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Complete subsystem and other rules
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R

{

f ~l1 −→ r1

f ~l2 −→ r2

omplete (often a pattern-mathing de�nition of f)
f ~l3 −→ r3

f ~l4 −→ r4

f ~l5 −→ r5
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Our ontribution
Our ontributionExtension of indutive onsequenes lemma to higher-order rewriting on:non-funtional indutive typesfuntional indutive types
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s t

s[l′σ′]p s[r′σ′]p

R′

R

R′

R′by indution on −→R′ ∪ −→β ∪ ⊲D.Walukiewiz, J.Chrz¡szz Indutive Consequenes in the Calulus of Construtions ITP 2010, p. 11/20



Indutive onsequenes for non-funtional typesIndutive list : Set := nil : list | ons : bool→list→list

D.Walukiewiz, J.Chrz¡szz Indutive Consequenes in the Calulus of Construtions ITP 2010, p. 12/20



Indutive onsequenes for non-funtional typesIndutive list : Set := nil : list | ons : bool→list→listSymbol map : (bool→bool) → list → list

D.Walukiewiz, J.Chrz¡szz Indutive Consequenes in the Calulus of Construtions ITP 2010, p. 12/20



Indutive onsequenes for non-funtional typesIndutive list : Set := nil : list | ons : bool→list→listSymbol map : (bool→bool) → list → listRules

D.Walukiewiz, J.Chrz¡szz Indutive Consequenes in the Calulus of Construtions ITP 2010, p. 12/20



Indutive onsequenes for non-funtional typesIndutive list : Set := nil : list | ons : bool→list→listSymbol map : (bool→bool) → list → listRules map F nil −→ nilmap F (ons a l) −→ ons (F a) (map F l)

D.Walukiewiz, J.Chrz¡szz Indutive Consequenes in the Calulus of Construtions ITP 2010, p. 12/20



Indutive onsequenes for non-funtional typesIndutive list : Set := nil : list | ons : bool→list→listSymbol map : (bool→bool) → list → listRules map F nil −→ nilmap F (ons a l) −→ ons (F a) (map F l)map λx.x l −→ l
D.Walukiewiz, J.Chrz¡szz Indutive Consequenes in the Calulus of Construtions ITP 2010, p. 12/20



Indutive onsequenes for non-funtional typesIndutive list : Set := nil : list | ons : bool→list→listSymbol map : (bool→bool) → list → listRules
R :

map F nil −→ nilmap F (ons a l) −→ ons (F a) (map F l)map λx.x l −→ l
D.Walukiewiz, J.Chrz¡szz Indutive Consequenes in the Calulus of Construtions ITP 2010, p. 12/20



Indutive onsequenes for non-funtional typesIndutive list : Set := nil : list | ons : bool→list→listSymbol map : (bool→bool) → list → listRules
R :

map F nil −→ nilmap F (ons a l) −→ ons (F a) (map F l)
R′ \R ∋ map λx.x l −→ l

D.Walukiewiz, J.Chrz¡szz Indutive Consequenes in the Calulus of Construtions ITP 2010, p. 12/20



Indutive onsequenes for non-funtional typesIndutive list : Set := nil : list | ons : bool→list→listSymbol map : (bool→bool) → list → listRules
R :

map F nil −→ nilmap F (ons a l) −→ ons (F a) (map F l)
R′ \R ∋ map λx.x l −→ lmap λx.x nil

D.Walukiewiz, J.Chrz¡szz Indutive Consequenes in the Calulus of Construtions ITP 2010, p. 12/20



Indutive onsequenes for non-funtional typesIndutive list : Set := nil : list | ons : bool→list→listSymbol map : (bool→bool) → list → listRules
R :

map F nil −→ nilmap F (ons a l) −→ ons (F a) (map F l)
R′ \R ∋ map λx.x l −→ lmap λx.x nil −→R′ nil

D.Walukiewiz, J.Chrz¡szz Indutive Consequenes in the Calulus of Construtions ITP 2010, p. 12/20



Indutive onsequenes for non-funtional typesIndutive list : Set := nil : list | ons : bool→list→listSymbol map : (bool→bool) → list → listRules
R :

map F nil −→ nilmap F (ons a l) −→ ons (F a) (map F l)
R′ \R ∋ map λx.x l −→ lmap λx.x nil −→R′ nil
↓Rnil

D.Walukiewiz, J.Chrz¡szz Indutive Consequenes in the Calulus of Construtions ITP 2010, p. 12/20



Indutive onsequenes for non-funtional typesIndutive list : Set := nil : list | ons : bool→list→listSymbol map : (bool→bool) → list → listRules
R :

map F nil −→ nilmap F (ons a l) −→ ons (F a) (map F l)
R′ \R ∋ map λx.x l −→ lmap λx.x nil −→R′ nil
↓Rnil

D.Walukiewiz, J.Chrz¡szz Indutive Consequenes in the Calulus of Construtions ITP 2010, p. 12/20



Indutive onsequenes for non-funtional typesIndutive list : Set := nil : list | ons : bool→list→listSymbol map : (bool→bool) → list → listRules
R :

map F nil −→ nilmap F (ons a l) −→ ons (F a) (map F l)
R′ \R ∋ map λx.x l −→ lmap λx.x nil −→R′ nil
↓Rnilmap λx.x (ons a l)D.Walukiewiz, J.Chrz¡szz Indutive Consequenes in the Calulus of Construtions ITP 2010, p. 12/20



