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Back Substitution = Solving an Upper
Triangular System
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Backward Substitution = Solving an Upper Triangular System

@ Let upper triangular matrix U € R™" and z,b € R".

@ Consider the equation Ux = b where U and b are known and
x is to be computed.

@ Partition

T
U—>< 0 Uzz)’ x—>(—x2) and b—><—b2).

o Ux = b implies

b U T Ux

B = v | uf X1 = ([ vuxi +ub
by 0 |U22 T2 Uxnxo
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°
(51 ) - <U11|UTz ) (Xl ) - <U11X1+ufzx2>
by 0 |U22 T2 Uxnxo
@ Thus
( B1 = viixa + ufpe: ) or ( X1 = (81 — ufpr2)/vnn )
b = U2 U2 = b2

@ This suggests the following steps for overwriting the vector b
with the solution vector x:

e Partition

T
V11 | Ujp B
U—>< 0 [ Uay ), and b — (_b2 )
o Solve Uxxy = by for xp, overwriting by with the result.
o Update 8, = (81 — ubbo)/vi1(= (81 — ulyas)/v11).
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Algorithm: [b] := UTRrsV_UNB(U, b)

UrL
UsL

Urr

Partition U — <

Usr

),;H

(

where Uppr is 0 x 0, bp has 0 rows

while m(Usr) < m(U) do

br
bs

)

Repartition
U U U
Urs | Urn 00 01 %2
0 U — 0 V11 Ui
B 0 | 0 | Ux

where v11is 1 x 1, 81 has 1 row

B = (ﬂl - Ufzbz)/’vn

Continue with

endwhile

U U
Urr | Urr e ;2
) Unn — 0 V11 | U2
0 0 | Ux
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Solve the upper triangular linear system

—2x0— X1+ x2= 6
—3x1—2x2= 9
x2= 3
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Use http://www.cs.utexas.edu/users/flame/Spark/ to write
a FLAMEGQIab code for computing the solution of Ux = b,
overwriting b with the solution and assuming that U is upper

triangular.
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Solving the Linear System, Again J
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Solving the Linear System

Let A = LU and assume that Az = b, where A and b are given.
Then (LU)x = b or L(Uxz) = b. Let us introduce a dummy vector
z=Ux. Then Lz = b and z can be computed as described in the
previous section. Once z has been computed, x can be computed
by solving Uz = z where now U and z are known.
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When LU Factorization Breaks Down )
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“Does Gaussian elimination always solve a linear system?”" Or,
equivalently, can an LU factorization always be computed?
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@ /fan LU factorization can be computed

@ and the upper triangular factor U has no zeroes on the
diagonal,

@ then Ax = b can be solved for all right-hand side vectors b.

Are there examples where LU (Gaussian elimination as we have
presented it so far) can break down? The answer is yes.
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@ Consider the matrix A = < [1) é ) .

@ In the first step, the algorithm for LU factorization will try to
compute the multiplier 1/0, which will cause an error.

@ Now, Ax = b is given by the set of linear equations

(55)(%)=(x)

so that Ax = b is equivalent to ( - > = < Fo ) .
X0 b1

@ The solution to Az = b is given by the vector x = ( gl )
0

@ Although Gaussian Elimination (LU factorization) breaks
down, the linear system always has a solution.
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2X0+ 4X1+(—2)X2 =—10
4xo0+ 8x1+ 6x2 = 20
6xo+(—4)x1+ 2x2= 18

Now,
@ Subtract (4/2) = 2 times the first row from the second row:
2xot  Aa+(—2)x2 =-10

Oxo+ Oxi+ 10x2= 40
6xot(—4)xa+ 2x2= 18

@ Subtract (6/2) = 3 times the first row from the third row:
2x0+ 4X1—|—(—2)X2 =—10

Oxo+ Oxi1+ 10x2 = 40
Oxo+(—16)x1+ 8x2= 48

@ Now, we've got a problem.
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Example (continued)

2x0+  da+(—2)x2 =-10
Oxo+ Ox1+ 10x2 = 40
Oxo+(—16)x1+ 8x2= 48

@ Swap the second and third row:

2x0+  dxat(-2)x2 =-10
Oxo+(—16)xa+ 8x2= 48
Oxo+ Ox1+ 10x2 = 40

@ at which point we are done transforming our system into an
upper triangular system, and the backward substition can
commence to solve the problem.
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Oxo+  4x1+(—2)x2 =—10

4xo+ 8x1+ 6x2 = 20

6xo+(—4)x1+ 2x2= 18
Now,

@ Subtract (4/0) times the first row from the second row! Yikes!
@ We swap the first row with any of the other two rows:

4xo+ 8xi+ OHx2= 20
Oxot+  4x1+(—2)x2 =—10
6xo+(—4)x1+ 2x2= 18

@ By subtracting (6/4) = 3/2 times the first row from the third

row, we get
4xo+ 8x1+ 6x2 = 20
0Xo+ 4X1+(—2)X2 =—10
Oxo0+(—16)x1+(—7)x2 =—22
o Etc.
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LU factorization needs to be modified to allow for row exchanges if
a zero pivot is encountered.
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Permutations )
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010 21 2 32 1
00 1 32 1] =[-10 -3
100 10 -3 21 2
P A
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A vector p = ( ko | k1 | | kn_1 )T is said to be a permutation
(vector) if kj € {0,...,n—1}, 0 < j <n, and k; = k; implies

i = 3.

We will below write ( ko | k1 | -+ | kn—1 )T to indicate a column
vector, for space considerations. This permutation is just a
rearrangement of the vector (0,1,...,n — 1)T.
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Let p = (ko,...,kn_1)" be a permutation. Then

T
ko
p=| ™

T
ek?’n.—l

is said to be a permutation matrix.

Notation

@ P is the identity matrix with its rows rearranged as indicated
by the n-tuple (ko, k1, ..., kn—1).

e We will donote this matrix by P(p) where p is the
permutation vector.
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s
,kn_1)T be a permutation. Consider

Letp:(ko,...
@;;;, X0 a%ﬁ;
€k X1 a
P=P(p) = T, z= _ , and A= !
egn—l Xn—1 ag—l
T
Xko aljc_o
Xkl akl
Then Pz = ) ,and PA = :
: .
an—l akn_l

In other words, Pz and PA rearrange the elements of x and the
rows of A in the order indicated by permutation vector p.
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Recall that unit basis vectors have the property that e;rA = éf.
T T ST
ey, e, A ay,
ko by v
ekl ek.l akl
T T T
ekn_l ekn—lzél akn—l

The result for Pz can be proved similarly or, alternatively, by
viewing = as a matrix with only one column.
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Exercise

Let p = (2,0,1)”. Compute

—2 2 1 2
Pp)[ 3| and P 3 2 1
~1 -1 0 -3
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Corollary
Let p= (ko | k1| | kno1 )T be a permutation and P = P(p).
Consider
A=(ao|a1|~~~|an_1 )
Then
AP = ((aky | agy | -+ | ok, ).

Proof
Recall that unit basis vectors have the property that Ae; = ay.

T T
k
ad

ekl

e

APTZA =A(6ko|ek1|“'|eknfl)
6;1;”_1
= (Aeko|Aek1|"'|Aekn—1) = (ak0|ak1|"'|akn—1 )
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If P is a permutation matrix, then so is PT.

Proof

This follows from the observation that if P can be viewed either as
a rearrangement of the rows or as a (usually different)
rearrangement of the columns.
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Let P be a permutation matrix. Then PPT = PTp =1T.

I T T
We will first prove that PP* =1 Let p = ( ko | k1 | | kn_1 )
be the permutation that defines P. Then
T T T T
e @ e
%\ [ .
e k1 €Ly €y
ppT — : : - : (exs|ers | |ern s )
6571—1 ez—"n—l ez—‘n—l
et €ky el €k, - et €kp_1 10---0
€, €ky €k €k " €€k, 01---0 ;
efnileko efn,ﬁkl e@Hekn_l 00---1
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Proof (continued)

We will next prove that PTP = 1.

7 ) .
Let p = ( ko | k1 | | kn—1 ) be the permutation that defines
P. Then
T T T T
e e e
o i f
. k1 €k, €k,
P P= =(ek0|ek1|"'|ekn_1)
eg‘n—l egn—l egn—l

T T T T T T
€koCky T €k1€ky + -+ €k, 1€k, , = €€y T €11 + -+ en_1€, 1.

e Why?
@ What does eoeg equal?

e What does ejef equal?

o What does egel +e1el + - +e,_1el_; equal?
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Let us call the special permutation matrix of the form
el 0/0 -~ 0/1]0 --- 0]
el 0o({1 --- 0/0|0 --- O
K :

Pr) = ex—1 [ _ [ 0]0 1{01]0 0

el 1]0 ojo]o 0|
€£+1 00 0/0(1 0
e, ) \loJo - ofofo -1

a pivot matrix.
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o When P(r) multiplies a matrix from the left, it swaps rows 0
and .

o When P(7) multiplies a matrix from the right, it swaps
columns 0 and 7.
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Back to “When LU Factorization Breaks }

Down”
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Back to “When LU Factorization Breaks Down"

Let us reiterate the algorithmic steps that were exposed for the LU

factorization
T
A— ( 11 | 475 ) .
a2 | A

o Update a1 = a21/a11(: l21).

