the ith nongap, see Definition 2.60. Then E; = C(D, p,P) and
C,=C*(D, pP).

Example 4.5 In this example we discuss the question of the surjectivity of
the evaluation map for curves with an affine equation

XYV +uY*" 4+ G =0

over F, with u € F}, G € Fy[X,Y], degx(G) = d < a, deg(G) < b+c
and ged(a,b) = 1, as treated in Example 3.16 and Proposition 3.17. Let
S =TF,[X,Y]/(X*Y+uY"*+G). Then the map evp : S — F} is surjective
by Lemma 4.3. But S has no weight function if ¢ > 0, as we have seen in
Example 3.16. Let R be the subspace of S generated by the elements x%y°
such that @ < a and ca < (a — d)B. Then R is a sub- F-algebra of S with
a weight function p such that p(z*y”) = ab+ Ba by Proposition 3.17. Let ¢
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be the restriction of evp to R. Then ¢ is a morphism of [F -algebras, but it
is not always surjective.

Take for instance the curve with equation X?Y + Y3 4+ X2 — 1 = 0 over
[F, of odd characteristic. This is of the above form with a =3, b =2, c =1,
d=2andu=1 G=X?>-1. Let P = {P,...,P,} be a collection of
n distinct F,-rational points with P, = (1,0) and P, = (—1,0). The first
two coordinates of ¢(f) are the same for all f € R. Therefore the first two
columns of the parity check matrix (p(f;);|1 < i < 1,1 < j < n) of C; are
the same. Hence d(C;) = 2 for all [.

One can remedy this in two ways.

(1) The easiest way is to restrict the set P. Assume that there is at most
one point in P that lies on the line with equation ¥ = 0. One can show that
this suffices to prove that ¢ is surjective.

(2) The second way needs some theory. We will explain it by means of
an example. The F,-algebra R is again an affine algebra of a curve, since
R = F U, V]/(U? +V° 4+ U?* — V?), where U = XY and V =Y. This
is seen by multiplying the original equation by Y?2. The original curve has
the points (1 : 0 : 0) and (0 : 1 : 0) at infinity. The new curve has only
(1 : 0:0) at infinity. The map (z : y : 2) — (zy : yz : 2?) defines a
morphism form the old curve to the new one. The three points (1 : 0 : 1),
(=1:0:1) and (1:0:0) are mapped to (0:0:1). That is why the origin
is a singularity of the second curve. One can extend the F, -algebra R to R
which still has a weight function. R is the normalisation of R and consists of
all fractions f = a/b with a,b € R and b # 0, that satisfy an equation of the
form f*+r "t 4+ +r,f +1r, =0, where r,...,7,_1,7, € R. In the
example above one can show that the subspace R of S generated by R and
x + 22y is the normalization. Let f = x + 2y? and 7o = ay* + 3 — 2y — 1.
Then f2+7ry, = 0 and 5 € R. So indeed f € R. The normalization R is
an I -agebra with a weight function that extends the one on R. Let ¢ be
the restriction of evp to R. Then @ is surjective. We will not show how to
obtain R in general.

In the setting of this section, the codes are very general and nothing specific
can be said about the minimum distance of the codes E; and ;. This and the
next section will show that certain order and weight functions on the affine
ring R give a bound on the minimum distance which is in many cases the
actual minimum distance. Furthermore Section 6 will show how to correct
errors up to half the bound for C;.
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4.2 The order bound on the dual minimum distance

We repeat the main definitions. Let R be an [F,-algebra with an order func-
tion p. Let {f; | i € N} be a basis of R over F, such that p(f;) < p(fi+1) for
all e € N. Let ¢ : R — [}/ be a surjective morphism of Fg-algebra’s. Let L,
be the vector space with fi,..., f; as a basis. The number {(7, j) was defined
as the smallest positive integer [ such that f;f; € L;. The function I(i, j) is
strictly increasing in both arguments. Let h; = ¢(f;). Let E; = ¢(L;) and C;
its dual. There exists a positive integer N such that F; = Fy for all [ > N.
SoC;=0for all I > N. Let H be the N x n matrix with h; as its ¢-th row
for 1 <¢<N.

Definition 4.6 Let y € Fy. Consider the syndromes
Then S(y) = (si;(y) | 1 <14,j < N) is the matriz of syndromes of y.

Lemma 4.7 Let y € Fy. Let D(y) be the diagonal matriz with 'y on the

diagonal. Then
S(y) = HD(y)H",

and

rank(S(y)) = wt(y).

Proof. The matrix of syndromes S(y) is equal to HD(y)H”, since
si(y) =y - (hixh;) = Zyzhuhﬂ,
]

where h;; is the [-th entry of h;. The rank of the diagonal matrix D(y) is
equal to the number of nonzero entries of y, which is wt(y). The rows of H
generate Fy/, since By = Fy. Hence the matrices H and H” both have full
rank n. Therefore rank(S(y)) = rank(D(y)) = wt(y). O

Definition 4.8 Let [ € Ny. Define
No={(,j) eN* | I(i,j)=1+1}.

Let v; be the number of elements of NN;.
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Lemma 4.9
(1) Ify € Cy and l(i,j) <, then s;;(y) = 0.
(2) Ify € C)\ Ciyq and 1(3,5) =1+ 1, then s;;(y) # 0.

Proof.

(1) Let y € Cp. Ifl(i,7) <, then fif; € L;. So h; *h; = ¢(f;f;) is an
element of p(L;), which is the dual of C;. So s;;(y) =y - (h; *h;) = 0.

(2) Let y € Cl \ Cl+1. If Z(Z,j) = l—|— 1, then flf] S Ll+1 \ Ll. So
fifj = pfix1 modulo L; for some nonzero u € F,. Hence h; x h; = phy
modulo ¢(L;). Now y & Ciyq, s0 s;41(y) # 0. Therefore s;;(y) # 0. O

Lemma 4.10 Ift = v, and (i1, 1), ..., (i, J¢) is an enumeration of the ele-
ments of N; in increasing order with respect to the lexicographic order on N2,
then iy < -+ <y and jy < --- < j1. If moreovery € C;\ Ciy1, then

)= {

Proof. The sequence (i1, j1),. .., (i, J;) is ordered in such a way that i; <
oo <pand gy, < Jusr if 4y =ty iy =441, then j, < ju11, and therefore

0 if u<w,
not zero if u=w.

[+1= l<2u>]u) < l(imjqul) = l(iu+1>ju+1) =1+ 17

which is a contradiction. So the sequence iy, ..., is strictly increasing. A
similar argument shows that 7,1 < 7, for all u < ¢.

Let y € (). If u < v, then l(iy, j,) < l(4y, jo) = [+ 1. Lemma 4.9 implies
that s;,;,(y) = 0.

Moreover, let y & Cyyq. If u = v, then I(iy, j,) = [+1. Lemma 4.9 implies
that s;,;,(y) # 0. O

Proposition 4.11 Ify € C; \ Cj11, then wt(y) > v;.
Proof. This follows from Lemmas 4.7 and 4.10. O

Definition 4.12
d(l) = min{vy,, | m > 1},

dy(l) = min{vy, | m > 1,Cy, # Cria },

The numbers d(1) and d,(I) will be called the order bound. If R is an affine
algebra of the form F,[X}, ..., X,,]/I and ¢ is the evaluation map evp of the
set P of n points in Fy", then we denote d, by dp.

o7



Theorem 4.13 The numbers d(l) and d,(l) are lower bounds for the mini-

mum distance of Cy:
A(Cy) > d, (1) = d(0).

Proof. The theorem is a direct consequence of Definition 4.12 and Propo-
sition 4.11. [

Remark 4.14 The set N; and the numbers v, and d(l) depend only on the
order function p and neither on the choice of the basis {f; | i € N} nor on the
choice of the set of points. The number dp depends on the order function
and the choice of the set of points, but not on the choice of the basis.

If 7) Q Pl, then dfp Z dfp/.

Example 4.15 Let R = F,[X] and let p, with p(f) = deg(f), be the order
function of Example 3.7. Let f; = X!, For a primitive element « of F, and
n=q—1,let ¢ : R — F} be defined by ¢(f) = (f(a°), f(a'),..., f(a")).
Then C; = {c € F}|c- ¢(fi) = 0,1 < i < [} then (; is a cyclic code with
defining set a®, o, ..., a!"t. The order bound gives d(I) = [ + 1, from which
the BCH bound may be derived.

Example 4.16 This is a continuation of Example 3.21 with the Klein quar-
tic. The table gives a list of the functions f;, their weights p;, the numbers
v; and the bound d(I) from Theorem 4.13. We have that

Ny = {(,))|pi + pj = praa }

since p is a weight function. It is easy to see that d(l) = v, = [ — 2 for all
[ >6.

I /1 2 3 4 5 6 7 8 9
il y oy v %y ay® v 2%y ay’
pm |03 5 6 7 8 9 10 11
v |2 2 3 2 4 4 5 6 7
a2 2 2 2 4 4 5 6 T

As a polynomial in Y, X3Y 4+ Y34 X, has three distinct zeros for every value
of X in F§. The origin is the only point of the curve on the line X = 0 or
Y = 0. Hence the affine curve has 21+ 1 = 22 rational points. If we consider
the evaluation codes, then for any set P of rational points the functions y®
and y evaluate to the same vector. This gives Cy; = Cay. If the set P consists
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of all the 21 rational points with nonzero coordinates, then the function g’
evaluates to the same vector as the function 1, so furthermore Cig = Ciy.

Let I > 3. Let H, = (¢(fi);]1 <1i < 1,1 <j < n) be the parity check
matrix of C;. Then the first three entries of the j-th column of H; are equal
to 1, y; and z,y;, where P; = (z;,y;). There is at most one j with y; = 0.
So any two columns of H; are independent. Hence the minimum distance of
the codes C3 and CYy is at least 3, and in fact it is equal to 3 for both codes.
This is an example where the minimum distance of Cj is strictly larger than
dp(l) and d(1).

Example 4.17 This is a continuation of Example 3.19 with the Hermitian
curve over F5. Consider the table with a list of f;, p;, v, and d(1).

[ 112 3 4 5 6 7 8 9 10 11 12 13 14 15 16
1 2y 22 2y 2 2 2%y a2 P o Dy 222w gt oy
m |04 5 8 9 10 12 13 14 15 16 17 18 19 20 21
v |2 2 3 4 3 4 6 6 4 5 8 9 8 9 10 12
diy|2 2 3 3 3 4 4 4 4 5 8 8 8 9 10 12

One can verify that d(l) = v, =1 —5 for all [ > 16.

Example 4.18 Reed-Muller codes. Let R = F,[Xy,...,X,,]. Let p be the
order function associated with the graded lexicographic order on the monomi-
als of R. Let f; be the i-th monomial with respect to this order. Let n = ¢™.
Let P, ..., P, be an enumeration of the n points of F;* = P. Then RM,(r, m)
is by definition the code obtained by evaluating all f € F,[ X1, ..., X,,] of de-
gree at most r at all points of P. If f; = X7, then fi,; = X/t and {f; | i <}
is the set of all monomials of degree at most r. So RM,(r, m) = evp(L;) = E.
The minimum distance of Reed-Muller codes is well-known. It is also a con-
sequence of the theory developed above, as we will now demonstrate.

Lemma 4.19

(1) If fryr = X7, then vy = [[72 (v + 1).

(2)

2 if fy = X7 for somer,

1 otherwise.

a(l) = deg(fi) + {

(3) Let fi = X{. Writer+1 =v(q—1)+p with v, u € Ny such that p < g—1.
Then dp(l) = (1 + 1)g".
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Proof.

(1) If f; = X, f; = X7, then f; = X*™ for some I. So I(i,5) = .
Hence if fj11 = X7, then v is equal to the number of pairs (i, j) such that
fifj = fix1, which is equal to the number of 1 o € Ni* such that 0 < oy <y,
for all ¢, 1 < ¢ <m, which is [[;~, (% + 1).

(2) If f; = X7, then fi = XM Soyy=r+2=deg(f;) +2. Let I’ > 1
and fyy1 = X7. Then

v =[S (e +1) > O02yye) + 1 = deg(fryr) + 1 > deg(fi) + 2.

So d(I) = deg(f;) + 2.
If f; is not of the form X7, then f;, 1 = X7 for some [y > [ and r = deg(f;).
Sov,=r+1and vy >r+1 forall I’ > [. Hence d(I) = deg(f;) + 1.

(3) If fry1 = X7, then the code Cy is not equal to Cp,q if and only if
0<7 <q—1forall t. So dp(l) is equal to

min{ [[Z,(x+1)| Xt nw>r+land0<~ <g—1forallt },

if fi = X7]. Consider the real valued function f defined by f(x) = [ [}~ (z:+1)
on the domain {x e R™ | >" z;>r+land0<z, <g—1lforallt }.
The method of Lagrangemultipliers gives that the minimum of f is obtained
at the corner (0,...,0,u,¢q —1,...,q — 1), where the last v cordinates are
equal to ¢ — 1. Hence dp(l) = (u + 1)g¢". O

Theorem 4.20 Let r and m be positive integers such that 0 < r < (¢—1)m.
Write (g —1)m —r =v(q— 1)+ p with v, u € Ny such that u < q—1. Then
the minimum distance of RM,(r,m) is equal to (p+ 1)g”.