Indutive onsequenes for non-funtional typesIndutive list : Set := nil : list | ons : bool→list→listSymbol map : (bool→bool) → list → listRules
R :

map F nil −→ nilmap F (ons a l) −→ ons (F a) (map F l)
R′ \R ∋ map λx.x l −→ lmap λx.x nil −→R′ nil
↓Rnilmap λx.x (ons a l) −→R′ ons a lD.Walukiewiz, J.Chrz¡szz Indutive Consequenes in the Calulus of Construtions ITP 2010, p. 12/20



Indutive onsequenes for non-funtional typesIndutive list : Set := nil : list | ons : bool→list→listSymbol map : (bool→bool) → list → listRules
R :

map F nil −→ nilmap F (ons a l) −→ ons (F a) (map F l)
R′ \R ∋ map λx.x l −→ lmap λx.x nil −→R′ nil
↓Rnilmap λx.x (ons a l) −→R′ ons a l
↓Rons (λx.x a) (map λx.x l)D.Walukiewiz, J.Chrz¡szz Indutive Consequenes in the Calulus of Construtions ITP 2010, p. 12/20



Indutive onsequenes for non-funtional typesIndutive list : Set := nil : list | ons : bool→list→listSymbol map : (bool→bool) → list → listRules
R :

map F nil −→ nilmap F (ons a l) −→ ons (F a) (map F l)
R′ \R ∋ map λx.x l −→ lmap λx.x nil −→R′ nil
↓Rnilmap λx.x (ons a l) −→R′ ons a l
↓Rons (λx.x a) (map λx.x l) −→β ons a (map λx.x l)D.Walukiewiz, J.Chrz¡szz Indutive Consequenes in the Calulus of Construtions ITP 2010, p. 12/20



Indutive onsequenes for non-funtional typesIndutive list : Set := nil : list | ons : bool→list→listSymbol map : (bool→bool) → list → listRules
R :

map F nil −→ nilmap F (ons a l) −→ ons (F a) (map F l)
R′ \R ∋ map λx.x l −→ lmap λx.x nil −→R′ nil
↓Rnilmap λx.x (ons a l) −→R′ ons a l
↓R ↑R

′ons (λx.x a) (map λx.x l) −→β ons a (map λx.x l)D.Walukiewiz, J.Chrz¡szz Indutive Consequenes in the Calulus of Construtions ITP 2010, p. 12/20



Indutive onsequenes for non-funtional typesIndutive list : Set := nil : list | ons : bool→list→listSymbol map : (bool→bool) → list → listRules
R :

map F nil −→ nilmap F (ons a l) −→ ons (F a) (map F l)
R′ \R ∋ map λx.x l −→ lmap λx.x nil −→R′ nil
↓Rnilmap λx.x (ons a l) −→R′ ons a l
↓R ↑R

′ons (λx.x a) (map λx.x l) −→β ons a (map λx.x l)D.Walukiewiz, J.Chrz¡szz Indutive Consequenes in the Calulus of Construtions ITP 2010, p. 12/20



Indutive onsequenes for non-funtional typesTheorem 1If R ⊆ R′ and they are both terminating, on�uent and R is ompleteand ritial pairs are joinable without −→R′\R under a binder,then for all l −→ r ∈ R′ \R, for all σ losed, lσ
⋆
←→R rσ.

D.Walukiewiz, J.Chrz¡szz Indutive Consequenes in the Calulus of Construtions ITP 2010, p. 13/20



Indutive onsequenes for non-funtional typesTheorem 1If R ⊆ R′ and they are both terminating, on�uent and R is ompleteand ritial pairs are joinable without −→R′\R under a binder,then for all l −→ r ∈ R′ \R, for all σ losed, lσ
⋆
←→R rσ.

D.Walukiewiz, J.Chrz¡szz Indutive Consequenes in the Calulus of Construtions ITP 2010, p. 13/20



Indutive onsequenes for funtional types

D.Walukiewiz, J.Chrz¡szz Indutive Consequenes in the Calulus of Construtions ITP 2010, p. 14/20



Indutive onsequenes for funtional typesIndutive ord : Set :=| o : ord| s : ord → ord| lim : (nat → ord) → ord.

D.Walukiewiz, J.Chrz¡szz Indutive Consequenes in the Calulus of Construtions ITP 2010, p. 15/20



Indutive onsequenes for funtional typesIndutive ord : Set :=| o : ord| s : ord → ord| lim : (nat → ord) → ord.Symbol id : ord → ordRules id o −→ oid (s x) −→ s (id x)id (lim F) −→ lim (λ n. id (F n))
D.Walukiewiz, J.Chrz¡szz Indutive Consequenes in the Calulus of Construtions ITP 2010, p. 15/20



Indutive onsequenes for funtional typesIndutive ord : Set :=| o : ord| s : ord → ord| lim : (nat → ord) → ord.Symbol id : ord → ordRules id o −→ oid (s x) −→ s (id x)id (lim F) −→ lim (λ n. id (F n))id (id x) −→ id x
D.Walukiewiz, J.Chrz¡szz Indutive Consequenes in the Calulus of Construtions ITP 2010, p. 15/20



Indutive onsequenes with funtional indutive types
R ∋ id (lim F) −→ lim (λ n. id (F n))

R′ \R ∋ id (id x) −→ id x
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Indutive onsequenes with funtional indutive typesSymbol n2o : nat → ordRules n2o O −→ on2o (S x) −→ s (n2o x)
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