
Vectoriza*on	and	So/max

‣ Single	scalar	probability

‣ Three	classes,	
“different	weights” =
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‣We	write	this	as:

‣ So/max	opera*on	=	“exponen*ate	and	normalize”

w>
1 f(x)

<latexit sha1_base64="aeyWvrYTPQfWGioDzgTWYkUlZm4="></latexit>

w>
2 f(x)

<latexit sha1_base64="W9WgGbbWdY7v8ut+3Bf+A4EQnAQ="></latexit>

w>
3 f(x)

<latexit sha1_base64="aFi8gsgKJrLCbdosyaGOv1RvdcE="></latexit>

softmax(Wf(x))
<latexit sha1_base64="rR+J3HKfSn2O1DMruWcSeex3mXA="></latexit>

P (y|x) =
exp(w>

y f(x))P
y02Y exp(w>

y0f(x))
<latexit sha1_base64="tAqb5t+zthP6jhG0kreTrqvs2b4="></latexit>



Logis*c	Regression	with	NNs

‣ Single	scalar	probability

P (y|x) = softmax(Wf(x)) ‣Weight	vector	per	class;	
W	is	[num	classes	x	num	feats]

P (y|x) = softmax(Wg(V f(x))) ‣ Now	one	hidden	layer

P (y|x) =
exp(w>

y f(x))P
y02Y exp(w>

y f(x))
<latexit sha1_base64="UqHWUMWJixQBmj0Zv12jWk9oZ0g="></latexit>



Neural	Networks	for	Classifica*on

V
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d	hidden	units
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matrix

so/maxWf
(x
)

z

nonlinearity	
(tanh,	relu,	…)

g P
(y

|x
)

P (y|x) = softmax(Wg(V f(x)))
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probs



Training	Neural	Networks

‣Maximize	log	likelihood	of	training	data

‣ i*:	index	of	the	gold	label

‣ ei:	1	in	the	ith	row,	zero	elsewhere.	Dot	by	this	=	select	ith	index

z = g(V f(x))P (y|x) = softmax(Wz)

L(x, i⇤) = Wz · ei⇤ � log
X

j

exp(Wz) · ej

L(x, i⇤) = logP (y = i⇤|x) = log (softmax(Wz) · ei⇤)



Backpropaga*on	Picture
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P (y|x) = softmax(Wg(V f(x)))
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‣ Gradient	w.r.t.	W:	looks	like	logis*c	
regression,	can	be	computed	trea*ng	z	
as	the	features



Backpropaga*on	Picture
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P (y|x) = softmax(Wg(V f(x)))

@L
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err(z)

‣ Can	forget	everything	a/er	z,	treat	
it	as	the	output	and	keep	backpropping

z



Compu*ng	Gradients	with	Backprop

z = g(V f(x))

Ac*va*ons	at	
hidden	layer

‣ Gradient	with	respect	to	V:	apply	the	chain	rule

a = V f(x)

‣ First	term:	gradient	of	nonlinear	ac*va*on	func*on	at	a	(depends	on	
current	value)

‣ Second	term:	gradient	of	linear	func*on

‣ First	term:	err(z);	represents	gradient	w.r.t.	z
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=
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<latexit sha1_base64="qFS/nS3xXOBSF2foVxo9m0xQlWk="></latexit>
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=

@g(a)
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@a

@Vij
<latexit sha1_base64="oOpG/BbgZ5I+yJ8ck2ux1c5Tj/4="></latexit>

L(x, i⇤) = Wz · ei⇤ � log
X

j

exp(Wz) · ej



Backpropaga*on	Picture

V so/maxWf
(x
)

z
g P

(y
|x
)

P (y|x) = softmax(Wg(V f(x)))

@L
@W

@z

@V

zf(x)

n	features

d	hidden	units
num_classes	

probs

‣ Combine	backward	gradients	with	forward-pass	products

err(z)