Proof. Let E; be the Reed-Muller code RM,((¢ — 1) —r — 1,m) and
obtained as described in Example 4.18. Then C; is the dual of this code if
£ = X{q—l)—r—l‘

The dual of RM,(r,m) is a RM code of order m(q — 1) —r — 1. We give
a sketch of the proof of this fact.

Notice that X and X; evaluate to the same word under evp. A polyno-
mial is called reduced if the monomials X with a nonzero coefficient satisfy
a; < qfori=1,...,m. So for every polynomial F' there exists a reduced
polynomial F’ such that evp(F') = evp(F’). This polynomial F” is unique.
So the dimension of RM,(r, m) is equal to the number of reduced monomials
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X such that deg(a) <. Let @ = {0,1,...,¢g—1}. Let u = (¢—1,...,q—1).
By considering the map X +— X#~% on Q™ one sees that

dim RM,(r,m) + dim RM,((¢ —1)m —r —1,m) = ¢™.
Let F' and G be two reduced polynomials. Then
evp(F) - evp(G) = 0 if deg(F') + deg(G) < (¢ — 1)m

This is seen by considering monomials first and using the fact that cF, I
0 for all ¢« < ¢ — 1. Hence the two RM codes are orthogonal. By the above
remark on the dimensions we have proved that the two RM codes are dual
to each other.

Hence C; = RM,(r,m). Now (¢g—1)m—r = (¢—1)v+p. So the minimum
distance of RM,(r,m) is at least (u + 1)¢” by Lemma 4.19. To show that
this lower bound is tight, we consider the polynomial

m—v—1 q—1

H Xq t H (Xm—l/_aj)7

i=1 j:u+1

where F, = {ao,...,a,-1}. Thendeg(F) = (m—v—1)(¢—1)+(¢g—1—p) =r.
So F' evaluates to a codeword of RM,(r,m). Let P = (z1,...,%,). Then
F(P) # 0 if and only if 21y = -+ = 2,1 = 0 and z,,_, = a; for some
j €{0,...,u}. Hence evp(F) has weight (u+ 1)g”. O

4.3 Improvements and generalizations

In this section we sketch, without proofs, possible improvements and gener-
alizations of the theory.

Let R be an F -algebra. Let (f;|i € N), (g;|7 € N) and (Iy|l € N) be three
sequences of independent elements in R. The vector space L(l) has hy, ...,k
as basis. Assume that for all 4, j there exists an [ such that f;g; € L(l). The
function I(3, j) is defined as the smallest [ such that f;g; € L(l). Assume that
I(i,7) is strictly increasing in both arguments. In the theory of the previous
sections we have the special case with f; = ¢; = h;, (fi|li € N) is a basis
of R and p(f;) < p(fir1) for all i, where p is an order function on R. Let
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¢ : R — T} be a surjective morphism of F-algebras. Let h; = p(Iy). Let Ej
be the code generated by hy, ..., h;. Let C; be the dual of E;. So

Cr={ceF;|[c-h;=0foralli<lI}
The set N; is defined by
N={(,j)eN*|1(i,j)=1+1}
as in Definition 4.8, and v; is the number of elements of N;. Let
d(l) = min{y,, | m > 1},

dy(l) = min{v,, | m > 1,C,, # Crpqa }

as in Definition 4.12. Then d,(I) > d(I) and they are lower bounds on the
minimum distance of the code C;.

Example 4.21 Consider the curve with equation X3Y + Y3 + X2 -1 =10
as in Example 4.5. Let the sequence (Iy|l € N) list the elements z%y”,
a < 3 such that 2o + 33 is increasing. So hy = 1, ho = x, hy = y and
hap—e = xy* € if k > 2 and e = 0,1,2. Let (f;li € N) be the sequence
obtained from (Iy|l € N) by deleting z%. So fi =1, fo =z, f3 =y, f1 = zv,
fs = y? and fapye = 22"y if k> 2 and e = 0,1,2. Let g; = f;. One
can verify that the product f;g; is a linear combination of the h;, and that
the function (i, j) is strictly increasing in both arguments. It is easy to see
that d(l) = v, =1—2 for all I > 8.

[ [1 2 3 4 5 6 7 &8 9 10
h|l oy oy v 2% xy? o 2%y ay’
hy |1 o v 22 ay v* 2%y ay? P a%y?
v |2 21 4 3 4 6 6 7 8
A1 11 3 3 4 6 6 T 8

Let Fy be a subfield of F,. In the above situation we can define the code
C)={ceF}|c-h;=0foralli<I}.

Then C} is a subfield subcode of C;. So the bounds d(l) and d,() hold also
for the minimum distance of C}. Define

dg,(l) =min{v,, | m >1,Cp, # Cp_,}.
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Then d)(I) > d,(l) > d(l) and they are lower bounds on the minimum dis-
tance of the code C?. In this way one get bounds on the minimum distance
of cyclic codes that improve the BCH bound. The most general bound is
the so called shift bound. We will not define it here but refer to the Notes.
All these bounds have the decomposition of the matrix of syndromes S(y) in
common, and patterns of zeros in this matrix give information on the nonze-
ros of y.

It is possible to give a version of these ideas on the level of words in F}
directly without any reference to the F -algebra R and the morphism ¢.

Let {ai,...,a,}, {b1,...,b,} and {ci,...,c,} be three bases of Fy. Let
E; be the code generated by cq, ..., c;. Let C) be the dual of the code Ej. Let
[(i,7) be the the smallest positive integer [ such that a; * b; € E;. The pair
(1,7) is called well-behaving if 1(i',§') < I(i, ) for all i/, j' such that i’ < 4,
j'<jand (,5) # (i,7). Let I =0,1,...,n — 1. Define

N()={(i,5) | I(i,5) =1+ 1 and (i, ;) is well-behaving }.
Let (1) be the number of elements of N(I). Let #(n) = n + 1. Define
d(l) =min{ v(m) [ I<m <n}.

Then d(I) is a lower bound on the minimum distance of C;.

Let the basis {aj, ...,a,} be obtained by deleting succesively superfluous
elements of the sequence (¢(f;)]i € N), and let the bases {by,...,b,} and
{c1,...,c,} be obtained similarly from (¢(g;)[j € N) and (¢(h;)|l € N), re-
spectively. If the dimension of C; is k, r = n—k and C; # Cy,1, then C, = C,
and d(r) > d,(1).

Definition 4.22 Let d be a positive integer. Define
C(d) ={c € F! | c-hyy =0 for all | € Ny such that v, < d},
Co(d) = {c € F} | chyyq = 0 for all | € Ny such that v, < d and C; # Ciyq}.

Proposition 4.23 The minmum distance of C(d) and C,(d) is at least d.
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Proof. The code C(d) is contained in Cy(d). So it is enough to prove the
claim for the latter. Let y be a nonzero codeword of C‘w(d). If d =1, then
there is nothing to prove. Let d > 1. Then 1y =1 < d. Soy-h; = 0. The
number N was defined in such a way that the elements hy, ..., hy generate
[Fy. The word y is not zero. So there exists a positive integer [ such that
y - h;1 # 0. Let [ be the smallest positive integer such that y - h;; # 0.
Then y € C)\ Cj1. Therefore wt(y) > v; by Proposition 4.11. If v, < d,
then y - h;;; = 0, since y € C’w(d) and C; # ;1. This is a contradiction.
Hence wt(y) > v, > d. O

Definition 4.24 Let d be a positive integer. Define
R(d)={l+1|1le Ny, v <d},
Ry(d)={l+1|1leNy, vy <dand C; # C1}.
Let r(d) and r,(d) be the number of elements of R(d) and R, (d), respectively.

Remark 4.25 The number 7(d) is the number of paritychecks that define
C(d) and depends only on the order function. These paritychecks might be
dependent. So the redundancy of C(d) is at most r(d). Hence the dimension
of C(d) is at least n — r(d). The number r,(d) is the number of paritychecks
that define C,(d), and depends on the order function and the map ¢. In this
case these paritychecks are independent by definition. So the redundancy of
C,(d) is equal to r,(d). Hence the dimension of C(d) is n — r,(d).

The codes C(d) and C,(d) have the super code property, that is to say:

if d = d(1), then C; C C(d) € C,(d). So the minimum distance of the codes
c, C (d) and C’w(d) is at least d, but C; might be smaller.
Example 4.26 Hyperbolic codes. Consider the situation as in Example 4.18
of the RM codes. Son = ¢™ and P = {Py,..., P,} is an enumertion of the
points of the affine space F}'. Furthermore R = Fy[X}, ..., X;,] and ¢ is the
evaluation map evp. We have seen that that all the RM codes are of the
form E; and C}, and that the order bound is equal to the minimum distance
by Theorem 4.20. The bounds on the redundancies are given by

r(d) = #{a e Ng' | [T:Z, (s +1) < d},
re(d) = #{a € Q" | [[Z,(ai +1) < d},
where Q = {0,1,...,¢ — 1}, by Lemma 4.19. The codes C(d) and C,(d) are

called hyperbolic, since in case m = 2 the bound r(d) is the number of integer
lattice points (z,y) € Nj* under the hyperbola (z + 1)(y + 1) = d.
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4.4 Notes

The order bound uses the fact that the matrix of syndromes is a triple product
of matrices which stems from the study of decoding algorithms as will be seen
in Section 6. The order bound is also called the Feng-Rao bound. It can be
seen as a generalisation of the shift bound for cyclic codes [63, 74].

The generalized RM codes are treated in [6, 15, 52] and [94].

The idea to define C'(d) by deleting parity checks in the definition of
C; and still keeping the same bound on the minimum distance is from [25],
where they are called improved geometric Goppa codes. From an algebraic
geometric point of view these codes are defined with the help of incomplete
linear systems.

Hyperbolic codes are called Hyperbolic Cascaded Reed Solomon codes in
82].

The idea to generalize the construction of Goppa from curves to varieties
of arbitrary dimensions is from [66], but until the order bound, not much
could be said about the parameters of these codes if the dimension of the
variety is greater than one.

5 Weight functions and semigroups

The order bound is investigated in detail when p is a weight function in terms
of its associated semigroup, in particular if the semigroup is generated by two
generators, and more generally, for semigroups which are called telescopic.
The minimum distance of Hermitian codes is determined.

5.1 Semigroups and the minimum distance

Suppose that p is a weight function. Condition (O.5) implies that the subset
A={p(f) | f€R,f+#0} of the nonnegative integers Ny has the property
that, 0 € A, and x +y € A for all z,y € A.

Definition 5.1 A subset A of Ny is called a (numerical) semigroup if 0 € A
and for all z,y € A also the sum x 4+ y € A.

Elements of Ny \ A are called gaps of A and elements of A are called
nongaps of A. If all elements of A are divisible by an integer d > 1, then
there are infinitely many gaps. The number of gaps is denoted by g = g(A).
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If g < oo, then there exists an n € A such that if v € Ny and = > n, then
x € A. The conductor of A is the smallest n € A such that { x € Ng |z > n }
is contained in A, denoted by ¢ = ¢(A). So ¢ — 1 is the largest gap of A if
g > 0.

Example 5.2 If p is a weight function, then A ={ p(f) | f € R, f #0 } is
the semigroup of p.

In particular, if p = —vp of Example 3.8, then A is the Weierstrass
semigroup of P, see Definition 2.15.

Remark 5.3 Let A be a semigroup with g gaps and conductor c.

(1) ¢ =0 if and ony if ¢ = 0.

(2) Let g >0. Thenc>g+1l,and A={2xeNy |z >g+1}U{0}if and
only if c = g+ 1.

(3) There is exactly one gap if and only if 1 is the only gap.

(4) If 2 is a nongap, then {1,3,...,2g — 1} is the set of gaps. So ¢ = 2g.

Example 5.4 Let A = {0,4,5,8,9,10} U{ 2 € No | # > 12 }. Then A
is the semigroup of the weight function on the Hermitian curve over Fy4 of
Example 3.19. The gaps are 1,2,3, 6,7 and 11. So the number of gaps is
g = 6, the conductor is ¢ = 12 and the largest gap is 11.

Definition 5.5 The elements of a semigroup A will be enumerated by the
sequence (p|l € N) such that p; < p41 for all [. The number of gaps smaller
than p; will be denoted by g(1).

Lemma 5.6 Let A be a semigroup with finitely many gaps.

(1) Ifl e N, then g(I) = p — 1 + 1.

(2) Ifl € N, then py <1+ g — 1 and equality holds if and only if p; > c.
(3) Ifl>c—g, thenpy=1+g— 1.

(4) If l< c—g, then py < c— 1.

Proof.

(1) The nongap p; is the (p;+1)-st element of Ny. So p; is the (p+1—g(1))-
th element of the semigroup A. Hence | = p, + 1 — g(I).