@ Partition

o Update Aoy = Ay — a21a{2(: Ary — l21u{2).

@ Overwrite Ay with Loy and Upy by continuing recursively
with A = Ajys.
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A Different Way of Looking at It

@ Partition T
Q11 | Ap9
A— .
( az | Az )

e Compute lp1 = a1/011.

T T
Q11 | a3p . 1 | 0 @11 | i
° pae(agl Azz) (—l21|I az | Az

T
11 | 212
T .

@ Overwrite Ay with Ly and Upy by continuing recursively
with A = Ays.
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[L, A] := LU_UNB_VAR5_ALT(A)
Partition L :=1

(ATL ATR) <LTL 0 >
A — . L —
ABL ABR LBL LBR

where Az is0x 0
while m(Arr) < m(A) do
Repartition

A A L 0|0
At |ATr ;0 o ;2 Lrr] 0 §°
Apr|ABR 7| LGwojoun i o Lpr|Lsr g pich ER
Ao | a2 | Az Loo | l21 | L2
where a31is1 x 1
1 :=an/an
(atae) = (<air) (oafis) = (S fatim)
an [An ) \ —la|l ) \ a2 |Axn 0 |A2 — lxaf
Continue with P 0 ol @
Arr|Arr 3‘0 dor ;)“2 Lrr 0 ;0
A A — Q1 |11 ] G712 9 L L — llO 1 0
BLI<BR Ao |az | A BEISBR Lo |lo1| L2

endwhile
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Ago | ao1 | Aoz Lo|O0] 0 .
Step aip | o aﬂ) li|1] 0 loy := an1/om (Tl
Az | a2 |Ax Loo|l21| L2 |
21 1 170 0 100\ /-
1 | —
1-2 2—2—3) 010) (2> ( 1110
-4 4 7 0|01 —2(01 —
—2|-1| 1 1]{o]o
3 0[-3 —2) —1[1]0 (-2) ( ( %2)
ol 6/ 5 2101
-2 1] 1 1 0]0
0 -3 —2) -1 110
0-2| 1 2 —2|1
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One more time

@ Partition
Ao | ao1 | Aoz Lo |00
A— 0 | a1 afz and L — l{o 1|0
0 aor | Ao2 Lo |0 |1
) Compute lo1 = a21/a11.
Ago | ao1 | Aoz
e Update 0 |aar|ady | =
0 0 | Ay
Il 0 |0 Ago | ao1 | Aoz
0 1 0 0 11 a{2
0] —lor |1 0 | ao1 | Aoz
e Continue by moving the thick line forward one row and
column.
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[L, A] := LU_UNB_VAR5_ALT(A)
Partition L =1
A_><ATL Arr >,L_)(LTL 0 )
ABL ABR LBL LBR
where Az is0x0

while m(Arr) < m(A) do
Repartition

A A L 0
< Arr | Arr ) %0 | dol 2 < Lrr 0 > g .
— , —

aip | an | ai» 1
Asz | Asn A | a1 | A2 s || Lew Loy | In
where aj1is 1 x 1
o1 := an/an
Aoo | aor | Aoz I1] o |0 Aoo | a0 | Aoz
aio | cur | ain = 0 1 0 aip | ca1 | ais
A | 0 | Ar 0 =l | 1 Az | ao1 | Ao
Il o |0 Aoo | aor | Aoz Aoo | ao Ag
=l o] 1 |o 0 |aun|ar |= 0 | an afp
0 —la | I 0 | anx | Ao 0 0 | Ao —lorad,

Continue with
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@ Upon completion, A is an upper triangular matrix, U.
@ The point of this alternative explanation is to show that
o if L) represents the ith Gauss transform, computed during
the ith iteration of the algorithms,
e then the final matrix stored in A, the upper triangular matrix
U, satisfies U = [(n=2[(n=3) ... [(0) 4
o where A is the original matrix stored in A.
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-2 -1 1 10
2| —2 -3 and 01
—4 4 7 00

- e Ty = ( _24 ) /(=2) = ( _21 )

o Update A with

1]0 0 2] -1 1
A = 11 0 2| —2 -3
200 1 4| 4 7

[20) A0

-2 | -1 1
= o|-3 -2 |.
0 6 5

We emphasize that now A1) = [(0) 4(0),

In the first step,
e Partition

B — S — e — it
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In the second step,

@ Partition
21 -1 1 1100
0] 3| -2 and =il 0 :
0 6 5 2101

6)/(-3)