(2) Now ¢(1) < g and ¢(I) = g if and only if p; > c.

(3) The conductor ¢ is the (¢ + 1)-st element of Ny. All gaps are strictly
smaller than c. So c is the (¢ + 1 — g)-th element of A. Hence ¢ = pey1—g.
Let | > ¢ —g. Then p; > p._4+1 = c¢. Therefore p, =1+ g —1 by (2).
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(4) Let I < c—g. Then py <l+g—1<c—1. Butc—1isa gap or
negative. Therefore p; < ¢ — 1. O

In the previous lemma we used only the fact that { n € Ny | n > ¢ } is
contained in A and ¢ — 1 € A. In the following proposition we use the
property that a semigroup is closed under addition.

Proposition 5.7 Suppose that the number of gaps is finite. Then
c < 2g.

And ¢ = 2qg if and only if for any nonnegative integer s, if s is a gap, then
c—1—s1is a nongap.

Proof. Consider a pair of nonnegative integers (s,t) with s +¢ = ¢ — 1.
At least one of these two numbers has to be a gap, since ¢ — 1 is a gap and
the sum of two nongaps is a nongap. But there are ¢ such pairs, giving the
required inequality.

Equality holds if and only if for any pair of nonnegative integers (s, )
with s +t = ¢ — 1 exactly one of these two numbers is a nongap and the
other is a gap. ([

Definition 5.8 A semigroup is called symmetric if ¢ = 2g.

Example 5.9 The semigroup of the weight function of the Klein curve of
Example 3.21 has three gaps: 1,2 and 4. The largest gap is 4 and the
conductor is 5. So this semigroup is not symmetric.

Definition 5.10 Let A = {ay,...,a;} be a subset of a semigroup A. If for
any element s € A there exist z1,...,2, € Ny such that s = Ele x;a;, the
semigroup A is said to be generated by A and written A = (A). A set A of
generators of A is minimal if A is not generated by a proper subset of A.

We state without proof the following facts. Every semigroup has a finite set
of generators. Every set of generators contains a minimal set of generators
and a minimal set of generators is unique.

Proposition 5.11 Let a,b € N such that ged(a,b) = 1. The semigroup
generated by a and b is symmetric, has ab—a—b as largest gap, (a—1)(b—1)
as conductor and the number of gaps is equal to (a — 1)(b—1)/2.
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Proof. Every integer m has a unique representation m = xb + ya, where
x and y are integers such that 0 < y < b, since ged(a,b) = 1. Hence every
gap m has a unique representation m = xb + ya such that 0 < y < b and
x < 0, and every nongap m has a unique representation m = xb + ya such
that 0 <y < band x > 0.

Let ¢ be the conductor of the semigroup A = (a,b). First the largest
gap ¢ — 1 is computed. The numbers ya € A , y = 0,1,...,b — 1 form a
complete set of representatives of the cosets modulo b, and ya — b is the
largest element in the coset of ya without a representation with nonnegative
integer coefficients. Hence

(b—1)a—1»b
is the largest gap, which is equal to ¢ — 1. So ¢ = (a — 1)(b—1). To see that

(a,b) is symmetric, assume that s and t are both gaps and s +¢ = ¢ — 1.
Since s and t can be written as

s=xb+ya, t=xb4+1ya, 0<1y;,ys<b and xy,29 <0,
we get c—1=ab—a—b= (1 +z2)b+ (y1 + y2)a. So
(=21 — 22— 1)b=(y1 +y2 — b+ 1),

where 0 < y; + 12 < 2b— 2 and z1 + x5 < —2. The lefthand side of the last
equation is strictly positive and the righthand side strictly smaller than ab,
giving a contradiction, because ged(a, b) = 1. Hence A is symmetric and ¢ =
2g by Proposition 5.7, where g is the number of gaps. So g = (a—1)(b—1)/2.

0]

Corollary 5.12 A semigroup has a finite number of gaps if and only if the
greatest common divisor of its elements is 1.

Proof. Suppose that the greatest common divisor of the elements of a
semigroup A is 1. Then there exist a,b € A such that ged(a,b) = 1. The
number of gaps of (a,b) is finite by Proposition 5.11, and A contains (a, b).
So the number of gaps of A is finite.

The converse is clear. 0

Example 5.13 The semigroup of Example 5.4 is generated by 4 and 5. This
semigroup has 6 = (4 — 1)(5 — 1)/2 gaps and is indeed symmetric.
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Example 5.14 The semigroup of the weight function of plane curves with
defining equation XY + Y**¢ + G = 0 as treated in Proposition 3.17, is
equal to

(a,) \{ ab+ fa | o, €Ny, a <a,ca > (a—d)S }.

Hence g = (a—1)(b—1)/2+ A, where A is equal to the number of elements
of {(a, B) € N¢|aw < a,ca > (a — d)S}.

For a subset B of Ny and a € Ny we denote theset { a+b|b € B } by a+ B.

Lemma 5.15 Let A be a semigroup with finitely many gaps. Let s € A .
Then the number of elements of A\ (s + A) is equal to s.

Proof. Let ¢ be the conductor of A. Let T ={t €Ny |t >s+c}. Then
T is contained in A and in s+ A. Let U ={ u € A | u<s+c}. Then the
number of elements of U is equal to s + ¢ — g, and A is the disjoint union
of Tand U. Let V={ves+A|s<wv<s+c} Then the number of
elements of V' is equal to ¢ — g, and s + A is the disjoint union of V' and T
Furthermore V' C U, since s € A and A is a semigroup. Hence

H(A\(s+ M) = #U — #V = (s+c—g) — (c—g) = 5.
[l

Lemma 5.16 Let f be a nonzero element of an F,-algebra R with a weight
function p. Then

dim(R/(f)) = p(f)-

Proof. Let A be the semigroup of the weight function p. Let s = p(f).
Let (p; | © € N) be the sequence of the elements of A in increasing order.
The image under p of the set of nonzero elements of the ideal (f) is equal to
s+ A. So for every p; € A there exists an f; € R such that p(f;) = p;. If
moreover p; € s + A, then we may choose f; € (f). Thesets { f; | i € N}
and { f; | 1 € N, p; € s+ A } are bases of the algebra R and the ideal (f),
respectively, by the same argument as 3.12. Hence the classes of f; modulo
(f) with i € Nand p; € A\ (s+ A) form a basis of R/(f). So the dimension
of R/(f) is equal to the number of elements of A\ (s + A), which is p(f) by
Lemma 5.15. 0
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Lemma 5.17 Let R be an affine algebra with a weight function p and an
evaluation map evp. Let f be a nonzero element of R. Then the number of
zeros of f is at most p(f).

Proof. Let Q be the set of zeros of f and let t = [Q|. The map evg : R — T},
is linear and surjective by Lemma 4.3. Furthermore g(Q) = 0 for all Q € Q
and g € (f). This induces a well-defined map evg : R/(f) — F. which is
linear and surjective. So the number of zeros of f is at most the dimension
of R/(f) which is equal to p(f) by Lemma 5.16. O

Suppose that we have a weight function p on R = F,[Xy,...,X,,]/I. Let
(pili € N) be the enumeration of the elements of the semigroup of p in
increasing order. Let P consist of n distinct points of " in the zero set of I,
and let evp : R — F} be the corresponding evaluation map. The evaluation
code Fj is defined as in Section 4.1. So E; = { evp(f) | f € R, p(f) < pi }.

Theorem 5.18 The minimum distance of Ej is at least n — p;. If pp < n,
then dim(E;) = 1.

Proof. Let ¢ be a nonzero element of ;. Then there exists a nonzero
element f € R such that p(f) < p; and ¢ = evp(f). So ¢; = f(F;) for all 4.
The number of zeros of f is at most p;, by Lemma 5.17. So wt(c) > n — p.

Suppose moreover that p; < n. E; is the image under the evaluation map
of the vector space L; of dimension [. If f € L; and evp(f) = 0, then f has
at least n zeros. Hence f = 0 by Lemma 5.17, since p; < n. So the map
evp : Ly — Ej is a linear isomorphism, hence dim(£;) = [. O

Corollary 5.19 Let p be a weight function with g gaps. If pr < n, then Ej
is an [n, k,d] code such that k+d>n+1-—g.

Proof. This follows from Theorem 5.18 and the fact that pp < k+g—1 as
shown in Lemma 5.6. 0

Example 5.20 This is a continuation of Example 5.14. In the special case
that a« = b+ 1 and ¢ = 0, one can compare the code C' of Section 2.3 with
m = a and the code Fj of this section. The number of gaps is g = (m;)
by Proposition 5.11. If pp = Im, then C' = Ej and Proposition 2.27 and

Corollary 5.19 give the same parameters of the codes C' and E}, respectively.

Remark 5.21 If p is an order function but not a weight function, then in
general R/(f) is not finite-dimensional and there is not a straightforward
bound on the minimum distance for E;.
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5.2 Semigroups and the dual minimum distance

Let p be a weight function on the F-algebra R. It is assumed that the greatest
common divisor of the weights p(f), 0 # f € R, is 1. So g, the number of
gaps of the corresponding semigroup A, is finite. Let (p; | ¢ € N) be the
sequence of nongaps of the weight function p such that p; < p;4;1 for all i.
The number of gaps smaller than p; is denoted by g(l). The conductor of A
is denoted by c.

Recall from Proposition 3.12 that for a weight function p the function
l(i,7) is determined by

Pij) = Pi + Pj-

Hence the set NV, from Definition 4.8 can be redefined by

Ny ={(i,j) e N*| pi+ pj = pra1 }.

The number of elements of N; is denoted by 1. In Definition 4.12 the order
bound d(l) was defined by

d(l) =min{ v,,, | m>11}.

Definition 5.22 The Goppa bound on the minimum distance of Cj is de-
noted by dg(l) and is defined by dg(l) =1+ 1 —g.

Example 5.23 If A = Ny, then p, = [ — 1 and N, is the set of all pairs
(t,0+2—1),i=1,2,...,0+1. Sod(l)=vy,=1+1foralll € N.

Theorem 5.24 Let D(l) ={ (z,y) | = andy are gaps and x +vy = pi41 }.
Then
v=1+1—g(l+1)+#D(l),

where g(Il+1) =g ifl > c—g and #D(l) =0 if | > 2¢— g — 2. Furthermore
d(l) > dg(l) =1+ 1— g and equality holds if | > 2¢ — g — 2.

Proof.
(1) For a given integer [, define the following sets. A(l) is the set of pairs

of nonnegative integers (x,y) such that z +y = p;1. Let B(l) be the set
of pairs (z,y) € A(l) such that = is a gap, and let C(l) be the set of pairs
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(x,y) € A(l) such that y is a gap. Clearly A(l) = N, U B(l) U C(l) and
D(l) = B(I) N C(l) and N, is disjoint from B(l) U C(l). Hence

v = #A(I) — #B(1) — #C(1) + #D(1).

The number of elements of A(l) is pj41 + 1. Let € Ny. Then z is a gap
smaller than p;;; if and only if there exists a unique y such that (z,y) € B(I).
So #B(l) = g(I + 1), and similarly #C(l) = g(I + 1). The equality for v,
follows now, since g(l + 1) = p;31 — [ by Lemma 5.6.

(2) If I > ¢ — g, then g(I + 1) = g by Lemma 5.6 (3).

(3) Now suppose that [ > 2¢ — g — 2. If g = 0, then v, = [+ 1 for all
[ € N by Example 5.23. So we may assume that ¢ > 0 and ¢ > 2. So
2c—g—2>c—g. Hence pjy; =1+ g > 2c—2. Let z and y be gaps. Then
x,y < c— 1. If moreover x + y = pyy1, then pry1 < 2¢ — 2. Therefore such a
pair (x,y) does not exist. So D(() is empty if [ > 2¢ — g — 2.

(4) The statement about d(l) and dg(l) follows immediately from the
definitions and the above results on ;. O

Example 5.25 Let us illustrate the theorem by means of a diagram of the
semigroup of the Klein quartic. Put the elements of the semigroup in an
array with x 4+ y on the entry (z,y) if z and y are nongaps, and a dot
otherwise. Look at the diagonal = + y = p;11 and count the the number of
times we see p;y1. In this way we determine v, the size of N;. The dots in
the rows correspond to elements of the set B(l), and the dots in the columns
to elements in C(l). An element (z,y) of D(I) corresponds with the x-th
column with dots intersecting the y-th row with dots. If [ is large enough,
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then they do not intersect anymore.

o --3 -5 6 7 8 9 10 11 12
3 - - 6 - 8 9 10 11 12

) 8§ - 10 11 12

6 9 - 11 12

7 - - 10 - 12

8 11

9 12

10

11

12

This gives again the values of the table of Example 4.16.

I |1 2 3 456 7 8 9
113 5 6 7 8 9 10 11 12
v |2 23244 5 6 7

We will compare the redundancy of the codes C; with the codes C(d) and
Cy(d) of 4.22.

Proposition 5.26 Let p be a weight function. Let g be the number of gaps
of the corresponding semigroup. Then r,(d) <r(d) <d—1+g.

Proof. The inequality r,(d) < r(d) follows from the inclusion R,(d) C
R(d).

IfleNgandl >d—1+g, thenv;, > 1+ 1— g > d, by Theorem 5.24. So
[+ 1¢ R(d). Hence R(d) C {1,2,...,d—1+4+g}andr(d) <d—1+g. O

The following technical lemma is needed in order to say more in the two
generator case.

Lemma 5.27 Suppose a and b are two positive integers which are relatively
prime and such that a > b. Let A be the semigroup generated by a and b. Let
pie1 = b+ya for some nonnegative integers x andy. If pjr1 < (b—1)a, then
vy = (z+1)(y+1) and there is at least one gap in the interval [pi1— vy, pre1]-
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Proof. Let m = p;1. Let v = 1. Then v is the number of pairs (my, ms) €
A? such that mq +me = m.

We will use several times the fact that if m’ € A and m’ < (b— 1)a, then
y < b, so there exist uniquely determined nonnegative integers x and y such
that m = xb + ya, since ged(a,b) = 1.

(1) Let (4,7) € N2 such that 0 <4 < z and 0 < j <y. Define m;(i,j) =
ib + ja and my(i,j) = (x — )b+ (y — j)a. Then my(i,7), ma(i,j) € A
and mq(i,7) + ma(i,j) = m. The my(i,j) are mutually distinct. Hence
v>(x+1)(y+1).

If (mq,msy) is a pair such that m = my; + my and my,my € A, then
my1 = x1b + y1a and mg = x9b 4 ysa for some nonnegative integers 1, v,
x9 and yo. So b+ ya = (x1 + x2)b + (y1 + y2)a. Hence z1 + x5 = = and
y1 + y2 = y. Therefore my = my(zy,y;) for t =1,2. Sov = (z+ 1)(y + 1).

(2) Let m — i be an element of the interval [m — v, m]. Write

m—i=xb+ya, 0y, <b fori=0,1,... v

If we can show that one of the x;’s is negative, then there is at least one gap
in [m — v, m]. Consider two cases:

(2.1) v < b. Herethey;, i = 0,...,v are v+1 distinct nonnegative integers.
So there is at least one y; > v = (¢ + 1)(y + 1). For the corresponding z; we
have

zib=m—i—ya<azbtya—i—(r+1)(y+1a<z(b—a) <0,

since b < a.
(2.i1) v > b. Then m—i takes on all possible values modulo b. Furthermore
m — i = ay; (mod b) and ged(a,b) = 1. Hence y; takes on all possible values
modulo b. So we find y; = b—1 for some ¢ = 0,1, ..., v. For the corresponding
z; we have
zb=m—i—ya<m-—(b—1)a <0,
since it is assumed that m < (b — 1)a.

In both cases it is shown that one of the x;’s is negative. 0

Proposition 5.28 Let the semigroup of the weight function be generated by
a and b such that b < a and ged(a,b) = 1. Let (p;) be an enumeration of the
semigroup in increasing order. Then

dil)=j+1 ifl<gand(j—1)a<p4 < ja
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Proof. The semigroup is symmetric, so ¢ = 2g, and ¢ = (a — 1)(b — 1) by
Proposition 5.11. Let [ < g. Then [ < ¢ — g, so p;+1 < ¢ — 1 by Lemma 5.6.
Hence p; < (b — 1)a. Write p;11 = b + ya for some nonnegative integers x
and y. Then v; = (x4 1)(y+ 1) by Lemma 5.27. If moreover p; 11 = ja, then
x=0and y=7j,s01y =7+ 1. Now assume (j — 1)a < pjy1 = xb+ya < ja.
So0<y<j—1. Theny = (z+1)(y+ 1) is strictly larger than

(T2 ) 402 G- 1= + 1) =
Hence d(I) = min{ v,,, | m>1} =7+ 1. O

Example 5.29 This is a continuation of Example 4.17 with the Hermitian
curve over [F15. We have seen that the seqence 1 is given by:

l

1 10 11 12 13 14 15 16 17
1% 2

9
4 5 8 9 8 9 10 12 12

2 3 4 5 6 7 8
2 3 4 3 4 6 6

and v, = [ — 5 for all [ > 17. Notice that the v, are nongaps for all [ > 6.
Furthermore if 6 <[ <9, then v; > 4 and 4 is the smallest nongap which is
at least [ — 5.

Theorem 5.30 Let the semigroup of the weight function be generated by two
elements. If | > g, then

d(l) =min{ p | pp=l+1—g}.

Proof. The semigroup A is symmetric by Proposition 5.11. So ¢ = 2g. Let
[ >g=c—g. Then p;;1 =1+ g by Lemma 5.6.

(1) Ifl >39g—2 =2c—g—2, then d(I) = [+ 1 — g by Theorem
5.24. Furthermore | —2g+2 > g =c—g. S0 pi_og42 =l +1 — g. Hence
d(l) = pr-2g+2-

(2) Suppose g <1 <39 —2. Then pj1 =1+ g. So2g9 < pr1 <4g—2.
We may write pjy; =29 —1+k, 1<k <29g—1. Sok=101+1-—g. The
number v; is equal to [+ 1 — g+ #D(l), by Theorem 5.24. For the estimation
of the number of elements of D(l) we will consider two cases:

(2.4) k is a nongap. Let (x,y) € D(l). Then z and y are gaps and
pi1 = T+ y. So (29 — 1 —z)+ k = y. The semigroup is symmetric, so
2g — 1 —x is a nongap. The sum of two nongaps is of course again a nongap.
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Hence y cannot be a gap and D(l) is empty. Therefore vy =1+ 1 — g =k is
a nongap p; for some ¢.

(2.i7) K is a gap. Now there is a ¢ such that p;_; < k < p;. There exists
an L > [ such that pp11 = 29 — 1 + p;. By the argument in (2.7) we have
that v, = L+ 1 — g = p;. We will show that v; > p;.

The function #D(l) is defined by a condition on gaps. But for symmetric
semigroups such a condition can be translated into a condition on nongaps.
Define 2’ =29 — 1 —zif x € Ny, 0 <2z <29 — 1. Then

r,y € (Ng\A), z4+y=p1 ifandonly if o',y € A, 2’ +¢y' =29 —1—k.

So 2g — 1 — k is a nongap p,41 and the number of elements of D(I) is
equal to v,. Hence there is a gap in the interval [p,+1 — vy, pus1] by Lemma
5.27. Recall that p;_1 < kK < p;. So the numbers k,xk +1,...,ps —2,p; — 1
are all gaps. So

20— p,29+ 1 —pp,. ;20 =2 - K29 -1 — K= pup

are all nongaps. So py41 — vy < 29 — p. But py11 = 29 — 1 — k by definition.
Therefore py — K < v, = #D(l). Hence vy =1+ 1— g+ #D(l) > p;, since
k =14 1—g. This implies d(l) = p; is the smallest nongap which is at least
[+1—g. O

5.3 Hermitian codes

In this section the theory will be applied to the Hermitian codes. This is a
continuation of Example 5.29 on the Hermitian curve. The length of these
codes is n = 73, and the number of gaps is g = (r? —r)/2.

The set { 2%9® | 0 < B < r } is used as a basis for the ring R and
p(z?y?) = ar + B(r +1). If a > q, then evp(2*y?) = evp(x*~9y”). So the
set

{evp(x®y’) | 0<a<q 0<B<r}

generates F7 and has gr = n elements. So it is a basis.

The nongaps are of the form p; = ar + G(r + 1) = (o + B)r + 3, where
«a and ( are nonnegative integers such that 3 < r. If 1 < a < r, then the
integers of the interval [(a — 1)(r + 1) + 1, ar — 1] are gaps. Furthermore
every gap lies in such an interval.
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In order to use the improved bound dp(l) those [ with C; = Cy1 must be
determined. If | < n — g, then p; < n, so E; has dimension [, by Theorem
5.18, and Cj has dimension n — . So C; # Cj;; and d(I) = dp(l) for all
l<n—g. Ifl >n—g, thenl > 39— 2, so v, is strictly increasing. Therefore,
although dp(l) > d(l) for some values of [, there always exists an m > [ such
that C; = C,,, and dp(l) = d(m).

Five cases will be distinguised to determine the minimum distance of .

(1) If I > 3g — 2, then Theorem 5.24 gives d(l) =1+ 1 —g.

(2) If g < 1 < 3g — 2, then Theorem 5.30 can be used. Write [ =
3g—1—(z—1)r—ywith0 <y <rand 1l <z <r. Thesmallest nongap
p: has to be determined such that py >l +1—g=(r—az—1)r+ (r—y).
Ifx <y, then (r—z—1)r+(r—y)=((+j)r+j withi=y—x—1 and
j =r—y. So the minimum is (r — z)r — y and therefore d(l) = (r — x)r —y.
If x >y, then (r —z —1)r+ (r —y) is in the interval [(i — 1)(r+1) +1,ir — 1]
with i =7 — 2. So d(l) = (r — z)r in this case.

(3) Suppose | < g. Write l = u(u+1)/2+ (v+1) with0 <v <u<r-—1.
Then p; = ur + v. This gives pj1 =ur+v+1if v <wand pyg = (u+ 1)r
if v = w. Therefore (u —1)(r +1) < pi1 < u(r 4+ 1) in the first case and
u(r+1) < pir1 < (u+1)(r+1) in the second case. Proposition 5.28 implies
that d(l) is equal to u + 1 and u + 2, respectively.

(4) Suppose Il > n—g. Writel =n—g+ar+ 4 with 0 < 3 <.
Then pip1 =l+g=n+ar+ 5 =r(qg+ (a« — ) + ) + f which means
that fi41 = 2@ Pyl If B < «, then the exponent of z is at least ¢, so
evp(fis1) € Ep and Cp = Cpyq. If o < 3, then evp(fi11) is an element of the
chosen basis, so C; # Cj;1. Therefore

dp(l) =min{ n+yr+d+1—g|0<y<d<r, I <n+r+4§}.

This minimum is n+ar++1—-2gifa < B, and n+ar+ (a+1)+1—2g
if 6 <a.

(5) If I > n + g, then C; = 0, since x771y"~! is the function which evalu-
ates to the last element of the basis for Fy, and (¢ — 1)r+ (r — 1)(r + 1) =
(n+g) — 1+ g. So this function is the (n + g)-th element of the basis of R.

For the Hermitian codes, the above lower bounds give in fact the true min-

imum distance. We refer to the literature in the Notes for this fact. One
needs a result similar to the RM codes, stating that the codes Cj are also of
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the form Fj..

The values of the Hermitian codes are summarized in the following table.

! \ d(C)) \ |
l:(u;1)+v+1,v§u<r—1

1<l<yg u—+1 if v<u

u+ 2 if v=u
[=3¢g—1—(x—1r—y,y<r

g<I1<3g—2 (r—az)r—y if <y

(r—a)r if 2>y

3g—2<l<n-—g I+1—g
l=n—g+ar+06,8<r
n—g<l<n+4+g |n+ar+p8+1-2g it a<p
n+ar+a+2—2g if a>p

5.4 Telescopic semigroups

Definition 5.31 Let (aq,...,ax) be a sequence of positive integers with
greatest common divisor 1. Define

d; = ged(ay, .. .,a;) and A; ={a1/d;, ..., a;/d;}

forv =1,...,k. Let dy = 0. Let A; be the semigroup generated by A;.
If a;/d; € A;i—y for ¢ = 2,... k, then the sequence (ai,...,a;) is called
telescopic. A semigroup is called telescopic if it is generated by a telescopic
sequence.

Remark 5.32 If (ay,...,ax) is telescopic, then ged(ay/d;, ... a;/d;) = 1
and the sequence (ay/d;, ..., a;/d;) is telescopic for i = 2,... k.

If d; = 1 for a telescopic sequence (aq,...,ax), then (ay,...,a;) is also
telescopic and generates the same semigroup.

Example 5.33 Semigroups generated by two relatively prime elements are
telescopic. The sequence (4,6,5) is telescopic, since do = 2 and 5 is an
element of the semigroup generated by 4/2 and 6/2. The sequence (4,5, 6)
is not telescopic.
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Lemma 5.34 If (ay,...,ax) is telescopic and m € Ay, then there exist
uniquely determined nonnegative integers xyi,Ts, ..., T such that 0 < x; <
di_1/d; fori=2,...,k and

k
m = E T;Q;.
i=1

This representation is called the normal representation of m by (ay, ..., ax).

Proof. The proof is by induction on the number k of entries in the
sequence. For £ = 1 there is nothing to prove. For k = 2 the Lemma
says: if ged(ag,as) = 1, then every m € Ay can be written uniquely as
m = xaas + x101, 0 < 29 < ay. In fact this property was already used in the
proof of Proposition 5.11. Now suppose the lemma is proven for all telescopic
sequences with k — 1 entries and look at m € Aj. There exist z, € Ny and
u € Ap_1 such that m = zpar+di_1u, since Ay, = {ag)+dp_1Ar_1. Write 25, =
wdy_1 +v, 0 < v <dp_; and get m = vay + dp_1(u + way). Now aj, € Aj_1,
and therefore u + way € Ag_;. Remember that also (a1/dy_1,...,ax_1/dx_1)
is telescopic by Remark 5.32. Let d, = ged(ay/dg_1,...,a;/dx_1) for i =
1,...,k—1. Then there exist 0 < x; < d,_,/d} fori =2,... k—1, such that

k—1
a;
U+ wap = E T;—
prll

is a normal representation by (a;/dg_1, ..., ax_1/di_1). Therefore m = vay +
S %! 24, is a normal representation by (ay, ..., az), since d,_, /d, = d;_1 /d;.