[y

Il
—~
|
N
~

o Compute lp1 =
o Update A with

http://z.cs.utexas.edu/wiki/pla.wiki/



\I/J
— o I~
|
[ <
NN
| |
SN——
1J_5
RS
. oo -
136v/ﬂ.\
[ AOlOV@
~
N o o — — N
\ | _
> SN—— SN——
— N 4 ¢
| N o
—_ =
1_.Q_.VOVQ\ o o - oo - 2
<t —~ —~ =
oo P o —H o T =
N o o ™~ ~ 3
| =) — O O £
SN~— SN~— SN~— 4
) ) g
]
8
] 1 Il Il g
3 B
No < £




@ LU factorization can be viewed as the computation of a
sequence of Gauss transforms so that, upon completion

U=[m-1fn=2)fn=3). .. [0 4.
@ Now, let us reconsider the following property of a typical

Gauss transform:
00
1|0
01
T

1 0 0 I10]0 I
0 1 0 oj1]o0 0
0| —laa | I 0 la| 1 = 0

J20) G
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Example (continued)

1 0 O 1 0 0 ) 1 1
-1 1 0 0 1 0 0 —3 —»
2 01 0 -2 1 o o 1

L(O) L(l) U

-2 -1 1

2 -2 -3

= —4 4 7

A
Finally, note that

1 0 0 1 0 0 1 00
-110 0 10 1 10




[L, A] := LU_UNB_VAR5_PIV(A)

Partition L =1
Arr | Arr ) ( Lrr
A . L
- < AL | ABr - Lpr,
where Arp is0x0
while m(Arz) < m(A) do
Repartition
( Arp | Arr ) ( Lrr
— e,
AL | ABr Lpr

where a31 is1 x 1

o~ ((22))

a1 | A12 ,_
= | s ) = P(Tl‘l)(

a1
azi1
Qa1

azi1

o1 = az1/an

)= (
—
Lpr P
=)=
Lpr ’

T
a12
a1 | Ax

11 | a1T2

prT >
P

Po
R
1
pB D2
11 | a%;

)

11 a1T2 . 1 |0
arn | An /)’ —ln | 1

ala ] P A ]
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Example: Adding Row Swaps (Pivoting)

o Consider again the system of linear equations

2xo+  4xa+(—2)x2 =-10
4yxo+ 8xi1+ 6x2= 20
6xo+(—4)x1+ 2x2= 18

@ Focus on the matrix of coefficients

2 4 -2
A=| 4 8 ©6
6 —4 2
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Iteration 0

@ Apply a pivot to ensure that the diagonal element in the first
column is not zero.
@ In this example, no pivoting is required, so the first pivot
matrix, P =T
110 0 2| 4 =2 2| 4 =2
0|1 0 41 8 6 | = 41 8 6
0|0 1 6|—4 2 6| -4 2
PO 0
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Iteration O (continued)

@ Next, a Gauss transform is computed and applied:

1/0 O 2 4 -2 2 4 -2
—21 0 41 8 6| = |[o] o 10
3]0 1 6| -4 2 0| -16 8

26} 400) A
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Iteration 1

@ Now the second and third row must be swapped by pivot
matrix P(1):
1100 2 4| =2 2 4| =2
0jo|1 0 0| 10 = 0|—-16| 8
0j1/0 0l-16| 8 0 0| 10
1 VO Aﬁ) /frl)
o[ PD
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Iteration 1 (continued

@ A Gauss transform is computed and applied:

1100 2 4| =2 2 41 =2
0j1/0 0l -16| 8 = 0] -16| 8
0101 0 0| 10 0 0| 10

~ ~
-

J260) A A2
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@ In each iteration, some permutation matrix is used to swap
two rows, after which a Gauss transform is computed and
then applied to the resulting (permuted) matrix.

@ One can describe this as

U = Ln=2) p(n=2) [ (n=3) p(n=3) ... }(0) 5(0) 4

where P() represents the permutation applied during iteration
i.

@ Now, once an LU factorization with pivoting is computed, one
can solve Az = b:

Uz = [0=2) p0=2)f(n=3)pn-3)_ . F0)pO)4,
J(n=2) p(n=2)  (n=3) p(n-3) . . J.(0) p(0)y,
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@ If the LU factorization with pivoting completes without
encountering a zero pivot, then given any right-hand size b
this procedure produces a unique solution .

@ In other words, the procedure computes the net effect of

applying A~! to the right-hand side vector b, and therefore A
has an inverse.

@ If a zero pivot is encountered, then there exists a vector x # 0
such that Az = 0, and hence the inverse does not exist.
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