For the uniqueness assume m has two normal representations Zle Tia; =
m = Zle yia;, where 0 < z;,y; < d;_1/d; for i = 2,... k. Let [ be the
largest index for which z; # y;. Then 22:1 Ti0; = 22:1 yia; and (x; —
y)a = Zi;}(yl — x;)a;. Hence the right-hand side is a multiple of d;_; and
ged(ay/dy, dy—1/d;y) = 1, so x; — y; is a nonzero multiple of d;_;/d; which gives
a contradiction. O

Proposition 5.35 Let A, be the semigroup generated by the telescopic se-
quence (ai,...,ag). Then

c(Ar) = 1= di_1(c(Mpo1) = 1) + (dyoy — Dar = > _(di—1/d; — V)a;,

i=1
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9(AR) = di19(As1) + (dhor — 1)(ax — 1)/2 = e(Ag) /2.

So telescopic semigroups are symmetric. Here we put dy = 0.

Proof. If £k = 1, then Ay = Ny. So the conductor is 0 and the number
of gaps is 0. This is in accordance with the formulas. For k = 2 we get
Proposition 5.11.

Assume k > 1. Since ged(ay,dp_1) = 1 every integer m € Ny can be
uniquely represented as m = vay + dx_1w, 0 < v < dp_;. Here w may be
negative. So by Lemma 5.34 the gaps of A, are exactly the numbers m, where
the corresponding w is either a gap of Ay_; or w is negative. Hence the first
equation, involving the largest gap ¢(Ay) —1 in terms of the conductor ¢(Ay),
follows immediately, and for the second, we proceed by induction.

For every value of 0 < v < dj_; there are g(Ax_1) gaps of Ay coming from
those of Ap_;. In addition we get the gaps of the form m = vay + dp_w,
where w < 0. But these are exactly the gaps of the semigroup < ag, d,_1 >,
the number of which we know to be (dy_1 —1)(ax —1)/2, by Proposition 5.11.
So the total number of gaps is equal to di—19(Ax—1) + (dr—1 — 1)(ar — 1)/2.
The remaining result on the symmetry now follows by induction. 0

Example 5.36 For the ideal considered in Example 3.22 the semigroup of
nongaps is generated by the numbers ajas - --a;_1b; - - b, with 1 <7 < m,
where the empty product is equal to 1 by definition. The greatest common
divisor of the first ¢ elements of these numbers is equal to d; = b; - - - b,_1,
since ged(a;,b;) =1 for all i < j. So A; is generated by the numbers

ajag -+ a;_1bj---bi_q, 1< 7 <4,

and the semigroup is telescopic. Proposition 5.35 implies that

m

2g—1=c—-1= Z(bifl - 1)a1"'ai71bi"'bmfl —biby by,

=2

where g = g(A,,) and ¢ = ¢(A,).

5.5 Notes

The connection between properties of semigroups and the minimum distance
of algebraic geometry codes was made in [32, 33] and [53].
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The history of the notion of telescopic semigroups and generalizations of
Theorems 5.30 and 5.28 for these semigroups can be found in [53]. See also
[4].

Hermitian codes have been studied extensively by many authors; their
true minimum distance was determined in [57].

The formulation of Theorem 5.30 is from [49], which is an extension of
results obtained in [69].

The formula for the genus in Example 5.36 can be found in [25] and a
special case in [77].

6 Decoding algebraic geometry codes

In this section we treat two decoding algorithms for the codes C) presented
in Sections 4 and 5. The basic algorithm corrects up to |(dg(l) — 1 — g)/2]
errors when p is a weight function with g gaps. An extended algorithm using
majority voting on unknown syndromes enables one to decode up to half the
order bound if p is an arbitrary order function.

6.1 The decoding problem

Let C' be a linear code in [ of minimum distance d. If ¢ is a transmitted
word and c + e is the received word, then we call e the error vector and
{ile; # 0} the set of error positions. The e;’s are called the error values and
wt(e) is the number of errors of the received word. If y is the received word
and the distance of y to the code C' is t, then there exists a codeword ¢’
and an error vector € such that y = ¢’ + €’ and wt(e’) = t'. If the number
of errors is at most (d — 1)/2, then we are sure that ¢ = ¢’ and e = €’. In
other words, the nearest codeword to y is unique when y has distance at

most (d —1)/2 to C.
Define C* = C U {?}. A map
D:F; — C"

is called a decoder for the code C if D(c) = c, for all ¢ € C. We allow
the decoder to give as outcome 77", when it fails to find a codeword. A
mazximum likelihood decoder for a code C' is a decoder D such that D(y) is
a closest codeword to y for all y. A decoder D for a code C' is called a
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bounded distance decoder that corrects t errors if D(y) is a nearest codeword
for all y € Fy such that d(y,C) <t. A decoder D for a code C' of minimum
distance d decodes up to half the minimum distance if D(y) is the nearest
codeword for all y € F such that d(y,C) < (d —1)/2.

Concerning statements about the the number of additions and multiplications
we use the "big O” notation. We say f(n) = O(g(n)) for n — oo if and only if
there exists a positive constant ¢ and an integer ng such that |f(n)| < ¢|g(n)|
for all n > ng. Of course, for many classes of codes, "n — oo” makes no
sense. An algorithm has polynomial complexity if the number of operations is
a polynomial in the length of the input n. Concerning decoding algorithms,
the received word is the input, so the length of the code is a measure of the
input. The known decoding algorithms which have polynomial complexity
decode only up to a certain bound, for instance up to half the (designed)
minimum distance. All decoding algorithms for algebraic geometry codes,
that we will treat, decode up to half some designed minimum distance and
have complexity O(n?) or less for n — oco.

Errors can be corrected by solving a system of linear equations involving
syndromes, see 4.6, if we have complete information about the error positions,
in other words if we have erasures only.

Proposition 6.1 Let C' be a linear code in Fy with parity check matriz H.
Suppose we have a recetved word'y with error vector e and know a set J with
at most d(C') — 1 elements that contains the set of error positions. Then the
error vector e s the unique solution of the following linear equations:

xH" = yH" and x; =0 forall j & J.

Proof. It is clear that the error vector is a solution. If x is another solution,
then (x —e)H” = 0. Therefore x — e is an element of C, and moreover it
is supported at J. So its weight is at most d(C) — 1. So it must be zero.
Therefore x = e. O

Thus we have shown that we can reduce error decoding to the problem of
finding the error positions. If we want to decode all received words with ¢
errors, then there are (’Z) possible t-sets of error positions one has to con-
sider. This number grows exponentially in n when ¢/n tends to a nonzero
real number. From Proposition 6.1 it is enough to find an (n,d — 1,t) cov-
ering system. That is to say a collection J of subsets J of {1,...,n}, such
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that all J € J have d — 1 elements and every subset of {1,...,n} of size ¢
is contained in at least one J € J. The size of such a covering system is
considerably smaller than the number of all possible t-sets, but is at least

(’Z) / (dzl). This number also grows exponentially in n.

6.2 The basic algorithm

Suppose that we are in the situation of Section 4 with an order function p
on an affine F -algebra R and a surjective algebra morphism ¢ : R — Fy.
Let {f; | ¢ € N} be a basis of R over F, such that p(f;) < p(fi+1) for all
i € N. Let L; be the vector space with f1,..., f; as a basis. We defined [(i, j)
as the smallest positive integer [ such that f;f; € L;. Let h; = o(f;). Let
Cr={ceF,|c-h; =0 forall i <I} as before. So h; * h; is a parity
check for Cj if I(i,7) < I. The syndromes were defined 4.6 by s;(y) =y - h;
and s;;(y) =y - (h; * h;). Define the i x j submatrix S(z, j) of the matrix of
syndromes S(y), as defined in 4.6, by

S(i,j) = (svy(y) | 1 <" <i,1 < j' < ).

Suppose that we want to correct the errors of words with respect to the code
C. If y is a received word and y = ¢ + e with ¢ € (j, then s, ;(y) = s;;(e)
for all 4, j such that {(i,j) <.

Definition 6.2 Assume that I(i,j) <. Let y € Fy. Define the space

Ki(y)={feL;j|y-¢(fg) =0forall g€ L;}.

Then K;;(y) is a subspace of L; and it is the kernel of the linear map L; — L;
with matrix S(, j) with respect to the bases fi,...,f; and fi,..., f; of L;
and L;, respectively. Hence K;;(y) = K;j(e).

Definition 6.3 Let J be a subset of {1,...n}. Define the subspace
Li(J)={feL;le(f)r=0 forall kelJ},

where ¢(f) denotes the k-th coordinate of p(f).
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Lemma 6.4 If I = supp(e) = {k € {1,...,n} | e # 0}, then L;(I) C
K;j(y). If moreover d(C;) > wt(e), then L;(I) = K;;(y).

Proof. Let f € L;(I). Then ¢(f)r = 0 for all k such that e; # 0, and

therefore
e (p(f) *o(9)) = D ex(p(f) x p(g))e = 0
er7#0
for all g € L;. So f € K;j(e) = K;;(y).
Suppose moreover that d(C;) > wt(e). Let f € K;;(y) and let a = ¢(f),
then f € K;;(e) and hence

(exa)-p(g) =e-(p(f) xp(g) =0

for all g € L;, giving exa € C;. Now wt(exa) < wt(e) < d(C;) and therefore
exa = 0 meaning that e,p(f)r =0 forall k € {1,2,...,n}. Hence ¢(f)r =0
for all k € I = supp(e) and therefore f € L;(I). O

Let I be the set of error positions supp(e). The set of zero coordinates of
©(f), where f € L;(I) contains the set of error positions. For that reason
the elements of L;(/) are called error-locator functions. But the space L;(I)
is not known. The space K;;(y) can be computed after receiving the word
y. The equality L;(I) = K;;(y) implies that all elements of K;;(y) are error-
locator functions.

More generally, every element f of R satisfying ¢(f)r = 0 for all k € supp(e)
is called an error-locator and the error-locators obviously constitute an ideal
L of R. If wt(e) = ¢ then the dimension of R/L as an F,-vector space is t.

Suppose [(i,7) < I. The basic algorithm A(i, j) for the code C = C; com-
putes the kernel K;;(y) for every received word y. If this kernel is nonzero,
it takes a nonzero element f and determines the set J of zero positions of f.
If d(C;) > wt(e), where e is the error-vector, then J contains the support of
e by Lemma 6.4. If the set J is not too large, Proposition 6.1 can be applied
to get the error values.

Thus we have a basic algorithm for every pair (i, j) such that [(i,5) < . If
J is too small with respect to the number of errors, then K; ;(y) =0. If j is
large, then ¢ becomes small, which results in a large code Cj, and it will be
difficult to meet the requirement d(C;) > wt(e).
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Proposition 6.5 Let p be a weight function with g gaps. Then the basic
algorithm corrects | (dg(l) — 1 — g)/2] errors for the code C; with complexity
O(n?).

Proof. We may assume ¢t = |(dg(l) =1 —g)/2] > 1,801 > 29+ 2 and
p =1+ g— 1. Assume for simplicity that [ is even. The Goppa designed
minimum distance dg(l) =1+ 1—g. Sot =1/2—g. Let j =t + 1 and let
i=1/2. Then p; <l/2and p;=1/24+g—1. Sopi+p; <l+g—1<p. So
l(i,7) <l and the basic algorithm A(i, j) can be applied to decode C;.

If a received word y has at most ¢ errors, then the error vector e with
support I has size at most ¢t and L;(I) is not zero, since I imposes at most
t linear conditions on L; and the dimension of L; is j =t + 1. Let f be a
nonzero element of K;;(y).

Theorem 5.24 implies d(C;) > i + 1 — g which is strictly greater than ¢.
So K;;(y) = L;j(I) by Lemma 6.4. So f is an error-locator function.

The function f has at most p; zeros,by Lemma 5.17 since p(f) < p; . Let
J ={k | f(Py) = 0}. Then J contains I, the support of e, by Lemma 6.4.
The number of elements of J is at most p; =1/2 < [+ 1 — g, since | > 2g.
Thus #.J < d(C);) and Proposition 6.1 gives the error values.

The complexity is that of solving systems of linear equations. 0

Example 6.6 This is a continuation of Example 4.17 on the Hermitian
curve. Let R = Fy5[X,Y]/(X° +Y* +Y), and p(z) = 4, p(y) = 5. Let
us consider the 64 points on the Hermitian curve X+ Y4 +Y = 0 over F.
As a basis for R we use the functions z%y”, 0 < a < 5, 0 < 3 and then
p(z%yP) = 4a + 513.

Let ¢ be the evaulation map of these 64 points and let us consider the code
Cy. This is a [64, 38, 21] code. So the basic algorithm can correct (21 — 1 —
6)/2 = 7 errors. Let w be a primitive element of 14 satisfying the equation
w4+ w+1 = 0. We consider a seven-error pattern where the errors are
located at the points P, = (1,w), P, = (W%, w?), Py = (w,w"), Py = (w?, w?),
P = (W w?), Ps = (W5, w?), Pr = (w', w?) and with corresponding error

values e; = w8, e = w®, e3 =w’, es =w, e5 =1, eg = Wb, and e; = w'?.

85



[T1 2 3 4 5 6 7 8 9 10 11 12
flp by 2wy oyt 2 2y w2ty
pm| 0 4 5 8 9 10 12 13 14 15 16 17
s wg w14 0 (.d5 W9 wg w? W14 wll WG wQ w12

[ |14 15 16 17 18 19 20 21 22 23 24 25

fl xyS y4 l’4y $3y2 I2y3 Iy4 y5 I4y2 I3y3 x2y4 l’y5 yG

pr| 19 20 21 22 23 24 25 26 27 28 29 30

s w4 w5 w5 w12 w7 w? WG WG w3 wG w4 wll

In this case t = 7, [ = 26 and g = 6 so we will use the basic algorithm
A(13,8). An element of K35 has the form

A A+ Aoz + A3y 4+ ax? + Asay + Agy? + A + AgzPy

where the coefficients \; satisfy the equation

T 0 WM 0 W W W W WM
S C S R R S USRS R BN
0 o ¥ WM oLl W W2 0 o
WIowh WM W w2 0 W W M
W w2 0 Wt W w2 A2
Wl WS 0wt W w2 W7 A3
W w2 w2 W Wb w2 1 Wh A4 =0
DU L2 0 W w2 W WS WS As
S0 Wt W2 W7 W WS WP A6
Wt W Wl W W W WS A7
W2 Wb Wt 1 W Wh s BB | As
W2 W w2 W Wb W W w
0 w2 o W WP WS W WO
Here we have used that S(z°) = S(y +y) = + 0 = w® and the corre-

sponding expressions for S(z%), S(z°y), S(z7), ( y), and S(xy?).

It can be seen that (Aj, Ao, .. Ag) = (W w3 w3 0,w!° 1,0 0) is a so-
lution so w!t +wBx +wiBy +wt? xy—i—w € Kizs. The zeros of this polynomial
are Py, ..., Py and (w't, w!?); (W' w!'?); (wt, w").
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Remark 6.7 The basic algorithm can be modified by considering all basic
algorithms \A(3, j) such that [(i,7) < [ and taking the smallest j such that
K;;(y) is not zero. This results in the modified algorithm which can correct
[(dg(l) —1)/2 — g/4] errors for codes from plane curves.

6.3 Majority voting of unknown syndromes

In this section we examine codes C}; where p is an order function but not
necessarily a weight function.

Let y be a received word with error vector e with respect to the code Cj.
If we knew the syndromes s; = s;(e) for all i < N with N as in Section
4.2, then we could solve the system of linear equations s;(x) = s; for all 1,
which would have the unique solution x = e. The syndromes s;(y) can be
computed for all i, and s;(y) = s;(e) for all i < I. The syndrome s;(e) is
called known with respect to Cj if i < [, and unknown if i > [. It will
be shown how the unknown syndrome s;,; can be obtained from the known
ones by a majority vote, if the number of errors is at most | (v, — 1)/2].

The matrix of syndromes (s;;(e) | 1 < 4,7 < N) with respect to an error
vector e was defined by:

sij(e) =e-p(fif;)

in Definition 4.6. If y is a received word with error vector e with respect to
the code C; and [(4,j) < [, then f;f; € L, so s;j(e) = s;;(y). Thus s;;(e)
is a known entry of the matrix of syndromes for all ¢, 7 such that (7, 5) < [.
Abbreviate s;;(e) and s;(e) by s;; and s;, respectively.

The set N; was defined by

Ne={(i,5) eN* [ (i, 5) =1+1}

in Definition 4.8. The entries of the matrix of syndromes with index (i, j) €
N, are the first unknown syndromes we encounter with respect to the code
C). As soon as we know one s;; with (¢,5) € N;, we know all the other
sy with (¢, ") € Ny, since each one of the functions f;f;, fify or fiy1 is
a generator of the one dimensional vector space L;;1; modulo L;. In other
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words, there exist pu;;, it;5 € F, such that p;; is not zero and
I
Jifi = pijfira + Zﬂijkfk
k=1

for all 4,j with (4, j) = [ + 1. Therefore

l

Sij = HijSi+1+ E HijkSk
k=1

and this relation is the same for all error vectors. Consider the matrix
S(i,7) = (swjr(e) | 1 < i <i,1 <5 < j).

as was done in the previous section on the basic algorithm with the syndromes
si;(y) instead of s;;(e). If i(i, j) = [+1, then all entries of this matrix, except
sij, are known, since [(i, 7') < lif ¢ <14, j* < jand (7, j') # (i, 7).

S1,1 . S1,5—1 51,5
Si—1,1 -+ Si—1,5-1 Si—1,
Si,1 . Sij—1 ?

Remark 6.8 If I(,j) = [, then S(7,7) is a matrix of the linear map from
L; to L; which is used to compute the kernel K;;(y) in the basic algorithm
A(i, j) for the code C;. If f is a nonzero error-locator function in L; and
f= 2;'=1 Ajo fjr, then the columns of the matrix S(7, j) are dependent:

J
D supdy =0 forall 1<i <i.

j'=1

Definition 6.9 If (i,j) € N, that is to say [(i,j) = [ + 1, and the three
matrices S(i — 1,7 — 1), S( — 1,j) and S(i,j — 1) have equal rank, then
(i,7) is called a candidate with respect to Cj. If (i,7) is a candidate, then
there is a unique value s}; to assign to the unknown entry s;; such that the
matrices S(4, j) and S(i — 1, j — 1) have equal rank. The element s}, is called
the predicted or candidate value of the unknown syndrome s;;. A candidate
is called correct or true when si; = s;; and incorrect or false otherwise. Using
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the identities between the syndromes, every (i, j) € IV, gives a predicted value
51+1(i,j) of 5141 by

!
ng — D k=1 MijkSk

Hig

Sz+1(i>j) -

Denote the number of true candidates by 7" and the number of false can-
didates by F. An entry (,7) is called a discrepancy if the three matrices
S(i—1,7—1), S(¢ —1,7) and S(i,j — 1) have equal rank and the matrices
S(i,7) and S(i — 1, j — 1) do not have equal rank.

Remark 6.10 The discrepancies are the pivots if one applies Gaussian elim-
ination (without interchanging rows or columns) to the matrix of syndromes.
The total number of discrepancies is equal to the rank of the matrix of syn-
dromes. The rank of the matrix of syndromes is equal to the weight of e
by Lemma 4.7. Therefore the total number of discrepancies is equal to the
number of errors.

Let y be a received word with error vector e which has at most (v, — 1)/2
errors with respect to the code ;. Denote the number of discrepancies in
the known part of the matrix by K. A candidate is incorrect if and only if
it is a discrepancy, so

K + F < total number of discrepancies = wt(e).

If entry (4, 7) is a known discrepancy, then all entries (4, j') in the i-th row with
j' > j, and all entries (7', j) in the j-th column with ¢’ > i are noncandidates.
If (i, 7) € IV, is not a candidate, then there is at least one known discrepancy
in the same row or column. Thus the number of pairs (i, 7) € N; which are
noncandidates is at most 2K. The number of pairs (7,j) € N; which are
candidates is equal to T'+ F'. Therefore

vy = # candidates + # noncandidates < (T'+ F') 4 2K.

Suppose that the number of errors is at most (1, — 1)/2. Then

v — 1
t < .
wt(e) < 5
Combining the above inequalities gives

F<T.
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There may be no direct way to see whether a candidate is true or false. But
a predicted value s}; of the syndrome s; ; is assigned to every candidate, and
this gives a predicted value or vote s;,1(1, j) for s;11 by Definition 6.9. All T’
true candidates yield the same, correct, value for s;;1. Thus a proof of the
following proposition has been given.

Proposition 6.11 If the number of errors of a received word with respect to
the code Cy is at most (v, —1)/2, then the majority of the candidates vote for
the correct value of s;11.

Hence by recursion all the unknown sydromes with respect to the code
can be obtained if the number of errors is at most |(d,(l) — 1)/2], since
Um > dy(l) it m > 1 and Cpyq # O,

From this the error vector is obtained. The complexity of the algorithm
is at most the complexity of solving a system of n linear equations in n
unknowns, which is at most O(n?) for n — oo. Thus the proof of the
following theorem has been given.

Theorem 6.12 [d,(1)—1)/2] errors are corrected for the code C; by majority
voting for unknown syndromes with complexity O(n?).

Remark 6.13 If p is a weight function with g gaps, then it is not neccessary
to compute all unknown syndromes. One could stop as soon as one has the
unknown syndromes s;11, ..., s;+4 and apply the basic algorithm to the code
Clig-

Example 6.14 The code Cy is a [64,44, 15]-code. Let us consider the same

7T-error pattern as in Example 6.6.
The syndrome matrix is (in powers of w,with * indicating a zero)
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12345 6 78 910111213141516 171819 20 21

11914 * 5 9 9 714116 212 * 4 5 5127 7 6 X

2145 9 7 1411 212 * 4 5 5127 7 5 X

3 9 91411612 * 4 5 5127 7 6 X

45 714212 * 5 5127 0 5 X

5(9 141112 * 4 5127 7 5 X
6|9 11 6 * 4 5127 7 6 x

717 2125 5120 5 X

811412 * 5 12 7 5 x
911 * 4127 7 X

10(6 4 5 7 7 6
1112 5 5 0 5 x
12|12 5 12 5 x
13| * 12 7 x
1414 7 7

155 7 6

1615 5 x
17112 x

Here x denotes the syndrome corresponding to fo;, which is the first un-

known.

Using row operations one gets
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12345 6 7 8 91011121314 1516 17 1819 20 21
1914 %5 9 9 714116 212 * 4 5 5127 7 6 X
20* 8 96 *107 6 113131120 6 0 x
(¥ 131111 9 7101212 7 5 1410 x
4% x k5 x x 108 * * 413 x
5******5***8X
6>I<>X<>I<>I<>l<>|<>k>|<>|<>l<><

TR x5 0 % 10 x
8*******X

9******X

10******

11*****X

12****X

13***)(

14***

15***

16/ * * x

17/* x

18| *

19| *

20( *

21| x

From this it is seen that the positions (6, 11), (8,8), and (11, 6) are candidate
positions and by keeping track of the performed row operations one sees also
that the candidate values in all three cases are w®, so this is the correct
syndrome S(fs1). In the same manner one finds S(fa) = w?, S(fa3) = w°,
S(far) = wt, S(fos) = w', S(fas) = w'®, which corresponds to the results of
Example 6.6 and we can now apply the basic algorithm for the code Cyg as
before.

An algorithm will be given in the next section that computes the unknown
syndromes from the known ones, and a basis for the error-locator functions.

6.4 Notes

The chapter on complexity issues [7] in coding theory is used as a reference
on this topic.
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The basic and modified algorithm were presented for the class of codes
on plane curves by [50]. They are generalizations of the decoding algorithm
for RS codes of [5] and [79]. See also [10]. The general case was treated by
[93]. It was discovered independently by [56]. Another decoding algorithm
is presented in [80]. It is described and proved in [81]. The equivalence with
the modified algorithm was shown by [20, 21]. The error-correcting capacity
of the modified algorithm was determined in [17].

By applying several basic algorithms in parallel, one can decode up to
half the minimum distance as was proved in [72, 102]. Part of this approach
1s not constructive.

The idea of majority voting for unknown syndromes is from [24]. See
also [18, 19] with the notion of majority coset decoding. Another explicit
and constructive algorithm which decodes up to half the designed minimum
distance was given by [22].

The Fundamental Iterative Algorithm [28] and the Modified Fundamen-
tal Iterative Algorithm [24] are generalizations of Gaussian elimination for a
partial matrix and to get the unknown syndromes, respectively.

The survey paper [47] contains much more details and history of the
decoding algorithms of AG codes.

7 Fast decoding up to half the order bound

In this section we will present an efficient computational procedure which
implements the basic and the modified algorithms of Section 6.2 and an ex-
tension which includes the majority voting presented in Section 6.3.

7.1 Determination of the unknown syndromes

We recall the definition of the codes Cj. Let R be an F,-algebra with an
order function p. Let ¢ be a surjective morphism ¢ : R — Fy of F -algebras.
Fix a basis (f;|i € N) of R such that p(f;) < p(fit+1). The codes C; were
defined as

Cr={ceF;|c-o(f)=0forall fwith p(f) <p }.

The number [(4, j) was defined as the unique [ such that p(f;f;) = p;. This
can be used to define the binary operation @ on N by i @ j = [(7,7). The
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operation is associative (i & j) & k =i @ (j ® k), which follows from the fact
that multiplication in R is associative and properties of the order function.

We define a partial order <, on N by ¢ <, j if there exists a k such that
1k = j. This is indeed a partial order, since reflexivity and transitivity are
immediate and the antisymmetry follows from Lemma 3.9. The k above is
unique and we denote that by j ©i.

Example 7.1 Let R =F,[X;,...,X,,]. Let <p be the graded lexicographic
order and p the corresponding order function. Let f; = X and f; = X? be
the 7-th and j-th monomial with respect to the order <p. Then ¢ <, j if and
only if ay < 3, for all ¢, and fig; = X*P. If j <, 4, then fie; = X0,

Example 7.2 Let R be an F-algebra with a weight function p. Let g be
the number of gaps and ¢ the conductor of the associated semigroup. Then
pi=t+g—1iti>c—gby Lemma 5.6. If ¢,j > c— g, then pe; = pi +p; =
i1+7+29—2,s01Pj=1+75+9g— 1L

For an element y € Fy we define

Sy(f) =y -o(f),

so in particular we have that Sy(f;) = s;(y) and Sy(fif;) = si;(y) are the
syndromes of Definition 4.6. In the decoding situation, y = c+e is a received
word, ¢ € C} and e is the error with respect to C;. The syndromes Se(f)
are equal to Sy (f) if p(f) < p and can be calculated directly from y. The
algorithm takes as input the known syndromes in increasing order and gives
as output the syndromes Se(f) where p(f) > p; provided that

wi(e) < [(d(l) —1)/2].

In the following let e be fixed. We will omit the subscript e in the syndromes.

So S(f) = Se(f)

Definition 7.3 For f € R with p(f) = p; we define the span and fail of f
by
span(f) =4 if S(ff;) # 0 but S(ffx) =0 for all k < 4,

fail (f) = span(f) @ J.
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This means that ¢ is the largest number such that f is in the kernel K;_; ;
as defined in 6.2. If span(f) = ¢ and p(g) = pk, then S(fg) = 0if k < i, and
S(fg) # 0if k = 4. If fail(f) = k, then py is the smallest order for which
some multiple of f has that order and a nonzero syndrome.

Before presenting the algorithm, we will prove a series of lemmas which
eventually will prove that the algorithm works.

Lemma 7.4 Let f € R, p(f) = pr and span(f) =i. If g € R and p(g) = pi,
then span(g) < k. More generally if j <, i and p(g) = pis;, then span(g) <
k@ and fail(g) < fail(f).

Proof. If p(g) = pisj, then p(gf;) = p;. Since span(f) =1, S(f(gf;)) # 0.
So S(g(ff;)) # 0. Now p(ff;) = praj. Therefore span(g) < k@ j. From this
we get

fail(g) <k @ j @ (i ©7) = k@i = fail(f).

Definition 7.5 For [ € N let
¥, = {i | there exists an f € R such that p(f) = p; and fail(f) > [}
and let o; be the set of minimal elements of ¥; with respect to <,. Let
A, = {span(f) | f € R, fail(f) <}
and let d; be the set of maximal elements of A; with respect to <,,.

Lemma 7.6
Zl N Al - @

Proof. Let ¢ € A; and let f € R have span(f) = ¢ and fail(f) < 1. We
want to show that ¢ ¢ ;. But if ¢ € R with p(g) = p;, then it follows from
Lemma 7.4 that fail(g) < fail(f) <[ and therefore i ¢ %;. O

Lemma 7.6 shows that the sets ¥; and A; are disjoint. We will prove that
YIUA; =N,

This will be a result of an iterative procedure which also shows how the set
Info, = {0y, 0, F}, G} can be computed from Info, ;, where F; and G, are
mappings

Fy:00— R and G, :6, — R,
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such that Fj(i) = f is a choice of an element in f € R with p(f) = p; and
fail(f) > [, and Gy(i) = g is a choice of an element in g € R with span(g) = i
and fail(g) <.

That this is indeed the case rests on the following lemmas.

Lemma 7.7 Let f € R, p(f) = pr and span(f) = i. Let g € R with
p(g) =j. If 7 <, i, then span(fg) =i © j and fail(fg) = fail(f) = k ®i. If
J&,i, then span(fg) > m for all m such that j & m < i.

Proof. Now S((fg)f;) = S(f(gf1)). Soif p(gf;) < p; we have S(f(gf)) =
0 and if p(gfi)) = p; we have S(f(gf;)) # 0. Therefore if j <, i, then

span(fg) =i6j and fail(fg) = (i©j) @ (k®j) = kdi = fail(f). Furthermore
if j£,i, then span(fg) > m for all m such that j & m <. OJ

Lemma 7.8 Let j <, 1.
(1) If j € Xy, theni € X).
(2) If i € A, then j € A,.

Proof. (1) Let j € ;. Then there exists an f € R such that p(f) = p;
and fall(f) > [. Ifj Sp i, then p(ffz@]) = 0; and fall(fflej) >1[. Soi¢€ .
The proof of (2) is similar. O

So (]l € N) is a sequence of subsets of N which is decreasing with respect
to inclusion, and o; is the set of minimal elements of ¥; with respect to <,,.
So

¥, = {i € N| there exists a j € o; such that j <, i}.

Similarly, (Al € N) is an increasing sequence of subsets of N and ¢; is the
set of maximal elements of A;. So

A; = {j € N| there exists an i € §; such that j <, i}.

Example 7.9 Below a picture is given for the graded lexicographic order <
on the monomials in two variables. Here (o, 3) € N2 is mapped to i € N,
where XY 7 is the i-th monomial with respect to <. In this way the subsets
A; and ¥; of N can be identified with subsets of N3.
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[T>

The bullets e denote the positions of the elements of d;, which are the maximal
elements of A;. The circles o denote the positions of the elements of ¢;, which
are the minimal elements of ;.

Lemma 7.10 Let f € R, p(f) = pr and span(f) = i. If p(g) = p; and
J&,t then p(fg) = pre; and fail(fg) > k & .

Proof. That p(fg) = pre; follows from the definition of &. Let m =
span(fg). If fail(fg) < k@i, then m kP j < kdi. Some j <i. But
j%,i. Hence j © m < i. Therefore span(fg) > m by Lemma 7.7, which is a
contradiction. 0

Lemma 7.11 Let f,f' € R, p(f) = px, p(f') = pr, span(f) = [ and
span(f') =1". Letg,q' € R, p(g9) = p; and p(g') = pir. Suppose kdl > k' dl'.
Ifi <, 17" <, U and loi =1"© 1, then there exists a u € Fy such that
h=fg+ nf'qg satisfies p(h) = prai, span(h) > 1 S&i and fail(h) > k ® .

Proof. Wehave p(fg) = pre; and k®i = k@ISl @i’ > K'ol'ol'ei’ = K ar.
Furthermore ppay = p(pf'g’), so p(h) = pre: for all p € F;.

Let A" € R have p(h') = pioi = prey and let A = S(fgh') and X =
S(f'g’h'). Here both A and X are nonzero since span(f) = [ = p(gh’) and
span(f') = 1" = p(g'h'). Letting u = —\/X gives the result. O

We describe an algorithm to obtain Info;, from Info;_; and show by induction
that ¥, U A; = N. As initial step we let g = 0, o9 = {1}, Fp(1) = 1 and
Go = 0 and we put py = —oo. Now suppose we have proved the statement
up to I — 1. We will prove it for [.
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Definition 7.12 Define
8, = {span(f) | f € Im(F,_;) and fail(f) = l}.

A=A U{iejlied,j<,i}.

Let o} be the set of minimal elements of N\ A] with respect to <,,.

Lemma 7.13
AE C A

Proof. It was already remarked that A;_; C A,.

Let ¢ € §;. Then there exists a k € 0,1 such that span(f) = ¢ and
fail(f) = I, where f = F;_1(k). Let j <, i. Then span(ff;) =i e j and
fail(f f;) = fail(f) by Lemma 7.7. Hence i © j € A. O

We will construct for each i € o] a function of order p; and fail > [ thus
proving that o] C ¥;. Therefore N\ A} C ¥; by Lemma 7.8. But A} C A,
by Lemma 7.13. So N\ A; C ;. Lemma 7.6 says that A; NY; = (. Hence
¥ =N\ A;. From this of course also follows that A; = Aj and 0, = 0. So
the set of maximal elements of A is §;. Hence ¢; is contained in ¢, U J.
Possibly there exists a j € §;_1 and a j' € ; such that j <, 5. Therefore ¢,
is the disjoint union of §; and {j € 01 | j£,j' for all j' € 6;}. Furthermore
F; and G; will be constructed from F;_; and G;_q, respectively.

Let i € 0;. Then i € (N\ A)) € (N\ A;_;1) which is equal to ¥,_; by
the induction hypthesis. So i = k @ j for some k € 0,_1. Let f = F_1(k).
Let m = span(f). Then fail(f) = m @ k. If fail(f) = [, then | &7 ¢ ¥;_;.
Otherwise [ © i = k' @ j’ for some k' € ;1. We can then apply Lemma 7.4
with f and g = F;_1 (k') since p(g) = pp and k' = l0ioj =16 (kdj)o) =
m o (j @ j') and therefore get that fail(g) < k@ m = [ and in fact fail(g) =
since fail(g) > [ by assumption. But this implies j' @ i € §; and therefore
i € A contradicting the fact that ¢ € o7.

We will consider two cases for 1.

(1) Suppose i € oy—1. Soi = k. Let f = Fj_1(k). If fail(f) > [ we are
done and let Fj(k) = f. If fail(f) = [, then by the above remark we have
lei¢ X 1. Solei e Ay, by the induction hypothesis, and we can find
elements I’ € §;_1 and ¢/ € Nsuch that i =0"67. Let f' = G;_1(I'). Let
g=1and ¢ = fy. Then applying Lemma 7.11 to f, f’, g and ¢’ gives a new
function of order p and fail strictly larger than [.
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(2) Suppose i ¢ o;_1. Then i =k @ j for k € oy and j > 1. Let g = f;.
Now f = Fj_1(k) must have fail(f) = [ because k € A;. By the claim above,
either i [ or [ ©4 € A;_;. In the first case fg has order p; and fail(fg) > 1
by Lemma 7.10. In the second case | ©i = ' &4 for some I' € §,_;. Let
f =G (l'). Let g = f; and ¢’ = fir. Then applying Lemma 7.11 to f, f’,
g and ¢’ gives a new function of order pye; and fail strictly larger than /.

For each i € o], we have constructed a function of order p; and fail strictly
larger than [. This proves the claim. We have also produced the sets o; and
0; and the function Fj.

For the function G; we note that each element i of 9; is either an ele-
ment of §;_; or §;. In the first case, Gi(i) = G;_1(i) and in the second case

Gi(i) = Fi1(l ©1).
We can now formulate the following algorithm.

Algorithm 7.14

Initialization: dg = 0,09 = {1}, Fo(1) = 1,Go = 0.
Given Infol_l = {O’l_l, (51_17 E_l, Gl—l}
(0) Let 6, = {span(f) | f € Im(F;_1) and fail(f) =1}
Let Al = Al—l U {Z@j ‘ 1€ 51/7] Sp Z}
Let o; be the set of minimal elements of N '\ A,
(1) for each i € 074
let f=F_1(i)
if iZ,l or S(f fici) = 0, then
i€opand Fi(i) = f
else
a) iflei=106eid forl' € §_1 and ¢’ € N, then
i€o and f'=Gia(l), Fi(k) = fg+pf'd
(as in Lemma 7.11 with g = 1 and ¢’ = fi)
else
b) loied and G(lci)=f
(2) foreachie€ o\ o1
i=k®j, where k € 0,1 and j > 1, let f = F;_1(k)
if i £, 1, then Fi(i) = f;f
else
loi=Uoi forl € §,_; and
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f'=Gial), (i) = fg+nf'd
(as in Lemma 7.11 with g = f; and ¢’ = fy)

We have proved the following theorem.

Theorem 7.15 For all |l € N the two sets ¥; and A; partition N and Algo-
rithm 7.14 gives as output Info; with Info;_1 as input. .

Example 7.16 This is a continuation of Example 6.14 on the Hermitian
curve. Consider the code Cy; with parameters [64,44,15]. Take the same
error-vector with 7 errors as in Example 6.6. Consider the following 20
known syndromes.

[ |1
s | w' w

[ 111 12 13 14 15 16 17 18 19 20

si1e? w2 0 o & o w? o o o

In the following table, [ is in the first column and f; is in the second. The
third, fourth and fifth column are split into two rows for every [, correspond-
ing to o; and ¢;, and the fifth column gives the functions that are the image
under F; and Gy, respectively, of elements in the fourth column.
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(o) 1)1
do
1 |01 |2 |2
31y
o1 | 11]1
x | oo |2 x+w
31y
g | 111
y |o3|2|x+wd
31y
5 111
2 | oy | 3|y
4la(z+u®)+8-1=2?+uw’r+w"
54 2| x+ w5
xy | o5 | 3| y+wr+w®
4| 2% + Wiz + Wt
05 | 2 | o+ Wb
y? | og | 4| 2% +wr+wt
5| 2y +wr + wb) = 2y + wr* + Wz
6| y(y +wz + ) + wiz(x + wd)
=y + way + wPr? + Wby + Wiz
66 2| x+ w5
3| y+wr+uwh
2 | or 4] (@ +wr+w?) +0(z+w) =2t +wBr + WP
5| zy + wa? + Wz
6 | y% + wry + wr? + Wy + W'
o0 | 2| x4+ Wb
3| y+wr+uwb
2y | og | 4| 22 +wBr + W + Wy +wr +w°) = 2% + Wy + wle + Wb
5| zy + wr? + Wiz + W@ + W) = zy + wr? + Wtz + w'?
6 | y? + wry + wr? + Wby + W'z
58 2| x+ w5
3|y +wr+wb
xy? | o9 | 4| 2%+ Wy +wlle + Wb
5| xy + wr? + wlr + W + W (y + wr + o)
= 2y + wr? + wily + Wiz + W
6 | y? + wry + wdr? + Wby + W'z
69 2| xz+ w5

Y+ wr + Wb 101




10

010

S O

? 4+ Wy + w'le + Wb

Y + wx? + w“y + Wiz +w

v+ wry + W + wWly + Wl + Wy + wr + W)
= y? + wry + W’ + Wiy + Wi + W

d10

T+ Wd
Y+ wr + Wb

11

011

N O O W N

ry + wr® + wty + wir + wt

y2 + wry + WwPx? + w2y + w?r + WP
z(x? + Wy + wla + W) + w?(z + W)
= 23 + Wiry + wile? + wiz + W?

L B~

2 + Wy + w'le + Wb
Y + wz + W

12

012

N

zy + wr? + why + Wiz + WM + w(@? + Wiy
+wlly + wb) = 2y + wBy + WMz +w

y2 + wry + Wwx? + w2y + w?r + WP

23+ wdzy + wHa? + wir + w? + Wi (y + wr + Wb)
=23 + Wwiry + wHa? + Wy + wltr + W3

612

Y+ wx + Wb
22 + Wiy + wlle + Wb

13

013

S OY = W

zy +why + whte + w

y? + wry + Wt + Wiy + wir + W + Wi (a? + Wiy
+wlle + W) = y? + wry + ¥y + WPr + W?

2+ Wy + wla? + Wby + w4 W'

O13

Y+ wx + Wb
22 + Wy + wlle + Wb

14

Y

014

ry +wBy +wte +w
Y2 +wzy +y + w4+ w?
23 + Wiry + wHa? + Wiy + Wiz + wt?

514

Y+ wz + P
22+ Wy + wlle 4 Wb

15

015

N O Uk W O Ok W

ry +why + wte + w

y? +wry +y + wlr + w?

23+ Wy + wHa? + Wy + wMr + W + W (2 + Wy
+wllz + W) = 23 + Wiry + WP + Wity + WO

o15

= W

Y+ wz + WP
2 4+ Wiy + w'le + Wb
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16| 2%y | o | 6 | y? +wry +y+ wlr + w?
8 | x(zy +wBy +wlr +w) + 1 (22 + W3y + wHa + W)
= 22y + wBzy + wir? + W3y + Wi + WO
11 | z(23 + w3zy + WP2? + wly + w'%) + W (y + wr + W)
=2t + W3y + W3 + WMy +wr + W + W'y
o | 7 |ry+wBy+wtr+w
5 | 23 + whzy + Wi + WMy + W'
17 | 23?017 | 6 | ¥ +way +y+ iz + w? + B (zy + wBy + wlir + w)
= y? + W%y + wBy + Wz + Wl
8 | 22y + wBry + wiz? + W3y + Wl + WO
11 | 2 4+ W22y + Wy + Wiad + Wiy + wr + W'3
o7 | 7T oy +wBy+wlr+w
5 | 2% + wiry + wia? + Wty + w10
18 [ 225 | 018 | 6 | 0% + w2y + By + ol + ol
8 | 22y + wBry + wiz? + W3y + Wl + WO
11 | 2* 4+ W22y + W23 4+ WMoy + we + WP + W'y
Sig | 7 | 2°+WPry + P2 + wlty + Wl
5 | 22 + wiry + wha? + Wty + w10
19 | 2y* | 019 | 6 | y?2 + w2y +wBy + Wbz + Wt
8 | 2%y + wBzy + wir? + Wiy + Wl + Wit
+w3z?y + WPl + wltry + Wy + wt?
11 | wa(zy + wBy + wlts +w)
=z + Wrd + Wy + 22 + Wy + Wi + w3
S0 | 7 |2y +wBy+wlr+w
5 | 22 + wiry + wha? + Wty + w10
20| y° |09 | 6 |2+ wllry+wBy +wBr + w0t
8 | 2%y + wBzy + wir? + Wiy + Wi + WO
+w (zy + wBy + Wl + w)
= m2y + w4xy + wiz? + wy + wir+ wt
11 | 2t 4+ P23 + W22y 4+ 22 + Wy + WPz + W'
+w(2? + wiry + Wir? + Wiy + W'%)
=zt + W33 + W%y + wir? + wtry + Wiy + Wiz + 1
b0 | 7 | ay+wBy+wlr+w
5 | 22 + wiry + wia? + Wty + w10

Running the algorithm from 0 to [ will produce F; and o; and it follows from
the discussion that if s is a minimal element of o; and Fj(s) = f then f is
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an element of Ko, and f is an error locator function if d(Cigs) > wt(e).
Since we have the bound d(C}) > d,(I) = min{v,,,|m > [, C,, # Cy,41} where
v = #{(i,j) € N*|i® j = [+ 1}, we want to correct ¢ errors whenever
2t < d(C;) which means that the inequality d(Cjss) > wt(e) is not always
satisfied. It is exactly in this situation that the majority voting enters and
we will shortly see how the algorithm described above can be extended to
cover this case. We will first prove

Lemma 7.17 If wt(e) =t, then for each |, #A; < t.

Proof. Let s € A;. Then there exists an f € R such that p(f) = ps.
Let [f] denote the class of f in R/L, where L is the ideal of error-locators
as defined in the previous section. Then [f] # [0] since f ¢ L. Since the
functions corresponding to the elements of A; have different orders, they are
linearly independent and the same is true for their classes in R/L. Therefore
#A, < dim(R/L) = t, by the remark in Section 6. O
Let I'' ={se ¥ 4|s <, ,lese X1} If s €I} then Lemma 7.4 implies
that either s and [ © s are elements of ¥; or if a function of order pg has fail [
then s and [ © s are both in 4A\;. Thus the increase of the delta set from [ — 1
to [ is I'y N A;. The following proposition says that this increase is less than
half of I'; if 2¢ is less than v;.

Proposition 7.18 If v, > 2t, then #(I'yNY;) > #(T,NA)).

Proof. Let V; =1'N Y, and W, = I'; N A, these partition I';, We note
that W, and A;_; are disjoint subsets of A;_;, and using Lemma 7.17, we
therefore have

#HA G+ H#W, <t
On the other hand the four sets

Vi, Wi, {ae¥iq[leoae A1} =A4, and {a € Aj1]a <, I} = B,

partition the set {a <, l[}. Now #{a <, [} = v, and the sets 4; and B,
contain at most #4\,_1 elements so we have

v < H#FVIHH#W 240

which gives the result. 0
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Assume 2t < d, (1) < ;. We will use Proposition 7.1 together with the output
of the algorithm described before to calculate S(fi11) from S(f;), i <.

For each a € I'\y; choose an s € o such that s <, a. Let f(s) =
Fy(s) and choose (the unique) w € F} such that g = fi;1 + wf® fuines
satisfies p(g) < pip1. We then have S(fii1) = S(g) — S(wf® fii1_s). Let
the vote by a for S(fi41) be S(g). The proposition says that most of the
time S(wf® fi,1_s) = 0 so that the majority of the a € I'yy; will vote for
the correct answer. The same process may now be applied to [+ 2 and so on
until we have sufficiently many syndromes.

Remark 7.19 We note that the two inequalities above correspond to the
ineqalities K + F <t and vy <T + F + 2K of the previous section.

Example 7.20 This is a continuation of Example 7.16. We will determine

S(far)-

Iy ={6,8,11}

6:  g=2a%+ 2y + Wy + wBy + wBr + w!'') and S(g) = "

8  g=aty?+ 2?y(x®y + wiry + wd2? + wy + Wz + w?) and S(g) =
11: g=a%?+9*(2* + P23 + 2%y + wiaz? + wMay + WOy + WPz + 1) and S(g) =
SO S(fgl) = wﬁ.

Since the vote was unanimous the sets F' and GG remain unchanged.

In the same way we get S(fs) = w? also unanimous. To determine S( fo3)
we note that I';3 = {6,8,9, 10, 13}.

6:  g=2*yt+ 22 (y? + w2y + Wy + Wz + W) and S(g) =

8  g=a%yt+ 2P (2®y + wlry + W3® + wy + W'z + w?) and S(g) =

9:  g=2%yt+ 2 x(y? + Wy + Wy + WBr + wM)] and S(g) =

10: g = 2%y + 2%y[y(y* + W'y + W3y + W3z + W) and S(g) =
13: g = 2% + 1 [2*(y? + Wy + w3y + WBx + Ww')] and S(g) =

50 S(fa3) = wb. Tt turns out that for [ = 24,2526 again there is only one

value and we get S(fas) = w?, S(fos) = w'l, S(fas) = w* and the F- and
G-sets are the same as before.

Iyr = {6,8,9,10,11,12,13,14,17}. Here, however, there is one wrong vote
corresponding to
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11: g=232° +y) + 2 (2" + W22y + W32 + wzy + wia? + Wiy + Wir + 1)
but others give S(fy7) = w. We finally get

F {y2 + wloxy + w13y +whz + w“, ny + w4xy +w3z? + wy + w'r + w4}
and

G {zy + wBy + WM +w, 2t + W2y + P2+ 2y + Wi+ Wty 4 wr W)

and the corresponding figure (see Example 7.9)

Do

So indeed #A,; = 7 and since
y* + w2y + wBy + wr + W'l = (y — W) (y + w2 + w®)
and
2%y + whry + WP +twy + 0z +wt = (y — W) (2 + Wl +w)

it is easy to see that the common zeros are precisely the error points.

7.2 Computing the error values

In the special situation where we have a weight function p on an affine F-
algebra R = Fy[z1,...,1,]/] with ¢ : R — Fp, the evaluation map evp
where P consists of n distinct points of Fi* in the zero set of I, and where
the semigroup of nongaps is finitely generated, we will give a formula for
determination of the error values after sufficiently many syndromes have
been determined by the algorithm presented in Section 7.1.
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Let a1, as,...,a, be a minimal set of generators and let ®; be the corre-
sponding functions such that p(®;) = a;. To any vector w = (wy,...,w,) of
nonnegative integers corresponds the function

"
fw = H q)(:s
s=1
and
”w
p(fw) = Z AsWs-
s=1
Now . . p
Se(fu) = Zejfw(Pj) = Z €j H(I)S<Pj)ws
j=1 j=1  s=1
and suppose we know all syndromes Se(f,) where 0 < w; < ¢g—1,i=1,... k.
Then for each P. we can form the sum
o
> Selfo) [ @5 (R)
w s=1
where the summation is over all vectors w with 1 <w, <g—1,s=1,...,k.

Inserting the expression for the syndromes, we get

n H - a <I)S Pj -
S e [fermer) = Z_;ejﬂz(cbsim))

w j=1 s=1 s=1 w

= (—1)k€l

and therefore e; can be calculated. The last equality comes from the fact
that if ®4(P;) # ®,(F,), then

S (Em) -

ws=1

If j # I, then for at least one s we have ®,(P;) # ®,(F,) because otherwise
the code would have minimum distance 2 and we will not consider such codes.
Of course the calculation above is only valid if ®,(P) #0foralls=1,..., p.
If this is not the case, there is a slight modification which will give the error
values.
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The complexity in terms of the number of F, additions and multiplications
of the whole decoding procedure for the codes considered above is bounded
above by

O(an®) + O(¢" (a1 + - +a,)) + O(n - - ¢").

In the case of Hermitian curves this gives O(n®/?).

7.3 Notes

The algorithm treated in this section is based on Sakata’s extension [84, 85,
86] of the classical Berlekamp-Massey algorithm [9, 67]. The presentation of
the algorithm in this section is an adaption of the paper [71]. The application
of this algorithm to the decoding problem was made in [51] and the inclusion
of the majority voting is from [87, 88, 89]. The algorithm was implemented
in [65] for the Hermitian curve over Fys and a general implementation was
carried out in [1]. In [55, 60] a generalization of Forneys formula is presented
for the calculation of the error values. The formula in Section 7.2 is from
[88]. Usually one can apply a fast Fourier-like transform to speed up this
part of the decoding.
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